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1 Introduction

Generalizing an approach in [2], completeness has recently been studied from a categorical point of view for
different kinds of many-valued quasi-uniform (convergence) spaces, [12, 13, 14]. This paper adds to these
investigations by considering many-valued quasi-uniform limit spaces based on saturated L-prefilters. These
spaces are a slight generalization of T-uniform limit spaces [0, 7, 9] and of probabilistic quasi-uniform spaces
[0, 11]. We define a completeness notion using adjoint promodules, thus providing a categorical framework
for completeness. Also, we define completeness with the help of saturated pair L-prefilters. The main result
of the paper shows that both these approaches are equivalent.

The paper is organized as follows. In the second section we collect the necessary concepts about lattices,
L-subsets, saturated L-prefilters and prorelations. The third section studies saturated L-quasi-uniform limit
spaces and promodules. Sections 4 and 5 are devoted to the two concepts of completeness studied in this
paper. Finally, we draw some conclusions.

2 Preliminaries

In this paper, we will consider commutative and integral quantales L = (L, <,x*). Here, (L, <) is a complete
lattice with distinct top and bottom elements T # L, (L,*) is a commutative semigroup with the top
element of L as the unit, that is, a * T = « for all o € L, and x* is distributive over arbitrary joins, that is,
(Viesai) * B=\V,cs(ai*B) for all o, 3 € L, i € J, see for example [4].

The implication in a quantale is defined by « — = \/{0 € L : §*a < } and characterized by
0 <a— pifand only if § x a < 6.
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Typical examples of commutative and integral quantales are L = ([0, 1], <,*) with a left-continuous
t-norm on [0,1] or Lawvere’s quantale L = ([0,00],>,4). Another example is given by the quantale of
distance distribution functions L = (AT, < %), where A7 is the set of all distance distribution functions
¢ : [0, 00] — [0,1] which are left-continuous in the sense that p(z) = sup,., ¢(y) for all z € [0,00] and * is
a sup-continuous triangle function, see [3, 11].

An L-subset of X is a mapping a : X — L and we denote the set of L-subsets of X by LX. For
A C X we define T4 € LY by Ta(z) = T if € A and = | otherwise. The lattice operations are extended
pointwisely from L to LX. For a mapping ¢ : X — Y and @ € LX and b € LY we define ¢(a) € LY by
P(a)(y) = Vpm)=y a(@) for y € Y and ¢ (b) =bop € L.

For L-subsets u € LY and v € LY*Z we define vou € LX*Z by vou(z,z) = Vyey w(z,y) *v(y, 2) for
allz € X and z € Z.

For a,b € L* we denote the fuzzy inclusion order [a,b] = \,c x(a(z) — b(z)), [1]. The following properties
are well-known.

Lemma 2.1. Let a,a’,b,V,c € LX, d € LY, uj,ug € LX*Y, vj,v9 € LY*Z and let p : X — Y be a
mapping. Then

(i) a <b if and only if [a,b] = T;
(it) a < a' implies [a',b] < [a,b] and b <V implies [a,b] < [a,b'];
(i1) [a,c] A [b,c] =[aVb,c|;
(iv) [p(a),d] = [a, o™ (d)];
(v) [u1,v1] * [ug,v2] < [ug o uy,ve 0 v1].
Definition 2.2. [5, 14] A subset F C LX is called a saturated L-prefilter (on X) if
(SP1) Tx €F;
(SP2) a,b € F implies a A b € TF;
(SP3) Vyeplb,c] = T implies ¢ € F.

We denote the set of all saturated L-prefilters on X by F{*(X) and we use the subsethood order on
Fiet(X).

The condition (SP3) implies a < b,a € F = b € F. If additionally \/, .y a(z) = T for all a € F, then we
speak of a T-filter [5, 14].

Example 2.3. For z € X, [z] = {a € L* : a(z) = T} is a saturated L-prefilter, the saturated point L-
prefilter of x. We note that [z] is a T-filter. More generally, for an L-set a € LX, then [a] = {b € LX : a < b}
is a saturated L-prefilter and we have, in particular, [z] = [T ;].

