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  In recent years, the attention of scientists has been drawn to laser accelerators because they have a smaller 

size and more power than RT accelerators. But to upgrade these laser accelerators for hadron therapy, the 

theory governing these accelerators needs more investigation. The present paper represents the theory of 

laser-driven accelerators. Also, for the first time, we calculated the quantum relativistic important parameters  

such as the effective atomic number, 𝑧𝑒𝑓𝑓, 𝛽 = 𝑣
𝑐⁄  , parameter, the density effect, 𝛿 2⁄ , the shell effect,∆𝐿𝑠ℎ𝑒𝑙𝑙, 

Barkas effect, 𝐿𝐵𝑎𝑟𝑘𝑎𝑠 , Lynard Sorensen, effect, ∆𝐿𝐿𝑆,  the standard perturbation function, 𝐿𝑠𝑡𝑎𝑛𝑑, the first 

order general term of quantum perturbation  theory, 𝐿𝑃𝑒𝑟𝑡, for proton and carbon beams in different energies 

versus the depth of penetration in the different human tissues using Maple programming, and our numerical 

results show that since the physical and chemical properties of carbon and hydrogen ions are not the same 

and carbon is heavier than hydrogen, carbon and hydrogen ion beams in hadron therapy do not have the same 

behavior inside the different human tissues. 
 

 

 

 
 

 

 

I. INTRODUCTION 

  In 1952, human patients were first treated 

with beams of particles such as deuterons and 

helium by Cornelius Tobias and John 

Lawrence [1]. After that, with the emergence 

of proton facilities in the world, interest in 

using particle beams to treat patients 

developed. As the biological effect of proton 

beams was reflected compared to X-rays, 

researchers found a tendency towards heavier 

ions due to higher biological effects as well 

as higher linear energy transfer [2]. In 1975, 

with the installation of BEVALAC at the 

Lawrence Berkeley Laboratory, extensive 

research into the clinical feasibility of heavy 

ion beam therapy officially began [3]. 

Following initial successes at Lawrence 

Berkeley Lab, in 1984, the Japanese 

government began construction of the 

world's first heavy ion facility for medical 

use at the National Institute of Radiological 

Sciences. Construction of the heavy ion 

`medical accelerator in Chiba was completed 
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in 1993, and clinical trials of carbon ion beam 

therapy (C-ion RT) began in June 1994. 

The use of radiation therapy is based on 

achieving precise localization of the dose in 

the desired target and causing minimal 

damage to the surrounding healthy tissues. 

The energy transfer of carbon ion beams to 

the tissue is maximized in the last few 

millimeters of their range, this maximum is 

called the Bragg's peak, since the main peak 

is very narrow and sharp to completely cover 

the cancerous tissue, the spread-out Bragg 

peak is used in cancer treatment according to 

the size of the tissue [4,5]. This allows carbon 

ion beams to provide highly localized 

deposited energy and be used to increase the 

radiation dose to tumors while minimizing 

radiation to adjacent healthy tissues. Proton 

therapy also has this feature. However, lateral 

collapsing of tissues around the target occurs 

faster with carbon ion beams than with 

proton beams. In the region beyond the distal 

end of the peak, almost no dose is deposited 

with protons, while a small dose is deposited 

with carbon ions. This is because the primary 

carbon ions undergo nuclear interactions and 

decay into particles. They transform with a 

lower atomic number and create a 

fragmentation sequence beyond the peak [4]. 

Radiation therapy damages the DNA of 

cancer cells. X-rays often break single-

stranded DNA, while breaking double-

stranded DNA with two hits is inevitable for 

the death of cancer cells. It is important to 

note that cells have mechanisms to repair 

single-stranded DNA damage, and some may 

survive even after treatment. Carbon ion 

beams provide more average energy per unit 

length of linear energy transfer of their path 

through the body compared to low linear 

energy transfer radiations such as protons or 

photons. Consequently, carbon ion beams, 

which are high linear energy transfer 

radiation, usually cause single-impulse DNA 

double-strand breaks, which is the most 

important event for cancer cell death [5]. 

In linear energy transfer to evaluate the 

biological effects of radiation, it is used the 

fact that the relative biological effectiveness 

increases with the increase of linear energy 

transfer [6-7]. Studies show that the linear 

energy transfer of carbon ion beams 

continuously increases from the point of 

radiation in the body with increasing depth to 

reach its maximum value at the Bragg peak. 

When carbon ion beams are used in cancer 

treatment for deep tumors, this property 

becomes a therapeutic advantage. Compared 

to protons or X-ray beams, linear energy 

transfer of heavy ions has various biological 

advantages, including reduction of oxygen 

enhancement ratio, reduction of cell cycle-

dependent radiosensitivity, potential 

suppression of metastases, and effectiveness 

of cancer stem cells [8-11]. These properties 

offer the advantage of using heavy ion beams 

in the treatment of tumors such as 

adenocarcinoma, adenoid cystic carcinoma, 

malignant melanoma, and sarcoma, which 

are very resistant to low radiation and 

sometimes cannot be controlled even by 

simple dose increases. When fast ions pass 

through matter, their deposited energy is 

roughly due to interactions with and transfer 

of energy to electrons. In this paper, we study 

the stopping power corresponding to light 

and heavy ions when their speed approaches 

the speed of light. 

