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Abstract
In this paper by using the notion of anti fuzzy points and its besideness to and
non-quasi-coincidence with a fuzzy set the concepts of an anti fuzzy subalgebras
in BM-algebras are generalized and their inter-relations and related properties
are investigated.
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1 Introduction

Y. Imai and K. Iseki introduced two classes of abstract algebras: BCK-algebras
and BCTI-algebras [6, 7]. It is known that the class of BC K-algebras is a proper
subclass of the class of BCI-algebras. In [4, 5] Q. P. Hu and X. Li introduced a wide
class of abstract algebras: BC H-algebras. They have shown that the class of BCI-
algebras is a proper subclass of the class of BC H-algebras. J. Neggers and H. S. Kim
[13] introduced the notion of d—algebras which is another generalization of BCK-
algebras, and also they introduced the notion of B-algebras [14, 15]. Moreover, Y. B.
Jun, E. H. Roh and H. S. Kim [11] introduced a new notion, called a BH-algebra,
which is a generalization of BCH/BCI/BCK-algebras. Walendziak obtained the
another equivalent axioms for B-algebra [18]. H. S. Kim, Y. H. Kim and J. Neggers
[9] introduced the notion a (pre-) Coxeter algebra and showed that a Coxeter algebra
is equivalent to an abelian group all of whose elements have order 2, i.e., a Boolean
group. C. B. Kim and H. S. Kim [8] introduced the notion of a BM-algebra which is
a specialization of B-algebras.
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The concept of a fuzzy set was introduced in [19] by L. A. Zadeh. Since then it
has become a vigorous area of research in engineering, medical science, social science,
physics, statistics, graph theory, etc. In this paper, we introduce the concept of an
anti fuzzy subalgebra of BM-algebras by using the notion of anti fuzzy points and
its besideness to and non-quasi-coincidence with a fuzzy set, and investigate their
inter-relations and related properties.

2 Preliminaries

Definition 2.1. [8] A BM-algebra is a non-empty set X with a consonant 0 and a
binary operation x satisfying the following axioms:

(I) %0 =z,

(IT) (zxx) x (zxy) =y *z,

for all z,y,z € X.

In X we can define a binary relation by x < y if and only if z * y = 0.

Proposition 2.2. [8] Let X be a BM-algebra. Then for any z,y and z in X, the
following hold:
(a) zxx =0,
(b) 0 (0% a) = ,
() 0x(zxy) =y=*zx,
(d) (24 2) # (y+2) = 2 %,
(e) zxy =0 if and only if y xz =0,
(f) (xxy)*xz=(z*xz)xy.

Definition 2.3. A non-empty subset S of a BM-algebra X is called a subalgebra of
Xifxxye S forany z,y € S.

A mapping f: X — Y of BM-algebras is called a BM-homomorphism if f(z *
y) = f(z) * f(y) for all z,y € X.

We now review some fuzzy logic concept (see [19]).

Let X be a set. A fuzzy set A in X is characterized by a membership function
na: X — [0,1]. Let f be a mapping from the set X to the set Y and let B be a
fuzzy set in Y with membership function pp.

The inverse image of B, denoted f~1(B), is the fuzzy set in X with membership
function py-1(py defined by ps-1(p)(z) = pp(f(x)) for all z € X.

Conversely, let A be a fuzzy set in X with membership function p4. Then the
image of A, denoted by f(A), is the fuzzy set in Y such that:

sup  pa(z) if [~ y) ={x: f(z)=y}#0,
piay(y) =g =71 ,
0 otherwise
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A fuzzy set A in X of the form

A(y)::{ el =

is called an anti fuzzy point with support x and value ¢ and is denoted by x;. A fuzzy
set A in X is said to be non-unit if there exists © € X such that A(z) < 1.
A fuzzy set A in a BM-algebra X is called an anti-fuzzy subalgebra of X if it
satisfies [3]
(Va,y € X) (Az +y) < max{A(z), A(y)}). (2.1)

3 Redefined (anti) fuzzy subalgebras

From now (X, %,0) or simply X is a BM-algebra.

Definition 3.1. An anti-fuzzy point x; is said to beside to (resp. be non-quasi co-
incident with) a fuzzy set A, denoted by z; < A (resp. x:YTA), if A(xz) < ¢ (resp.
A(z) +t < 1). We say that < (resp. T) is a beside to relation (resp. non-quasi
coincident with relation) between anti-fuzzy points and fuzzy sets.