Definition 2.4. [5, 14] A subset B C LX is called a saturated L-prefilter base (on X) if
(SPB) a,b € B implies \/ cglc,a Ab] = T.

For a saturated L-prefilter base B, [B] = {a € L* : \/,p[b,a] = T} is the saturated L-prefilter generated
by B.

For a saturated L-prefilter F € F{**(X) and a mapping ¢ : X — Y, the set B = {¢(a) : a € F} is a
saturated L-prefilter base on Y and we denote ¢(F) the generated saturated L-prefilter on Y, the image of F
under ¢, see e.g. [0].

A prorelation (from X to Y )is a set of saturated L-prefilters ® C F{*(X x Y') which satisfies the axioms
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(PR1) F <G, F € ® implies G € ®;
(PR2) F,G € @ implies FAG € .

For F € F*'(X x Y) the set [F] = {K € F{*(X xY) : F <K} is a prorelation.
We consider now two prorelations ® C F{**(X x Y) and ¥ C F{**(Y x Z) and define

Vod={HeF(XxZ): FedGeVst GoF <H}.

Here, it is defined GoF = [{go f : g € G, f € F}| with go f(z,2) =V oy f(z,y)*g(y,2) forallz € X, 2 € Z.
It is straightforward to show that ¥ o @ is a prorelation from X to Z.

We denote Ay = {(z,z) : =z € X} C X x X. Then [Ta,] € F?"(X x X) and hence [[Ta,]] is a
prorelation from X to X.

Proposition 2.5. For a prorelation ® C F*'(X x Y'), we have ® o [[Ta,]] =@ and [[Ta,]]o ® = .

Proof. Let H € ® o [[Ta,]]- Then there is F € & such that Fo [Ta,] < H. For f € F we have
foTax(@,y) = V.ex Tax(®, 2) * f(2,y) = f(x,y) and hence we conclude that g € F o [Ta,] if and
only if T = \/feF[f o Tay,9] = \/feF[f, g] if and only if g € F, as F is a saturated L-prefilter. Hence,
F=Fo[Ta,] <H and we have H € ® by (PR1). Conversely, for F € ® we have F =Fo[Ta ] € ®o[[Ta,]l.

The second equation can be shown in a similar way. O

For f € LX>*Y g€ LY*Z and h € L?*V it is not difficult to show that ho(go f) = (hog)o f. From this we
conclude Ho (GoF) = (HoG) oF for saturated L-prefilters F € F*'(X xY),G € F?'(Y x Z),H € F{*Y(Z x U)
and we obtain

Proposition 2.6. For prorelations ® C F*'(X x Y), ¥ € F*Y(Y X Z) and © € F*'(Z x U) we have
(PoV)oO® =Po(VoO).

Consider now a mapping ¢ : X — Y. We define the L-relation (and denote it again by ¢), p(z,y) =T
if y = ¢(x) and ¢(z,y) = L otherwise. Similarly, the opposite L-relation ¢° is defined by ¢°(y,z) = T if
y = ¢(z) and ¢°(y,z) = L otherwise. Hence, ¢ € LX*Y and ¢° € LY*¥ and therefore [p] € F{2(X x Y)
and [¢°] € Fi**(Y x X) and we obtain prorelations [[¢]] C F{*(X x Y) and [[¢°]] C F{*"(Y x X).

If p: X — Y and ¢ : Y — Z, then it is not difficult to show that [1) o ¢] = [¢)] o [¢]. From this we
immediately conclude [[¢]] o [[¢]] = [[¢ o ¢]].