In order to be able to use particle beams with 

high energy to treat all types of cancer, we 

must accelerate the charged particles by 

accelerators. Today, electron (ion) 

accelerators, which are accelerated by laser 

pulse propagation in a plasma environment, 

have attracted a lot of attention in the 

technology of particle accelerators [7-9]. 

Laser-plasma accelerators are amazing in 

terms of power and have sufficient energy 

band, pulse duration, and sufficient peak dose 

rate in comparison with other accelerators, 

and in the meantime, they can have a better 

dose delivery and higher acceleration in 

particle therapy in more effective cancer 

treatment. Laser-plasma accelerators of 

charged particles are compact, simple, and 

low-cost accelerators. Therefore, they can be 

easily placed in the basements of existing 

hospitals. Since the treatment of cancer is one 

of the major challenges in today's world and 

there is still no completely safe and cost-

effective way to eradicate this disease, it is 
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hoped that by using high-energy hadrons 

accelerated by a laser, promising results can 

be achieved. The goal of the authors of this 

article has been achieved for the first time to 

investigate the theory of hadron therapy of 

tumors by irradiation with proton and carbon 

beams with high relativistic energy through 

the numerical solution of the Bethe-Bloch 
stopping power formula for several different 

tumors and comparing the results obtained 

with the works of other groups. Research is 

available. Therefore, this article is organized 

as follows: 

In Section 2, we introduce nuclear 

interactions between light and heavy ions. In 

Section 3, the theoretical quantum relativistic 

stopping power and range for hadrons such 

as protons and carbons in human tissues is 

presented. In sections 4 and 5, important 

parameters such as absorbed dose, energy, 

and amplitude reduction are described, 

respectively. Finally, the conclusion is 

presented. 

 

II. NUCLEARINTERACTIONS 

  Charged particles can also interact with 

material nuclei through nuclear interactions. 

These interactions are significantly less 

involved in energy loss than electromagnetic 

processes. Unlike electromagnetic 

interactions, there is no exact model to 

describe them. In the following, we briefly 

describe common approaches to modeling 

nuclear interactions. 

General aspects: 

Nuclear interactions are performed in two 

separate steps. First, the probability of a 

nuclear event is sampled based on the nuclear 

cross-section. Depending on the particle and 

its incident energy, these can be calculated 

"on the flight". Nuclear interactions 

(collision) can be divided into the following: 

Elastic Collision:  
Here the kinetic energy remains constant and 

the nucleus remains intact. This is similar to 

Coulomb multiple scattering, but it is due to 

strong interactions and not electromagnetic 

interactions. Such interactions do not happen 

very often. 

Inelastic collisions: 

Here a more violent reaction occurs between 

the projectile and the target where the total 

kinetic energy does not remain constant. The 

projectile may eject secondary particles 

(protons, neutrons, deuterons, etc.) from the 

nucleus and become fragments if they are 

ions. The probability of no nuclear 

interaction P(x) after traveling a distance x in 

a substance is given by :  P(𝑥) =
𝑁(𝑥)

𝑁(0)
=

𝑒
−𝑥

λ𝑖𝑛𝑡 . Where 𝑁  is the number of incident 

particles, 𝑁(𝑥)  is the number of particles 

after traveling the distance x, λ𝑖𝑛𝑡 is the mean 

free path or interaction length, which is 

defined by: λ𝑖𝑛𝑡 =
𝐴𝑡

𝑁𝐴𝜎𝜌
and where σ is the 

total cross-section. Since there are important 

differences in the modeling of nuclear 

interactions for protons and heavy ions, we 

discuss them separately [12,13]. 

A. Nuclear interactions of protons 

It is usually assumed that a proton hitting the 

atomic nucleus initiates a series of nucleon-

nucleon collisions that result in the emission 

of protons, neutrons, and light fragments, 

thereby balancing the rest of the nucleus. 

This process can be described as a three-step 

sequence [14, 15], which is shown 

schematically in Fig.1 and the upper part of 

Fig. 2. 
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Fig. 1 Schematic representation of the stages of a 

nucleus-nucleon interaction related to radiation 

therapy, along with the time scale and energy of 

the interacting particles. 

 
 

Fig. 2 Top: Schematic of a possible nucleon-

nucleus reaction in proton therapy, whereby 

neutrons are produced. Bottom: Schematic of 

nuclear-nuclear reaction with heavy ion therapy, 

with the creation of fragments. 