If 24 < A or ;YA (resp. z; < A and z;TA), we say that z; < VY A (resp.

Proposition 3.2. Let A be a fuzzy set in a BM-algebra X. Then A satisfies the
condition (2.1) if and only if it satisfies the following condition.

(Vo,y € X) (Vt1,t2 € [0,1)) (24,, Y1, <A = (T % Y)max(ts ta} <A)- (3.1)

Proof. Assume that A satisfies the condition (2.1). Let z,y € X and t1,t2 € [0, 1)
satisfy x;,, 4y, < A. Then A(z) < t; and A(y) < to. Using (2.1) induces that

Az *y) < max{A(x), A(y)} < max{ti,t2}.

Hence ( * ) max{ts,t} <A
Conversely, suppose that the condition (3.1) is valid. Since x 4(;) <A and y4(,) <A
for all x,y € X, it follows from (3.1) that

(':E * y)max{A($)7A(?/)} < A

so that A(z * y) < max{A(z), A(y)}. This completes the proof.
Note that if A is a fuzzy set in X such that A(zx) > 0.5 for all x € X, then the
set {z; | ¢+ < AT A} is empty. In what follows let o and 8 denote any one of <, T,

<V T, or <ATY unless otherwise specified. To say that x;a.4 means that x;aA does
not hold.
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Definition 3.3. A fuzzy set A in a BM-algebra X is called an («, 8)*-fuzzy subalgebra
of X, where a #£ < AT, if it satisfies the following implication:

(Vo,y € X) (Vt1,t2 € [0,1)) (2, 0A, Yy, @A = (2 % Y)max{t, 12} BA)- (3.2)

Example 3.4. [3] Let X = {0, 1,2} be a set with the following table:

*« [0 1 2
0 [0 2 1
1|1 0 2
2 |2 1 0

Then (X, *,0) is a BM-algebra. Let A be a fuzzy set in X defined by A(0) = 0.4,
A(1) = 0.3, and A(2) = 0.7. It is routine to verify that A is a (<, <V T )*-fuzzy
subalgebra of X.

Theorem 3.5. In a BM-algebra, every (<VY, <V Y )*-fuzzy subalgebra is a (<, <V
T )*-fuzzy subalgebra.

Proof. Let Abe a (<VT,<V T)*fuzzy subalgebra of a BM-algebra X. Let
z,y € X and ty,t9 € [0, 1) satisfy 4, <A and y¢, <A. Then x4, <VY A and y, <VT A,
which imply that (2 * ¥)max{t, 1.} < VY A. Hence Ais a (<, <V Y )*-fuzzy subalgebra
of X.

The converse of Theorem 3.5 is not true in general. For example, the (<, <V Y )*-
fuzzy subalgebra A of X in Example 3.4 is not a (< V T, <V T )*-fuzzy subalgebra
of X since 195 < VY A and 0g4 < VY .A, but (0 * 1)max{0.5,0.4} =205< VYA

Obviously any (<, <)*-fuzzy subalgebra is a (<, < V T )*-fuzzy subalgebra, but
the converse is not true. For example, the (<¢, <V T )*-fuzzy subalgebra A of X in
Example 3.4 is not a (<, <)*-fuzzy subalgebra of X since 1¢ 35 <A and 1¢.34 <A, but
(1% 1)max{0.34,0.38) = 0o.38<.A.

Also a (<, < V T )*-fuzzy subalgebra A of X may not be a (T,< VvV T )*-fuzzy
subalgebra. For example, the (<, < V T )*-fuzzy subalgebra A of X in Example
3.4 is not a (T, <V T )*fuzzy subalgebra of X since 1p¢Y.A and 2¢1Y.A but (1 x
2)maz{0.6,0.1) = 206<V T A.

Theorem 3.6. Let A be a fuzzy set in a BM-algebra X. Then the left diagram shows
the relationship between («, 8)*-fuzzy subalgebras of X, where «, 8 are one of < and
T. Also we have the right diagram.