Proposition 2.7. Let ¢ : X — Y. Then [[¢]] o [[¢°]] [T a,]] and [[Tay]]  [[¢°]] o [i¢]]

Proof. We have, fory, 4 € Y, 0o0°(y,9') = Vyex €°(y, 2)xp(x,y') = T if 3y = p(x) = y for some z € X and
= 1 otherwise. Hence pop® < T a, which implies [Ta, ] < [pop°] and hence [[¢]]o[[¢°]] = [[¢oe®]] C [[Tay]]-

Similarly, we have, for z,2" € X that ¢°op(z,2") =V oy p(2,y) x°(y,2") = T if p(2’) = (z) and = L
otherwise. Hence Ta, < ¢°o ¢, implying [Ta,| > [¢° o ¢]. From this we conclude [[Ta,]] C [[¢° o ¢]] =
[l ellell. O

Lemma 2.8. Let ¢ : X — Y and b€ LX*X. Then (p x ©)<(b) = p°obop.

Proof. For all z,2" € X we have (¢ ob)op(z,2") =V ey (¢°00)(y, 2" )xp(2,y) = V ey Vpp(a)=y 70y, 2') =
Viex ¢ 0blp(x),2") =V ey ¢° (¥, ) * b(p(2),y) = blp(z), p(2)) = (¢ x ©)T(b)(z,2"). O

Lemma 2.9. Let ¢ : X — Y and H € F{*'(X x X). Then we have, for b € L**Y | that b € [¢] o H if, and
only if, p° ob € H.
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Proof. We have with Lemma 2.1 (v), noting [¢°, ¢°] = T = [p, ¢|, for h € H,
[poh,bl <[p"opoh,¢®ob] <[h,¢°0b] <[poh,pop®ob] <[poh,b

We conclude that b € [p] o H if, and only if, T = \/; cgle o h,b] = \/},culh, ¢° o b] if, and only if, ¢° o b € H.
g

Lemma 2.10. Let ¢ : X — Y and H € F{*'(X x X). Then we have, for a € LY*X | that a € H o [¢°] if,
and only if, a o p € H.

Proof. Similar as in the last proof, we have, for h € H,
[how® a] <[hop®op,aop] <[haop] <[hog® acpop’] <[hoyal

We conclude that a € G o [¢°] if, and only if, T = \/,cg[h o ¢, a] = \/},cxlh, a o @] if, and only if, a o ¢ € H.
]

Proposition 2.11. For H € F*'(X x X) and ¢ : X — Y we have (¢ X ¢)(H) = [¢] o H o [¢°].

Proof. We have b € [p] oHo [¢°] if, and only if, ¢°ob € Ho [¢°] if, and only if, (¢ x ¢)*(b) = p®ocbop € H
if, and only if, b € (¢ x p)(H). O

3 Saturated L-Quasi-Uniform Limit Spaces and Promodules

Definition 3.1. Let X be aset and let A C F{?*(X x X). The pair (X, A) is called a saturated L-quasi-uniform
limit space if

(SLULL) [Tay] € A;
(SLUL2) H € A, H < K implies K € A;
(SLUL3) H,K € A implies HAK € A;
(SLUL4) H,K € A implies Ho K € A.
A mapping ¢ : (X,A) — (X', ') is called uniformly continuous if (¢ x ¢)(H) € A’ whenever H € A.

The axioms (SLUL2) and (SLUL3) show that A is a prorelation from X to X that satisfies, via (SLUL1)
and (SLUL4), the additional axioms

[Tay]SA and AoACA.
Uniform continuity of a mapping can be characterized as follows.

Proposition 3.2. Let (X,A) and (X', A’) be saturated L-quasi-uniform limit spaces and ¢ : X — X' be a
mapping. The following statements are equivalent.

(1) ¢ is uniformly continuous.

(2) [[pl] o A € Ao [[]].

(3) Ao[[¢°]] C [[¢°]] o A
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Proof. We first show that (1) implies (2). Let ¢ be uniformly continuous and let K € [[¢]] o A. Then
K > [p] o H for some H € A and hence K o [¢°] > [p] c H o [p°] = (¢ x ¢)(H) € A’. We conclude
K =Ko [Tay] > Ko[¢*]o[g] € A o|[[y]] and we have K & A’ o [[g].