Intra-Nuclear Cascade (INC): this model is 

usually used to describe the nuclear 

interactions of nucleons with energy above 

50 MeV to hundreds of GeV, which was 

originally investigated by Serber and 

Heisenberg [16]. The basic idea is that the 

incident particle interacts with meta-free 

nucleons in the target nucleus through a 

series of two-body interactions. The target 

nucleus is modeled as a Fermi gas of cold and 

free nucleons. The nucleons inside this 

nuclear environment are accounted for by the 

nuclear density distribution, the nuclear 

potential, and the Pauli exclusion principle. 

This "free" nucleon method is justified if the 

wavelength of the incident particle is much 

smaller than the average distance between 

nucleons in the nucleus of matter and is much 

smaller than the mean free path inside the 

nucleus. 

It turns out that the INC model surprisingly 

works at much lower energy than expected, 

thanks to quantum effects such as the Pauli 

exclusion principle, nucleon-nucleon 

correlations, etc., effective mean free path of 

nucleons in the nuclear environment 

increase. For proton therapy energies only 

elastic scattering occurs because these 

energies are below the pion production 

threshold (290 MeV). 

 
The final product particles resulting from the 

scattering process are called secondary 

particles. Their production time in the time 

scale of strong interactions is 10−23𝑠  to 

10−22𝑠 . Secondary particles have a lot of 

energy and can re-scatter on the same nucleus 

or escape, etc. Not only protons and neutrons 

can be emitted, but they can also be produced 

through the coagulation mechanism of light 

nuclear fragments with high energy. All 

particles are tracked until all are below a 

certain energy threshold, usually a few tens 

of MeV. This process is called an intra-

nuclear cascade. The description of this 

process is very complex, because all 

secondary particles must be properly 

transported through the nuclear medium and 

require a detailed description of the nuclear 

density, quantum effects, nuclear potential, 

binding energy, Fermi motion, etc, [17,18]. 

Pre-equilibrium: At this stage, the energy of 

the particles in the cascade reaches a lower 

limit, usually a few tens of MeV, but the 

nucleus is still not in thermal equilibrium. 

The evolution of the nuclear reaction is also 

represented as successive nucleon-nucleon 

collisions, but within the hole-particle or 

"exciton" formalism, where nucleons are 

excited from within the Fermi sea, a hole is 

created. Protons, neutrons, and light 

fragments are emitted, and the remaining 

nucleus remains in equilibrium, and specific 

excitation energy is shared among the 

remaining nucleons [19]. 

De-excitation phase: Depending on the 

mass of the target nucleus and the residual 

energy, the nucleus can dissipate its residual 

energy in several ways. 

Nuclear evaporation according to the 

Weisskopf-Ewing approach: here, light 

particles (alpha, deuteron, triton, etc.) with a 

kinetic energy of several MeV can be 
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successively excited from the nucleus and 

emitted similar to evaporation of a hot system 

[20]. 

Fission: the excited nucleus splits into two 

parts: which only applies to nuclei with high 

Z (Z≥65). Apart from the implant, nuclei 

with high Z are not found in the human body 

and this trend is not significant here. 

Fermi breakdown: This mechanism applies 

to light nuclei (typically A≤16) where the 

excitation energy of the excited nucleus may 

exceed the dependence energy of some 

fragmentation channels. In this case, the 

excited nucleus disintegrates [21]. 

B. Nuclear interactions of heavy ions 

The main difference between nucleus-

nucleus and nucleus-nucleon reactions is that 

the incoming nucleons are not free. This has 

important phenomenological implications. 

Most of the models of nucleus-nucleus 

interactions are related to the "ablation-

erosion” model. During the fast phase 

(ablation), with a time scale of 10−23 −
10−22𝑠 , the projectile and the target core 

collide, resulting in a reaction zone. A quasi-

projectile excited with a high initial velocity 

consists of a quasi-target fragment at rest and 

several light excited fragments. During the 

slow phase (erosion, with a time scale of 

10−18 − 10−16𝑠, 7 the remaining projectile, 

target, and light fragments are stimulated 

through the vaporization of light nuclei or 

fragments. It should be noted that in this case 

both the target and the projectile nuclei can 

be split, while in proton radiation, only 

target-like nuclei can be fragmented [22-26]. 

Projectile fragments move further forward, 

losing energy through ionization and further 

interactions. These fragments have roughly 

the same speed and direction as their 

mothers, but their range is greater than the 

primary ions because they scale with A / Z2. 

Evaporation products from projectile 

fragments evaporate isotropically in the 

fragment-projectile frame of reference. The 

target fragments have a short range and high 

power, and their vaporization products 

evaporate isotropically in the target-fragment 

frame of reference. To describe the dynamic 

stage of the reaction, various models have 

been created, which differ mainly in terms of 

the behavior of the nuclear field affecting the 

diffusion of particles inside the nucleus [26-

30]. 

Intra-nuclear Cascade Model (INC): This 

model is related to nuclei with energy higher 

than 100 MeV/u and has a description similar 

to that described above for protons. Highly 

excited nuclei lose energy through a series of 

two-body reactions and scattering of quasi-

free nucleons. More than one nucleon-

nucleus interaction can occur in a nucleus-

nucleus collision [31-33]. 