(o, a0V B)* («VT,<VT)*
N AN
(a, B)* (o, )* («vY,1)* («VvT,<)"

/ NS

(o, A B)* («VT,<AT)*
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Proposition 3.7. Let A be a fuzzy set in a BM-algebra X which is non-unit. If A
is an («, 8)*-fuzzy subalgebra of X, then A(0) < 1.

Proof. Assume that A(0) = 1. Since A is non-unit, there exists z € X such that
Alz) =t <1l Ifa=<ora=<VTYT, then z;aA, but (T * Z)max{t,e} = 0,8.A. This
is a contradiction. If o = Y, then xoad because A(z) +0 =t+0 = ¢ < 1. But
(T % T)max{o,0} = 003.A, which is a contradiction. Hence A(0) < 1.

Proposition 3.8. Let A be a fuzzy set in a BM-algebra X. If A is a (<, <)*-fuzzy
subalgebra of X, then A(0) < A(x), for all x € X.

Proof. Since z x x = 0, for all x € X. Then we get that A(0) = A(zx xz) <
max(A(z), A(z)) = A(z).
For a fuzzy set A in a BM-algebra X, we denote

X" ={reX|Alz) <1}.

Theorem 3.9. Let A be a fuzzy set in a BM-algebra X which is non-unit. If A is
an (a, 8)*-fuzzy subalgebra of X where (a, 3) is one of the following;:

b (<7 <)7 ° (<’ T)’ b (T’ <)’ i (T7 T)?
then the set X* is a subalgebra of X.

Proof. (i) Assume that A is a (<, <)*-fuzzy subalgebra of X. Let z,y € X*.
Then A(z) < 1 and A(y) < 1. Assume that A(x * y) = 1. Note that x4,y < A and
Yay) <A But, since A(z xy) = 1 > max{A(x), A(y)}, we get (T *Y){a(z),A@)} <A
This is a contradiction, and so A(x * y) < 1 which shows that z xy € X*. Hence X*
is a subalgebra of X.

(ii) Assume that A is a (<, T)*-fuzzy subalgebra of X. Let z,y € X*. Then
A(z) <1 and A(y) < 1. If A(z *y) = 1, then

Az x y) + max{A(z), A(y)} > 1.

Hence (#%Y) max{A(z),A(y)} LA, which is a contradiction since @ 4(;) <A and y4(,) <A.
Thus A(z xy) < 1, and so x xy € X*. Therefore X* is a subalgebra of X.

(iii) Assume that A is a (T, <)*-fuzzy subalgebra of X. Let =,y € X*. Then
A(z) < 1 and A(y) < 1. Thus zoTA and yoTA. If A(z *y) = 1, then A(x xy) =
1 > 0 = max{0,0}. Therefore (= * ¥)max{0,0} <A, which is a contradiction. Hence
Az xy) <1,and so x xy € X*.

(iv) Assume that A is a (T, Y)*-fuzzy subalgebra of X. Let x,y € X*. Then
A(z) < 1 and A(y) < 1. If A(z *y) = 1, then A(x * y) + max{0,0} = 1 and so
(2 * Y)max{0,0y TA. This is impossible, and hence A(z * y) < 1, i.e., z*y € X*. This
completes the proof.



12 A. Borumand-Saeid

Corollary 3.10. Let A be a fuzzy set in a BM-algebra X which is non-unit. If A4 is
an («, f)*-fuzzy subalgebra of X where (a, 3) is one of the following:

o (<, <NTY), o (<, <VT),
o (T,<AT), o (T, <VT),
o (<VT,<VTY), o (<VTYT,<AT),

then the set X* is a subalgebra of X.

Proof. By Theorem 3.6, it is enough to prove for the cases:
(i) (<, <VvTY) and (i) (T,<V7T).

(i) Let z,y € X*. Then A(x) < 1 and A(y) < 1, and so A(x) = t; and A(y) = t for
some t1,t € [0,1). It follows that x;, <A and yz, <A so that (2 *Y)max{t; 1.} <VYT A,
Le., (T*Y)max{ts,ta} <A OT (Z*Y)maxity to} TA- I (T 5Y) max(t, 1.} <A, then A(zxy) <
max{t1,to} < 1and thus zxy € X*. If (% Y)max{t,,1,} LA, then A(zxy) < A(z*y)+
max{t1,t2} < 1. Hence x x y € X*. For the case (ii), let z,y € X*. Then A(z) < 1
and A(y) < 1, which imply that z¢TA and yT.A. Since A is a (T, <V T )*-fuzzy
subalgebra, (2 * )o = (2 * ¥)max{o,0} < VYA, ie., (z*y)o <A or (z*y)TA If
(x*xy)o <A, then Az xy) =0 < 1. If (zxy)oT A, then A(z*y) = A(x*y)+0 < 1.
Therefore x x y € X*. This completes the proof.