Now we show that (2) implies (3).Let K € A o [[¢°]]. Then K > H o [¢°] for some H € A. Hence
[pl o K > [p]oHo [¢°] € A o[lp]] o [[¢°]] € A o[[Ta,]] = A" and we have that [p] o K € A’. We conclude
K=[TayJoK>[p’]o[p] oK € [[¢°]] o A’ and we have K € [[¢°]] o A'.

Finally we show that (3) implies (1). Let H € A. Then (¢ x ¢)(H) = [p] o Ho [¢°] € [[¢]] o Ao [[¢°]] C
el o [[¢°]] o A C [[Tay]] oA = A" and ¢ is uniformly continuous. O

Example 3.3 ([13]). Let X be a set. A saturated L-prefilter & € Fj**(X x X) is called a saturated L-quasi-
uniformity if

(U0) for all z € X and u € U we have u(x,z) = T;
(UC) for all u € U we have \/, o [vov,u] =T.

The pair (X,U) is the called a saturated L-quasi-uniform space. A mapping ¢ : (X,U) — (X', U)
between the saturated L-quasi-uniform spaces (X,U), (X', U") is called uniformly continuous if (p x p)(v) €
U for all v e ld'.

We note that the conditions (U0) and (UC) are equivalent to (U0") U < [Ta,] and (UC’) U < U o U.
Uniform continuity of a mapping ¢ : (X,U) — (X', U’) can equivalently be expressed by [p] ol > U’ o [¢].

Wang and Yue [13] call a saturated L-quasi-uniform space a fuzzy quasi-uniform space. Also, they use as
order on the set of saturated L-prefilters the opposite order of the subsethood order.

For a saturated L-quasi-uniform space (X,U) then (X, [U]) is a saturated L-quasi-uniform limit space
and a uniformly continuous mapping ¢ : (X,U) — (X',U’) is also uniformly continuous as a mapping
o (X, [U]) — (X', [U)).

Definition 3.4. Let (X, A) and (X', A’) be saturated L-quasi-uniform limit spaces. A prorelation from X to
X', @ CFPYX x X'), is called a promodule (from (X,A) to (X', A")) if PoAC @ and A'o® C D,

We note that for a promodule ® = ® o [[Ta,]] € ® o A and hence we even have ® o A = ®. Similarly we
can see also that A’ o ® = ®. Also, from (SLUL4) we see that A is a promodule from (X, A) to (X, A).

Example 3.5. Let ¢ : (X,A) — (X', A’) be uniformly continuous. Then ¢, = A’ o [[¢]] is a promodule
from (X, A) to (X', A") and ¢* = [[¢°]] o A’ is a promodule from from (X', A’) to (X, A). It is easy to see that
¢« and @* are prorelations. Furthermore p,oA = A o[[p]]loA C A oA o[[p]] € A o[[¢]] = ¢« and, similarly,
Nollps]] =N oA o[[p]] € A ollg]] = ¢« The proof that ¢* is a promodule is similar and not shown.

Definition 3.6. Let (X, A) and (X', ") be saturated L-quasi-uniform limit spaces, let ® C F{?*(X, X’) be a
promodule from (X, A) to (X', A’) and let ¥ C F{**(X’ x X) be a promodule from from (X', A’) to (X, A).
® is called left-adjoint for ¥ (and W is called right-adjoint for ®) if A C o ® and ® o ¥ C A’. In this case
we write @ - 0.

Example 3.7. For a uniformly continuous mapping ¢ : (X,A) — (X', A’) we have ¢, - ¢*. In fact, we
have A = Ao [[Tax]l = Ao [[¢°]] o [[¢]] € [[¢°]] o Ao [[p]] = [[¢°]] 0 Ao A" o [[g]] = ¢" o . and also
prop” =ANoflg]]o[[¢°]lo A" C A o[[Tay]Jo A=A oA =A

We note that for a promodule ¥ C F{?*(X’ x X) its left-adjoint ® C F{**(X, X’) is unique. In fact, if we
have ®; 4 ¥ and &3 4 U, then &1 = P10 A C P10 (Vo Wsy) = (P10T)oPy C A oDy = Py. Similarly we see
that @9 C ®; and hence &1 = ®5. In the same way, also for a promodule & C FSLat(X, X') its right-adjoint
¥ C FY(X' x X)) is unique.