Quantum Molecular Dynamics (QMD): 
For energies from 50 to about 400 MeV⁄u, 

this model can be viewed as a complex form 

of the INC model. Here, each nucleon is 

described by a Gaussian wave packet, and all 

nucleons in the projectile and target nuclei 

participate in the collision process. By 

minimizing the Hamiltonian that describes 

the nucleon-nucleon interactions in the 

projectile and overlapping target nuclei and 

predicts the formation of heavy or light 

nuclei and secondary protons and neutrons 

[34-37]. 

 

III. QUANTUM RELATIVISTIC 

STOPPING POWER AND 

RANGE FORMULA FOR 

HADRONS IN HUMAN 

TISSUES 

  Ion beams for the treatment of deep tumors 

(~30 cm) require maximum energy of ~220 

MeV for protons and ~430 MeV/u for carbon 

ions, respectively. The speed of these 

particles is given by: 𝛽𝑝≈0.6 and 𝛽c≈0.7, 

respectively, therefore, we can use a (semi) 

relativistic method. In the therapeutic range 

of energy, ions move through the tissue at 

these velocities, their energy being reduced 

mainly by the following two stopping 

processes:(1) collisional interactions, 𝑆𝑐𝑜𝑙 , 
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which can result from inelastic Coulomb 

collisions with orbital electrons of target 

atoms either inelastic Coulomb collisions 

with the target atomic  orbital electrons 

atoms, 𝑆𝑒𝑙𝑒𝑐 , or interactions by repulsive 

elastic Coulomb scattering with the atomic 

nuclei  of the target, 𝑆𝑛𝑢𝑐 and (2): radiative 

interactions, 𝑆𝑟𝑎𝑑 , due to Bremsstrahlung 

radiation emission [38]. Thus, the total 

stopping power of a charged particle is: 

𝑆 = 𝑆𝑐𝑜𝑙 + 𝑆𝑟𝑎𝑑 = (𝑆𝑒𝑙𝑒𝑐 + 𝑆𝑛𝑢𝑐) + 𝑆𝑟𝑎𝑑      (1) 

 Since the radiative stopping power, 𝑆𝑟𝑎𝑑, is 

proportional to the inverse of the square of 

the projectile mass, therefore, the production 

of Bremmstrahlung radiation by heavy 

charged particles is small [39-41]. In 

radiation therapy, the amount of energy loss 

due to Coulomb interaction with target nuclei 

is less than 0.1% of the total stopping power 

[42], such that this contribution is only 

related to the energy dissipated caused by 

projectiles with very low energy below 10 

keV/u and in the last few 𝜇𝑚 of the ion path 

[42-44]. As a result, the deceleration process 

is influenced by the electron interaction 𝑆 ≈
𝑆𝑒𝑙𝑒𝑐, which has the highest value at the end 

of the ion range and causes the release of 

maximum energy in the selected volume. For 

ions that move faster than orbital electrons 

and with charge number 𝑍𝑝 collide with the 

target material with atomic number 𝑍𝑡, the 

amount of energy dissipated per unit length 

of ion path, 𝑆𝑒𝑙𝑒𝑐=𝑑𝐸/𝑑𝑥 is given by Bethe-

Bloch formula [42]: 

𝑑𝐸

𝑑𝑥
=

𝑛𝑧2𝑒4

4𝜋𝜀0
2𝑚𝑒𝑣2 [{ln (

2𝑚𝑒𝑣2

𝐼
) +

∆𝐿𝑠ℎ𝑒𝑙𝑙} 𝐿𝐵𝑎𝑟𝑘𝑎𝑠 + ∆𝐿𝑆 − ln (1 − 𝑣2

𝑐2⁄ ) −

𝑣2

𝑐2⁄ −
𝛿

2
+ 2𝑙𝑛𝛾 − 1 −

1

𝛾2
                        (2) 

where 𝑒 is the charge and 𝑚𝑒 is the mass of 

the electron. Also, I is the average ionization 

energy of the selected material, which varies 

from about 19 eV for hydrogen to about 820 

eV for lead [45]. In high-energy regimes, 

Fano [45] introduced the last two correction 

terms of equation 16, which are the density 

effect correction term, 
𝛿

2
, and the shell effect 

correction term, ∆𝐿𝑆ℎ𝑒𝑙𝑙, respectively. These 

corrections will be discussed in the following 

subsections 

C. Density Effect Correction 

 Correction of the density effect is a 

relativistic effect in the stopping power 

phenomenon, which indicates the reduction 

of the collision stopping power due to the 

polarization of the environment, caused by 

the passage of the charged particle. In dense 

targets, the field that disturbs the electrons 

away from the projectile path is modified by 

the polarization of the dielectric atoms and 

the electrons away from the projectile [46]. 

The density effect corrections at high 

energies have the form: −
𝛿

2
= − ln(𝛽𝛾) +

ln (
1

ђ𝜔𝑝
) +

1

2
, where 𝛽=𝑣/𝑐, 𝛾 =

1

√1−𝛽2
 ,  ђ  

and 𝜔𝑝 are reduced Planck constant, and 

plasma frequency of the medium, 

respectively. 