Theorem 3.11. Let A be a fuzzy set in a BM-algebra X which is non-unit. Then
every (T, T)*-fuzzy subalgebra of X is a constant on X*.

Proof. Let A be a (T, Y)*-fuzzy subalgebra of X which is non-unit. Assume that
A is not constant on X*. Then there exists y € X* such that t, = A(y) # A(0) = to.
Then either ¢, > to or t, < to. If t, < to, then A(y) + (1 —ty) =t, +1—1ty <1 and
so y1—¢, L.A. Since

Aly*y) + (1 —tg) = A0) +1—tg =to+1—1ty =1,

we have (y * y)max{l—to,l—to}TA' This is a contradiction. Now assume that ¢, > 2.
Choose t1,t; € [0,1) such that t; < 1—1t, <ty <1—tg. Then A(0)+ts =to+1t2 <1
and A(y) +t; =t, +t1 < 1. Thus 0;, T A and v, TA. Since

A(y *0) + max{t, 12} = A(y) +ta = t, + 12 > 1,
we get (y*O)maX{tl,tz}TA, which is a contradiction. Therefore A is a constant on X*.

Theorem 3.12. Let A be a fuzzy set in a BM-algebra X. Then A is a non-unit
(Y, Y)*-fuzzy subalgebra of X if and only if there exists a subalgebra S of X such

that
[ telo,1) if z€S,
A(z) = { 1 otherwise (3.3)
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Proof. Let A be a non-unit (Y, Y)*-fuzzy subalgebra of X. Then by Proposition
3.7 and Theorems 3.11 and 3.9 we get that A(z) < 1, for all x € X and X* is a
subalgebra of X, and

_J A0) if xe X,
Alw) = { 1 otherwise
Conversely, let S be a subalgebra of X which satisfy (3.3). Assume that ;T4 and
yr LA for some s,r € [0,1). Then A(x) +s < 1 and A(y) +r < 1, and so A(z) # 1
and A(y) # 1. Thus z,y € S and so zxy € S. It follows that A(z * y) + max{s,r} =
t +max{s,r} < 1so that (2 * y)max{s,r} TA. Therefore A is a non-unit (1, T)*-fuzzy
subalgebra of X.

Theorem 3.13. Let S be a subalgebra of a BM-algebra X and let A be a fuzzy set
in X such that

() (Vo€ X\ 8) (A@x) = 1),
(ii) (Vxz € S) (A(z) <0.5).
Then A is a (T, <V T )*-fuzzy subalgebra of X.

Proof. Let xz,y € X and t1,t2 € [0,1) be such that x4, YA and y;, T A, that is,
Alz)+t; < 1land A(ly) +to < 1. If xxy ¢ S, thenz € X\ Sory € X\ S, ie.,
A(z) =1 or A(y) = 1. It follows that t; < 0 or t2 < 0. This is a contradiction, and so
z*y € S. Hence A(z xy) < 0.5. If max{t1,t2} < 0.5, then A(z *y) + max{t;,t2} < 1
and thus (= * ¥)max{t, .} TA. If max{t1,to} > 0.5, then Az *y) < 0.5 < max{t,t2}
and 0 (T * Y)max{t, t.} < A. Therefore (o * y)maxqt; 1,3 < VY A. This completes the
proof.

Theorem 3.14. Let A be a (T, <V T )*-fuzzy subalgebra of a BM-algebra X such
that A is not constant on X*. Then there exists x € X such that A(z) < 0.5. Moreover
A(z) <0.5 for all z € X*.