The following lemma will come in handy later.
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Lemma 3.8. Let (X,A) and (X', A’) be saturated L-quasi-uniform limit spaces, let ®,®" C F*'(X, X’) be
promodules from (X, A) to (X', A') and let ¥, V" C F?Y (X’ x X)) be promodules from from (X', A") to (X, A).
If® C® and ¥ C VU, then ® = and V' = 0.

Proof. We have & = AN o®' D (PoW)od' D (PoW)od' =Po (¥ od') D PoA=>P. Similarly we can
show ¥ C U, O

4 Lawvere Completeness of Saturated L-Quasi-Uniform Limit Spaces

We consider a one-point set 1 = {e} and the unique saturated L-quasi-uniform limit structure IT = [[T (4 o)}]]-
A mapping ¢ : 1 — X, p(e) = x will be identified with € X and we shall write z : 1 — X for it. We note
that z : (1,1I) — (X, A) is uniformly continuous: For H > [T ¢(4 ¢)3] we find (¢ x)(H) > (¢ x©) ([T (e,0)3]) =
[T{(ap(o),cp(o))}] = [T{(:c,z)}] > [TAX] € A and hence (gD X (p)(H) € A.

Definition 4.1. A saturated L-quasi-uniform limit space (X, A) is called Lawvere complete if for all promod-
ules ® C F?*(1 x X) from (1,1I) to (X, A), ¥ C F{*'(X x 1) from (X, A) to (1,1I) with & 4 ¥ there is z € X
such that & = z, and ¥ = z*.

In the sequel, we want to identify X x 1 and 1 x X with X. This leads to some adaptation in the concepts
and definitions. For a mapping = : 1 — X we note that xz(e,y) = T if and only if x = z(e) = y and
z(e,y) = L otherwise. Hence, x(e,y) = T, (y) and we can write z, = A o [[x]] with the saturated point
L-prefilter [x]. Similarly, °(y,e) = T if z = x(e) = y and z°(y,e) = L otherwise, so that also z* = [[z]] o A.

More generally, for F € F{?*(X x 1) (or, similarly, for F € F{*(1 x X)) we identify f € F with an L-subset
of X (denoted again by f) via f(z) = f(z, ). In this sense, we define for H € F{**(X x X) and F € F{**(X)

HoF =[{hof : heH,feF}

with ho f(z) = ho f(e,x) = ho f(e,2) = \/ cx f(®,y) xh(y,x) =V, cx f(y) *h(y,z) for all z € X. Similarly,
we define

FoH=[{foh : feTF heH}

with foh(z) = foh(z,e) =V cx h(z,y)* f(y, ) =V ex h(@,y) * f(y).

A promodule ® C F{*(1 x X) from (1,1II) to (X, A) then satisfies the conditions ® oIl C ® and Ao ® C P.
We note that the first of these conditions is always satisfied: ®oll = ®o[[Ty(4e]] = Po[[Ta,]] = . Hence
it is sufficient to demand the condition A o ® C ® in this case. Identfying ® C F{**(1 x X)) with ® C F{**(X),
we call a prorelation ® C F{?*(X) a left-A-promodule if A o ® C ®. If the saturated L-quasi-uniform limit
space (X, A) is clear from the context, we simply speak of a left-promodule in this case.

Similarly, for a promodule ¥ C F{?*(X x 1) from (X, A) to (1,1I) we have the conditions ¥ o A C ¥ and
IIoW C ¥ and again the second of these conditions will be always satisfied. We therefore call a prorelation
U C FY(X) a right-A-promodule if ¥ o A C ¥. Again, if the saturated L-quasi-uniform limit space (X, A) is
clear from the context, we simply speak of a right-promodule.