D. Shell Corrections  

Shell corrections occur when the projectile 

velocity is comparable to the electron 

velocity of the target atoms. Shell corrections 

include the following conditions: 

1- The speed of the projectile is so low that 

the inner shell electrons of the target atom 

have speeds comparable to the projectile. 

2- The electrons of the inner shell have a 

relativistic speed relative to the target atoms 

that are heavy enough. 

Shell correction under the above conditions 

is: ∆𝐿𝑆ℎ𝑒𝑙𝑙 = −
𝐶

𝑍
, where C is defined by the 

following equation [48]: 

𝐶 = (4.22377 × 10−7𝛽−2𝛾−2 + 3.04043 ×
10−8𝛽−4𝛾−4 − 3.8106 ×
10−10𝛽−6𝛾−6)𝐼2 + (3.858019 ×
10−9𝛽−2𝛾−2 − 1.667989 ×
10−10𝛽−4𝛾−4 + 1.57955 ×
10−12𝛽−6𝛾−6)𝐼3)                                      (3) 
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which is valid for 𝛽𝛾>0.13. 𝐼 (eV) is the 

average ionization potential of the target and 

determines the amount of energy dissipated 

per unit length of the path. The applicable 

shell correction, under the second condition, 

takes into account the total electron binding 

energy of the ground state of the target atom 

[49-50]. This correction does not provide any 

details about the projectile charge role in this 

situation [51]. 

E. Electron Capture 

At low energy (below ~10MeV/u), when the 

particle velocity is approximately equal to the 

target electrons' velocity (≈0.0073c), the 

process of partial ion neutralization 

(recombination process) due to electron 

absorption plays an important role in the total 

stopping power. This process can be entered 

into the discussed system by replacing z in 

Eq. 2 with the effective load (z1) obtained 

empirically from experimental data by 

Barkas [52]: 

 

Zeff=z [1−(125𝛽z−2/3)].                              (4) 

From the Bethe-Bloch equation, it follows 

that the inverse of the electronic stopping 

power is proportional to the square of the 

particle velocity, and includes the effects of 

energy straggling and nuclear reactions, 

which are discussed further. 

F. Barkas correction 

The presence of the Barkas effect has led to 

the observation of a 0.3% difference with 

experience in the range of positive and 

negative pions, which was detected in the 

nuclear emulsion process [53]. This effect 

was interesting at the time because it could 

indicate a difference in the mass of the 

particle and its antiparticle [54]. More recent 

measurements confirm the existence of this 

effect by comparing the stopping power of 

protons and antiprotons in the keV regime 

[55]. The Barkas correction accounts for the 

polarization effect in the target environment 

due to low-energy collisions between the 

projectile and distant electrons. If the 

projectile interacts with a harmonic 

oscillator, the correction factor 3𝜋𝑧𝑒2𝜔 ⁄ 

2𝑚e𝑣3 is obtained [56]. However, from an 

operational point of view, it is recommended 

to multiply the original expression of the 

stopping logarithm, ln(2𝑚e𝑣2 ⁄ 𝐼), by a factor 

𝐿𝐵𝑎𝑟𝑎𝑘𝑠 = 1 +
2𝑧

√𝑍
[𝐹(𝑉)]  ,here  𝐹(𝑉) =

0.0019exp (−2ln (
𝑉

10
))  and  𝑉 =

𝛽𝛾
𝛼√𝑧

⁄ .  

Operationally, however, it is recommended 

to multiply the leading term of the stopping 

logarithm, ln(2𝑚e𝑣2⁄𝐼), with the 

correction: 𝐿𝐵𝑎𝑟𝑎𝑘𝑠 = 1 +
2𝑧

√𝑍
[𝐹(𝑉)]  where 

, 𝐹(𝑉) = 0.0019exp (−2ln (
𝑉

10
))  is a ratio of 

two integrals over a Thomas-Fermi model of 

the atom. and 𝑉 =
𝛽𝛾

𝛼√𝑧
⁄  is the reduced 

momentum.  Notice that,  (𝑉)  is not 

considered reliable below 𝑉<0.8. Also the 

∆𝐿𝐿𝑠  term in Eq.2 is called  Lindhard-

Sørensen correction, which is explained 

below. 