Proof. Assume that A(z) > 0.5 for all x € X. Since A is not constant on X*,
there exists € X* such that ¢, = A(z) # A(0) = tg. Then either ty > t, or ty < t,.
For the first case, choose § < 0.5 such that ¢, +0 < 1 < to + 4. It follows that zsT A,

Az xx) = A(0) =t > 6 = max{d,d},

Az *z) + max{d,6} = A0)+ 6=t +5 > 1

so that (z * T)max{s,s)<V T A. This is a contradiction. For the second case, we
can choose § < 0.5 such that ¢, +d > 1 > ¢3 + 6. Then 05T A and 21T A, but
(% 0)max{1,6) = 1<V T A since A(z) > 0.5 > § and A(x) + 6 = t, +6 > L.
This leads to a contradiction. Therefore A(z) < 0.5 for some z € X. We now show
that A(0) < 0.5. Assume that A(0) = ¢p > 0.5. Since there exists x € X such that
A(z) = t, < 0.5, we have ty > t,. Choose t; < to such that t, +¢; < 1 < to + t1.
Then A(z) +t1 =t +t1 < 1, and so x4, TA. Now we get

.A(.Z‘ *:II) +max{t1,t1} = A(O) +ti=tg+1t1 > 1,
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A(l‘ * :17) = .A(O) =g >1 = max{thtl}.
Hence (7#2)max{t;,1,3< V T A, a contradiction. Therefore A(0) < 0.5. Finally suppose
that ¢, = A(x) > 0.5 for some x € X*. Let ¢ be such that 0 < ¢ < 0.5 and ¢, > 0.5+¢.
Therefore A(z)+0 < 1 and A(0)+(0.5—¢t) < 1 which imply that 20T A and 0.5 TA.
But (2 * 0)max(0,0.5—t) = T(0.5—¢) and so A(x) > 0.5 —t and A(x) + 0.5 —t > 1, thus
(r%0)g,0.5-1< V T A, which is a contradiction. Hence A(x) < 0.5.
We give a characterization of a (<¢, < V Y )*-fuzzy subalgebra.

Theorem 3.15. Let A be a fuzzy set in a BM-algebra X. Then A is a (<, <V Y )*-
fuzzy subalgebra of X if and only if it satisfies the following inequality.

(Vo,y € X) (A(z * y) < max{A(z), A(y),0.5}). (3.4)

Proof. Assume that A is a (<, <V T )*-fuzzy subalgebra of X. Let z,y € X be
such that max{A(x), A(y)} > 0.5. Then A(z*y) < max{A(x), A(y)}. If it is not true,
then A(z xy) < ¢t < max{A(z), A(y)} for some ¢ € (0.5,1). It follows that z; < A
and y; < A, but (z * Y)maxfesy = (¢ %)<V T A which is a contradiction. Hence
A(zxy) < max{A(x), A(y)} whenever max{A(z), A(y)} > 0.5. If max{A(z), A(y)} <
0.5, then x5 <A and yo.5 <.A which imply that (z*y)o.5 = (Z*¥)max{0.5,0.5} <V A.
Therefore A(z*y) < 0.5 because if A(z*y) > 0.5, then A(z*y)+0.5 > 0.5+0.5 =1,
a contradiction. Hence A(z * y) < max{A(z),A(y),0.5} for all z,y € X.

Conversely, assume that A satisfies (3.4). Let z,y € X and #1,t2 € [0,1) be such
that xy, < A and y;, < A. Then A(z) < t; and A(y) < t2. Suppose that A(x *y) >
max{ti, to}. If max{A(z), A(y)} > 0.5 then

A(z * y) < max{A(z), A(y),0.5} = max{A(z), A(y)} < max{ty,t2}.
This is a contradiction, and so max{A(x), A(y)} < 0.5. It follows that
A(z * y) +max{ti, ta} < 2A(z *y) < 2max{A(z), A(y),0.5} <1

80 that (7 * ¥)max{t, 1.} LA Hence (2 * y)max(s, 1,3 < VY A, and consequently A is a
(<€, <V T )*-fuzzy subalgebra of X.

Theorem 3.16. For any subset S of a BM-algebra X let xs denote the characteristic
function of S. Then the function x§ : X — [0, 1] defined by x%(z) =1 — xs(z) for all
z € X is a (<,<VY)*fuzzy subalgebra of X if and only if S is a subalgebra of X.