For adjoint promodules, we consider prorelations ®, ¥ C F{**(X) as promodules (from (1,1I) to (X, A) for
® and from (X, A) to (1,1I) for ¥). Then, by definition, ® 4 ¥ if and only if o ¥ C A and II C W o ®. The
first condition, ® o ¥ C A, means that for all F € ® and all G € ¥ we have F oG € A. Now we note that for
f €F and g € G we have

Fogla,y) =\ glx,2) * f(z,y) = f(e,y) x gz, ) = f(y) * g(x) = g @ f(x,y)

z€1l

and hence, GRF € Afor allF € ® and all G € ¥.
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The second condition, II C ¥ o @, means that there are F € ® and G € ¥ such that GoF < [T (4 4)}],
that is, that there are F € ® and G € ¥ such that T = go f(e,8) =\/ .y f(®,2)xg(x,8) = \/,cx f(2) *g(x)
for all f € F,g € G. So we arrive at the following characterization.

Proposition 4.2. Let (X,A) be a saturated L-quasi-uniform limit space and let & C FPY(X) be a left-
promodule and U C F?Y(X) be a right-promodule. Then ® is left-adjoint to ¥, ® 4 U, if, and only if,

(1) GRF e A for allF € ® and all G € ¥; and

(2) there are F € ® and G € ¥ such that for all f € F and all g € G we have \/ o x f(x) * g(x) =T.

Proposition 4.3. The saturated L-quasi-uniform limit space (X, A) is Lawvere complete if, and only if, for
all left-promodules ® C F{*Y(X) and all right-promodules ¥ C F{**(X) with ® 4 U there is € X such that
O =Ao|[[z]] and ¥ = [[z]] o A.

In [6, 13, 14], for a saturated L-quasi-uniform space (X,U) a prorelation is defined to be a saturated
prefilter H € F{**(X). A prorelation H is a left-U-promodule if H < U o H and a prorelation K is a right-U-
promodule if K < Kolf. (Note that in [6] the composition was defined in a different order.) A left-U/-promodule
H is left-adjoint to the right-U-promodule K, H 4K, if Y < K® H and \/ .y h(z) * k(z) = T for all h € H
and all k& € K. Then H is a left-U/~-promodule if and only if [H] is a left-[U]-promodule. In fact, if H is
a left-U-promodule and F € [U] o [H], then H < & o H < F and hence, F € [H]. Conversely, if [H] is a
left-[U/]-promodule, then & o H € [U] o [H] C [H], so that H < U/ o H. In a similar way, we see that K is a
right-U-promodule if and only if [K] is a right-[U]-promodule.

Furthermore, it is not difficult to show that H 4K (in (X,#)) if and only if [H] 4 [K] (in (X, [4])).

A saturated L-quasi-uniform space (X,U) is called Lawvere complete [13] (see also [0]) if for all left-U-
promodules H and all right-U/-promodules K with H - K there is z € X such that H = U(z,-) = [{u(z,-) :
uweU}l] and K=U(-,z) = [{u(,z) : veld}].

Proposition 4.4. A saturated L-quasi-uniform space (X,U) is Lawvere complete if, and only if, (X, [U]) is
Lawvere complete.

Proof. Let first (X,U) be Lawvere complete and let & +4 ¥. From Proposition 4.2 we see that there are
F € & and G € ¥ such that F 4 G. By Lawvere completeness, there is x € X such that F = U(z, ) and
G =U(-, 7). For u € L**X we have u o T (¥) = V.ex Ty (2) xu(z,y) = u(z,y) for all y € X and hence
Uo[z] =U(x,-). Similarly we can show [z] ol = U(-,z). We conclude [F] = [U] o [[z]] and [G] = [[z]] o [U].
Clearly, we have [F] 4 [G] and [F] € ® and [G] C V. Lemma 3.8 implies ® = [F] = [/] o [[z]] = =z« and
U = [G] = [[z]] o [U] = z* and hence (X, []) is Lawvere complete.