G. Lindhard-Sørensen Correction 

It is important to introduce the Lindhard-

Sørensen (LS) correction in the Bloch [57], 

Mott [58], and Ahlen [59] models, which are 

collectively called the BMA group due to 

their common field of study. So that entering 

this correction expression leads to a more 

accurate stopping power calculation. The 

Bloch correction was proven by Felix Bloch 

in examining the similarities and differences 

between classical and off of highly charged 

nuclei. Ahlen's correction is used in Bloch's 

model in high charge and energy regimes 

[60]. The Lindhard-Sørensen correction 

includes the Bloch correction in the low-

energy regime, while Mott scattering is a 

relativistically correct manner [61]: 

∆𝐿𝑆= ∑ [∞
𝑘=1

𝑘

𝜂2

𝑘−1

2𝑘−1
𝑠𝑖𝑛2(𝛿𝑘 − 𝛿𝑘−1) +

𝑘

𝜂2

𝑘+1

2𝑘+1
𝑠𝑖𝑛2(𝛿−𝑘 − 𝛿−𝑘−1) +

𝑘

4𝑘2−1

1

𝛾2𝑘2+𝜂2 −
1

𝑘
] +

𝛽2

2
                             (5) 

In Eq.5, 𝜂 = 𝛼𝑧
𝛽⁄   is a dimensionless 

parameter with 𝛼 = 𝑒2

4𝜋𝜀0ђ𝑐⁄  which is 
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called the fine structure constant. 𝛿𝑘is called 

the relativistic Coulomb phase shit. While the 

index 𝑘 represents the quantum number of 

angular momentum (including spin). 

H. Finite Nuclear Size Correction  

The finite nuclear size correction includes the 

physical size of the atomic nuclei in the target 

environment [62]. This correction is possible 

because a mathematical description can be 

given for any spherically symmetric potential 

[63]. This correction is seen as a correction in 

the Coulomb phase shift, 𝛿𝑘, in Eq. 5. This 

phase shift provides a connection between 

the internal (nuclear) uniform spherical 

potential and the external Coulomb potential 

[64]. We can give a standard function, 

𝐿𝑠𝑡𝑎𝑛𝑑 , which introduces a quantum 

mechanical perturbation equation, 

𝐿𝑠𝑡𝑎𝑛𝑑 = 𝑙𝑛(
2𝑚𝑣2

𝐼
𝛾2) −

𝑣2

𝑐2 −
1

2
𝛿              (6) 

Such that :𝛾2 = (1 −
𝑣2

𝑐2)−1.In addition, I  is 

determined by Bethe’s result, 𝑍2𝑙𝑛𝐼 =
∑ 𝑓𝑛0𝑙𝑛(ђ|𝜔𝑛𝑜|)𝑛 , and estimated by dipole 

oscillator strengths 𝑓𝑛0  and transition 

frequencies 𝜔𝑛𝑜 . The expression −
1

2
𝛿 is the 

familiar Fermi density effect correction [65], 

which corrects the adiabatic limit for distant 

collisions and sufficiently large γ values. The 

𝐿𝑠𝑡𝑎𝑛𝑑  expression in Eq.6 depends only on 

the particle velocity, v, on the atomic number 

𝑍2  of the environment, and on the mean 

electron density, n, as included in the density 

effect. Hence, it does not depend on the 

particle charge number 𝑍1 , and 𝐿𝑠𝑡𝑎𝑛𝑑  term 

introduces the  relativistic first-order of  

quantum perturbation theory, such that 
𝑑𝐸

𝑑𝑥
∝

𝑍1
2 .The relativistic increase of 𝐿𝑠𝑡𝑎𝑛𝑑  is 

included in 𝑙𝑛𝛾2 −
𝑣2

𝑐2 and has equipartition, 

i.e., exactly equal contributions,  𝑙𝑛𝛾 −
𝑣2

2𝑐2  , 

caused by far and near collisions. But the 

increase due to distant collisions will be 

saturated by the density effect correction, 

−
1

2
𝛿, for sufficiently large g. There remains 

only ln g from close collisions in the 

relativistic increase of 𝐿𝑠𝑡𝑎𝑛𝑑. For simplicity, 

we have omitted one term belonging to first-

order perturbation theory, i.e., the small shell 

correction due to the finite orbital velocities 

of the target electrons. The full term 

belonging to first-order quantum perturbation 

theory is therefore : 𝐿𝑃𝑒𝑟𝑡 = 𝐿𝑠𝑡𝑎𝑛𝑑 +
𝛿𝐿𝑆ℎ𝑒𝑙𝑙. In Eq.6 we have removed the Mott 

term, which is proportional to 𝑍1
𝑣

𝑐2 , and 

basically belonging to higher-order 

scattering theory. (𝑍1 and  𝑍2   are projectile 

particle atomic numbers and target matter, 

respectively). 