Proof. Assume that x§ is a (<, <V T )*-fuzzy subalgebra of X and let z,y € S.
Then xg(z) = 1 — xs(z) = 0 and x%(y) = 1 — xs(y) = 0. Hence zg < x§ and
Yo < X§, which imply that (z * y)o = (2 * ¥)maxfo,0y < VY x§. Thus xg(z *xy) <0
or xg(z*y)+0 < 1. If xg(zxy) <0, then 1 — xg(z*y) =0, i.e, xg(x*xy) = 1.
Hence zxy € S. If x§(z*y) +0 < 1, then xs(x*y) > 0. Thus xs(z *y) =1, and so
z xy € S. Therefore S is a subalgebra of X.

Conversely, suppose that S is a subalgebra of X. Let =,y € X. If x,y € S, then
zxy €5, and thus

X§ (@ * y) = max{x§(z), xs(y)} < max{xs(x),xs(y),0.5}.
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If any one of z and y does not belong to S, then x&(z) = 1 or x§(y) = 1. Hence

X&(z *y) < max{x5(z), x%(y)} < max{x%(x),x5(y),0.5}. Using Theorem 3.15, we
know that x§ is a (<€, <V T )*-fuzzy subalgebra of X.

Theorem 3.17. A fuzzy set A in a BM-algebra X is a (<, <V YT )*-fuzzy subalgebra
of X if and only if the set

LAt) :={r e X | A(z) <t}, t€[0.5,1)
is a subalgebra of X.

Proof. Assume that A is a (<, < V T )*-fuzzy subalgebra of X and let z,y €
L(A;t). Then A(z) < t and A(y) < ¢, and so x; < A and y; < A. It follows from
Theorem 3.15 that

Az *y) < max{A(z), A(y),0.5} < max{t,0.5} =1t

so that x xy € L(A;t). Hence L(A;t) is a subalgebra of X.

Conversely, let A be a fuzzy set in X such that the set L(A;t) := {x € X |
A(z) < t} is a subalgebra of X for all ¢t € [0.5,1). If there exist z,y € X such that
A(z *y) > max{A(z), A(y), 0.5}, then we can take ¢ € (0,1) such that

max{A(z), A(y),0.5} <t < A(z * y).

Thus z,y € L(A;t) and t > 0.5, and so z xy € L(A;t), i.e., Alx xy) < t. This is
a contradiction. Therefore A(x * y) < max{A(x), A(y),0.5} for all z,y € X. Using
Theorem 3.15, we conclude that A is a (<€, < V T )*-fuzzy subalgebra of X.

Proposition 3.18. Let A be a fuzzy set in a BM-algebra X. Then A is a (<, <)*-
fuzzy subalgebra of X if and only if for all ¢ € [0, 1], the nonempty level set L(A;t) is
a subalgebra of X.

Proof. The proof follows from Proposition 3.2.

Theorem 3.19. Let A be a fuzzy set in a BM-algebra X. Then A is a non-unit
(T, T)*-fuzzy subalgebra of X if and only if L(A;.A(0)) = X* and for all ¢ € [0, 1],
the nonempty level set L(A;t) is a subalgebra of X.

Proof. Let A be a non-unit (T, Y)*-fuzzy subalgebra of X. Then by Theorem

3.12 we have A(0) ;
0 if xe X~
Alz) = { 1 otherwise

So it is easy to check that L(A;.A(0)) = X*. Let z,y € L(A;t), for ¢t € [0,1]. Then
A(z) <t and A(y) < t. If ¢ = 1, then it is clear that z xy € L(A;1). Now let
t €[0,1). Then x,y € X* and so z xy € X*. Hence A(z *y) = A(0) < ¢. Therefore
L(A;t) is a subalgebra of X.

Conversely, since L(A;A(0)) = X* and 0 € L(A; A(0)), X* is a subalgebra of X
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and A is non-unit. Now let © € X*. Then A(z) > A(0) and A(z) > 0. Since
L(A; A(x)) # 0, so L(A; A(z)) is a subalgebra of X. Then 0 € L(A;.A(z)) implies
that A(0) > A(z). Hence A(z) = A(0), for all z € X*. Therefore

Alx) :{ A(0)  if z € X*

1 otherwise
Hence by Theorem 3.12 A is a (T, Y)*-fuzzy subalgebra of X.
Theorem 3.20. Every (T, T)*-fuzzy subalgebra is a (<, <)*-fuzzy subalgebra.
Proof. The proof follows from Theorem 3.19 and Proposition 3.18.