For the converse, let (X, [/]) be Lawvere complete and let H 4 G. Then [H] 4 [G] and hence there is © € X
such that [H] = [U] o [[z]] and [G] = [[z]] o [U]. We conclude H > U o [x] = U(x, ) and K > [z] oU = U(-, ).
AsU(z,-) HU(-,x), see [0], we obtain H = U(z,-) and K =U(-,z) and (X,U) is Lawvere complete. ~ [J

5 Cauchy Completeness of Saturated L-Quasi-Uniform Limit Spaces

Let (X,A) be a saturated L-quasi-uniform limit space and let F,G € F{**(X). The following concepts were
introduced in [13].
(1) (F,G) are called a saturated pair L-prefilterif for all f € F and all g € G we have \/ .y f(7)*g(z) = T.
(2) A saturated pair L-prefilter (F,G) is called a Cauchy pair if G @ F € A.
(3) A saturated pair L-prefilter (F,G) converges to z € X, (F,G) — z, if [z] ® F € A and G ® [z] € A.
We note that if a saturated pair L-prefilter (I, G) converges to x, then ([z] @ F)o (G® [z]) = G®F € A,
that is, (F,G) is a Cauchy pair.
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Proposition 5.1 (see also [0]). Let (X, A) be a saturated L-quasi-uniform limit space and let (F,G), (F',G")
be saturated pair L-prefilters on X.

(SCP1) ([z],[z]) is a Cauchy pair for all x € X;
(SCP2) If (F,G) is a Cauchy pair and if F' > F and G' > G, then (F',G') is a Cauchy pair.

(SCP3) If (F,G), (F',G") are Cauchy pairs and if \/ ,cx f(x) x g'(x) =T for all f € F and all ¢ € G' and also
Vieex f/(@) xg(x) =T forall f' € F and all g € G', then (FAF',GAG’) is a Cauchy pair.

Proof. We show only (SCP3). Obviously, (F AF,G A G’) is a pair L-prefilter. \/ oy f(z) x¢'(x) = T
for all f € F and all ¢ € G', we conclude (G' @ F') o (G®F) = G ® F/, see [7]. Similarly, we have
(GeF)o(G'®F)=G ®F. By (SLUL2) then G®F' € A and G’ ® F € A. Hence, using Proposition 3.10
[7], we obtain A > (GRF)A(GRF)A (G'RF)A (G @F)=(GAG) (FAF). 0O

This proposition shows that a saturated L-quasi-uniform limit space has an underlying T-quasi-Cauchy
space. These spaces were introduced in [8].

Definition 5.2. A saturated L-quasi-uniform limit space (X, A) is called Cauchy complete if for all Cauchy
pairs (F,G) there is z € X such that (F,G) — z.

For a saturated L-quasi-uniform space (X,U), a saturated pair L-prefilter (F,G) is called a Cauchy pair
[13] if G®F > U, that is, if (F,G) is a Cauchy pair in (X, []). The saturated pair L-prefilter (F,G) is called
convergent to x € X if F > U(z,-) and G > U(-,z). From ([z] ® F) o [z] = F we obtain [z] ® F > U/ if, and
only if, F > U o [z] = U(z,-) and similarly we have G ® [z] > U if, and only if, G > [x] oUd = U(-,z). Hence
we have (F,G) — z in (X,U) if, and only if, (F,G) — = in (X, [/]). From these observations we immediately
obtain the following result.

Proposition 5.3. A saturated L-quasi-uniform space (X,U) is Cauchy complete if, and only if, (X, [U]) is
Cauchy complete.

It is shown in [13, 14] that a saturated L-quasi-uniform space is Cauchy complete if, and only if, it is
Lawvere complete. Hence, by Propositions 4.4 and 5.3, for a saturated L-quasi-uniform space (X,U), the
saturated L-quasi-uniform limit space (X, [U/]) is Cauchy complete if, and only if, it is Lawvere complete.
This is also true for arbitrary saturated L-quasi-uniform limit spaces. We first show the following Lemma.