IV. ABSORBED DOSE 

  The absorbed dose, 𝐷, in a given volume, 

represents the statistical mean of energy 

absorbed per unit mass of the target at a 

specific point. It is given by the International 

Commission on Radiation Units and 

Measurements (ICRU) as the mean energy 

(of several energy deposition events from 

electronic and nuclear interactions), 𝑑𝜖 , 

imparted by ionizing radiation in a mass 

element𝑑𝑚, in SI units [67]: 

D=
𝑑𝜖

𝑑𝑚
[

𝐽

𝑘𝑔
= 𝐺𝑟𝑎𝑦(𝐺𝑦)]                           (7) 

The physical equation of radiotherapy is the 

relationship between the absorbed dose, the 

initial beam current and the mass stopping 

power:  
1

𝜌
𝑆 = −

1

𝜌

𝑑𝐸

𝑑𝑥
. In this regard, for a 

mono-energetic parallel beam with particle 

fluence 𝜑  passing through a thin slice of 

material of density 𝜌, the absorbed dose is 

expressed as: 

𝐷[𝐺𝑦] = 𝜑
𝑆

𝜌
= 1.6 × 10−10 × 𝜑 [

1

𝑐𝑚2] ×

𝑑𝐸

𝑑𝑥
[

𝑀𝑒𝑉

𝑐𝑚
] ×

1

𝜌
[

𝑐𝑚3

𝑔
]                                     (8) 

V. ENERGY AND RANGE 

STRAGGLING 

 Clinical ion beams are composed of millions 

(or more) of accelerated ions experiencing 

different rates of interactions with the matter, 

therefore most of the physical features that 

describe them are inherently statistical. The 

effect of these statistical fluctuations is 
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discussed as follows. It is often assumed that 

the rate of energy loss occurs by ions slowing 

down smoothly and continuously, i.e. in a 

Continuous Slowing-Down Approximation 

(CSDA) [66]. Under this assumption, 

neglecting any stochastic variation, the total 

ion penetration depth within the absorber 

may be calculated as: 

𝑅CSDA(𝐸) = ∫
𝑑𝐸

𝑆

𝐸0

0
= ∫ (

𝑑𝐸

𝑑𝑥
)−1𝑑𝐸

𝐸0

0
         (9) 

where 𝐸0 is the initial particle kinetic energy. 

The average range, 𝑅𝑚𝑒𝑎𝑛, is known as the 

depth at which half of the initial particles 

have come to rest. Especially in the case of 

heavy ions, (𝐸)≈𝑅𝑚𝑒𝑎𝑛, due to the minimal 

deviations along its trajectory. In order to 

provide more complete physical concepts 

about the absorbed dose in different human 

tissues which are given in Table 1, for the 

first time we calculated the behavior of  the 

three-dimensional variations of all the terms 

in Eq.2 such as the effective atomic number, 

𝑧𝑒𝑓𝑓 , β =
𝑣

𝑐
 parameter, the density effect, 

𝛿

2
, 

the shell effect, ∆𝐿𝑠ℎ𝑒𝑙𝑙 , Barkas 

effect,  𝐿𝐵𝑎𝑟𝑘𝑎𝑠  , Lynard Sorensen, effect, 

∆𝐿𝐿𝑆 ,  the standard perturbation function, 

𝐿𝑠𝑡𝑎𝑛𝑑, the first-order of the general term of 

quantum perturbation  theory, 𝐿𝑃𝑒𝑟𝑡, in terms 

of proton and carbon beam energy and depth 

of penetration in the different human tissues 

using Maple programming, and the results 

are presented in figures 3 to 14. As can be 

seen from these graphs, because the physical 

and chemical properties of carbon and 

hydrogen ions are not the same and carbon is 

heavier than hydrogen, carbon ion, and 

hydrogen ion graphs in hadron therapy do not 

have the same behavior in different body 

tissues [67]. 

Table 1 Constants of matter and compositions 

considered in the evaluation of compounds and 

mixtures. Compositions of different human 

tissues are taken from ICRU Report 44 (1989). 

These values are given for the average ratio of an 

atomic number to mass Z/A, average excitation 

energy I, and density ρ. 

 
Material <Z/A> I(eV) Density(

𝒈

𝒄𝒎𝟑
) 

Adipose Tissue 
(ICRU-44) 

0.555790 64.80 9.5000E-01 

Air, Dry (near sea 
level) 

0.499190 85.70 1.2050E-03 

B-100 Bone-
Equivalent Plastic 

0.527400 85.90 1.4500E+00 

Blood, Whole (ICRU-
44) 

0.549990 75.20 1.0600E+00 

Bone, Cortical 
(ICRU-44) 

0.514780 112.00 1.9200E+00 

Brain, Grey/White 
Matter (ICRU-44) 

0.552390 73.90 1.0400E+00 

Breast Tissue (ICRU-
44) 

0.551960 70.30 1.0200E+00 

Eye Lens (ICRU-44) 0.547090 74.30 1.0700E+00 
Lung Tissue (ICRU-
44) 

0.550480 75.20 1.0500E+00 

Muscle, Skeletal 
(ICRU-44) 

0.550000 74.60 1.0500E+00 

Ovary (ICRU-44) 0.551490 75.00 1.0500E+00 
Water, Liquid 0.555080 75.00 1.0000E+00 
    

 

 

 

 

Fig. 3  3D variations of 𝑧𝑒𝑓𝑓  versus energy and 

penetration depth  for:  a) C and b) P in different 

human tissues 



 

   M.G.Shabankareh, et al. Role of Relativistic Quantum Theory in Hadron Radiation Therapy 

 

20 

 
Fig. 4 3D variations of 𝛽 =

𝑣

𝑐
  versus energy and 

penetration depth  for:  a) C  and b) P in different 

human tissues 

 

 

 
Fig. 5 3D variations of hadron energy versus 

energy and penetration depth for a) C and b) P in 

different human tissues 

 
Fig. 6 3D variations of 𝛿𝐿𝑠ℎ𝑒𝑙𝑙   versus energy and 

penetration depth  for:  a) C and b) P in different 

human tissues 
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Fig. 7 3D variations of 𝛿𝐿𝐿𝑆  versus energy and 

penetration depth  for:  a) C and b) P in different 

human tissues. 