Lemma 5.4. Let (X, A) be a saturated L-quasi-uniform limit space, x € X and F,G € F{**(X). Then
(1) [z] @ F € A if, and only if, F € Ao [[z]].
(2) G ® [z] € A if, and only if, G € [[z]] o A.

Proof. (1) Let first [x] @ F € A. Then F = ([z] @ F) o [z] € Ao [[z]]. (We have (T, ® f)o Tn(y) =
Viex Ty (2) * (T2 ® f)(2,9) = Ty @ f(z,9) = f(y).)
Let now F € Aof[z]]. Then thereis L € A such that Lo[z] <TF. We conclude L < [z]®(Lo[z]) < [z]®TF and
hence [7]@F € A. (We have T (1 ®@(loT (5))(s,t) = T{gg}(s)*\/yex T (@) *l(y, t) = Ty (s)xl(z,t) <U(s,).)
(2) can be shown in a similar way.

Theorem 5.5. A saturated L-quasi-uniform limit space (X,A) is Cauchy complete if, and only if, it is
Lawvere complete.

Proof. Let first (X, A) be Lawvere complete and let (F,G) be a Cauchy pair. We define ® = A o [F] and
U = [G] o A. Tt is not difficult to see that ®, ¥ are prorelations. As Ao® =AoAo[F]CAoF =0, disa
left-promodule. Similarly, WoA = [G]oAoA C [G]oA = U, that is, ¥ is a right promodule. We show ® - .
Let H € ® and K € W. Then there are IL1,ILs € A such that H > L; o F and K > G o LLy. A straightforward
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calculation shows that for Iy, 1y € LX*X and f,g € LX we have Iy 0 (¢ ® f)ola = (gola) ® (I o f). Hence
K@H> (Goly)®@(LyoF)=Lio(G®F)olLy € A by (SLUL4). Furthermore, we have F = [Ta,|oF € ®
and G = Go[Ta,] € ¥ and therefore ® 4 . As (X, A) is Lawvere complete, there is # € X such that
® =z, and ¥ = z*, that is, Ao [F] = Ao[[z]] and [G]o A = [[z]]oA. AsF = [Ta|oF € Ao[F] = Ao[[z]] we
conclude with Lemma 5.4 that [x] ® F € A. In a similar way we see that G ® [z] € A and hence (F,G) — =
and (X, A) is Cauchy complete.

Let now (X, A) be a Cauchy complete. Let & 4 ¥. From Proposition 4.2 we see that there is a Cauchy
pair (F,G) with F € ® and G € V. By Cauchy completeness there is x € X such that [z] ® F € A and
G ® [z] € A, that is, F € Ao [[z]] and G € [[z]] o A. We define ® = Ao [F] and ¥ = [G] o A. Then, as
in the first part of the proof, ® 4 W. We have ® = Ao [F] C Ao ® C ®. In a similar way we conclude
WU C ¥ and hence, by Lemma 3.8, ® = Ao [F]. From F € A o [[z]] we conclude [F] C A o [[z]] and hence
®=Ao[F]CAoAo|z]] CAolz]] = .

Let F € x, = Ao [[z]]. Then there is . € A such that L o [z] < F. We note that for f € F,g € G we have
Veex f(x) * g(x) = T and therefore (g9 ® Ty,y) o f = Ty,y. Hence we have [2] = (G®@ [z]) o F € Ao ® = &,
It follows that F > L o [] € Ao® = & and we have F e ®, that is z, C ®. Similar arguments show that
U = z* and (X, A) is Lawvere complete. ~ [J

6 Conclusion

We studied two completeness notions for saturated L-quasi-uniform limit spaces. The one is based on the
concept of adjoint promodules and generalizes an approach of Clementino and Hofmann [2]. The other uses
the concept of the Cauchy pair and generalizes a classical approach due to Lindgren and Fletcher [10]. We
show that both approaches are equivalent.

An open problem is the construction of a completion based on either of the two completeness notions.
This will still deserve more work.
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