 

 

 

Fig. 8 3D variations of 𝛿𝐿𝐵𝑎𝑟𝑘𝑎𝑠   versus energy 

and penetration depth for a) C and b P in different 

human tissues. 

 
Fig. 9 3D variations of 𝐿𝑠𝑡𝑎𝑛𝑑  versus energy and 

penetration depth  for:  a) C  and b) P in different 

human tissues 
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Fig. 10 3D variations of 𝐿𝑝𝑒𝑟𝑡  versus energy and 

penetration depth  for  a) C and b) P in different 

human tissues 

 

 

Fig. 11 3D variations of 
𝑆

𝜌
  versus energy and 

penetration depth  for  a) C and b) P in different 

human tissues 

 

Fig. 12 3D variations of 𝐿𝐸𝑇  versus energy and 

penetration depth for a) C and b) P in different 

human tissues. 
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Fig. 13 3D variations of 𝑅𝑎𝑛𝑔𝑒   versus energy 

and penetration depth for a) C and b) P in different 

human tissues. 

 

 

 
Fig. 14 3D variations of 𝐷𝑜𝑠𝑒  versus energy and 

penetration depth for a) C and b) P in different 

human tissues. 

Now we make a comparison between our 

work and other research groups. At the 

energy of 50 MeV, the maximum absorbed 

dose in the eye lens in our work is 29 Gy, 

which is in good agreement with the 

maximum absorbed dose calculated in 

reference [68] at the same energy (27 Gy). In 

references [69-71], the absorbed dose in the 

lung tumor by a proton beam is in the range 

of (5-60) Gy, which is consistent with our 

calculation range for lung cancer by a proton 

beam. In reference [72], carbon therapy of 

lung cancer has been studied and their results 

estimated the absorbed dose to be around 20 

Gy, while we have obtained around 26 Gy in 

this work. Also, in reference [73], the average 

range of the proton at the energy of 100 MeV 

is about 70 mm, and in water, which in our 

work is about 50 mm at the same energy; it 

seems that this difference is because we 

consider quantum phenomena. We have 

meant stopping power. Also, our study shows 

that the absorption dose of carbon is higher 

than that of a proton in muscle, which is 

consistent with the results of reference [74]. 

In the reference [75], carbon therapy of breast 

cancer has been studied and their results have 

obtained the absorbed dose of about 36Gy, 

while we have estimated about 30Gy in this 

work. By looking at reference [76], it can be 

seen that the LET amount in water for a 
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proton with an energy of 200 MeV is about 

45 keV⁄μm, while for carbon with an energy 

of 391 MeV⁄u, it is about 11.17 keV⁄μm. In 

our calculation results, for a proton with an 

energy of 200 MeV, the LET amount is about 

46.1keV⁄μm, and for carbon with an energy 

of 391 MeV⁄u, it is about 10.23keV⁄μm. it can 

be concluded that our results are in good 

agreement with the results of this reference. 

VI. CONCLUSION 

Hadron therapy with heavy charged particles 

is considered to be a modern technique in 

current radiation therapy, the reasons for 

which can be found in its physical and 

radiobiological advantages and their set of 

clinical properties. Physically, due to the 

optimal dose distribution of heavy charged 

particles, it is possible to protect healthy 

tissues from unwanted damage to a 

significant extent, which in turn reduces side 

effects and secondary cancers. In addition, 

from a radiobiological point of view, these 

particles have a higher RBE compared to 

photons, thus increasing the efficiency of 

destroying cancer cells and increasing the 

possibility of tumor control. Thus, this 

technique is the preferred method for cancer 

treatment. In this work for the first time, we 

study the relativistic theory of hadron therapy 

with carbon and proton. In the years that have 

passed since the beginning of hadron therapy, 

the demand for using this treatment method 

has been increasing. The conducted studies 

show that during the years that have passed 

since the invention of this method, each of 

the mentioned parts has undergone 

transformation and a relative improvement in 

the safety and accuracy of dose delivery has 

been achieved in order to improve the quality 

of treatment. 

On the other hand, the high cost of treatment 

compared to traditional radiation therapy, the 

high cost of equipment and their maintenance 

has been an important challenge in the lack 

of development of such centers around the 

world. Therefore, it is hoped that in the 

coming years, with the reduction of costs, the 

possibility of the development and utilization 

of hadron therapy centers around the world 

will be provided. 
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