Theorem 3.21. Let A be a non-unit (T, <V T )*-fuzzy subalgebra of X. Then the
nonempty level set L(A;t) is a subalgebra of X, for all ¢ € [0.5,1].

Proof. If A is a constant on X*, then by Theorem 3.12, A is a (Y, T)*-fuzzy
subalgebra. Thus by Theorem 3.19 we have the nonempty level set L(A;t) is a
subalgebra of X, for t € [0,1]. If A is not a constant on X*, then by Theorem 3.12,

we have
a if e X*
Alw) = { 1 otherwise

where o < 0.5. Now we show that the nonempty level set L(A;t) is a subalgebra of
X for ¢t € [0.5,1]. If t = 1, then it is clear that L(A;?) is a subalgebra of X. Now let
t €1]0.5,1) and z,y € L(A;t). Then A(z), A(y) <t < 1 imply that z,y € X*. Thus
xxy € X* and so A(x xy) < 0.5 < t. Therefore 2 xy € L(A;t).

Theorem 3.22. Let A be a non-unit fuzzy set of BM algebra X, L(A4;0.5) = X*
and the nonempty level set L(A;t) is a subalgebra of X, for all ¢ € [0,1]. Then A is
a (T, < Vv Y )*fuzzy subalgebra of X.

Proof. Since A # 1 we get that X* = (). Thus by hypothesis we have L(A;0.5) #
and so X* is a subalgebra of X. Also A(x) < 0.5, for all z € X* and A(z) = 1, if
x & X*. Therefore by Theorem 3.21, A is a (Y, < V Y )*-fuzzy subalgebra of X.

Theorem 3.23. Let A be an (T, <V T )*-fuzzy subalgebra of BM algebra X. Then
for all ¢ € [0.5,1], the nonempty level set L(A;t) is a subalgebra of X. Conversely,
if the nonempty level set A is a subalgebra of X, for all ¢ € [0,1], then A is an
(T, < VY )*-fuzzy subalgebra of X.

Proof. Let A be an (T, < V T )*-fuzzy subalgebra of X. If ¢ = 1, then L(A4;t)
is a subalgebra of X. Now let L(A;t) # 0, 0.5 <t < 1 and z,y € L(A;t). Then
A(z), A(y) < t. Thus by hypothesis we have A(z * y) < max(A(x), A(y),0.5) <
max(t,0.5) < t. Therefore L(A;t) is a subalgebra of X.

Conversely, let z,y € X. Then we have

A(z), Aly) < max(A(z), A(y),0.5) = to

Hence x,y € L(A;ty), for tg € [0,1] and so z xy € L(A;tp). Therefore A(x xy) <
to = max(A(z), A(y),0.5), then A is a (T, < V T )*-fuzzy subalgebra of X.
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For any fuzzy set Ain X and t € [0,1), we denote
.At = {l‘ eX | ItT.A} and [A}t = {I eX | Ty < \/T.A}
Obviously [A]; = L(A;t) U A;.

Theorem 3.24. A fuzzy set A in a BM-algebra X is a (<, <V T )*-fuzzy subalgebra
of X if and only if [A]; is a subalgebra of X for all ¢ € [0, 1).

Proof. Let A be a (<,< V T)*-fuzzy subalgebra of X and let =,y € [A]; for
t € 0,1). Then z; <« VY A and y; < VYT A, that is, A(z) < ¢t or A(z) +t > 1,
and A(y) <t or A(y) +¢ > 1. Since A(z * y) < max{A(z),A(y),0.5} by Theorem
3.15, we have A(z*y) < max{t,0.5}. If it is not true, then z;<< VY Aor yz;< VY A, a
contradiction. If ¢ > 0.5, then A(z*y) < max{t,0.5} =t and so zxy € L(A;t) C [A];.
If t < 0.5, then A(z xy) < max{t,0.5} = 0.5 and thus A(zxy) +¢ < 0.5+ 0.5 = 1.
Hence (z *y); T A, and so z xy € A; C [A];. Therefore [A]; is a subalgebra of X.

Conversely, let A be a fuzzy set in X and ¢t € [0, 1) be such that [A]; is a subalgebra
of X. Let max{A(z), A(y),0.5} < t < A(z xy) for some t € (0.5,1). Then z,y €
L(A;t) C [A]s, which implies that x *y € [A];. Hence A(x*y) <tor A(zxy)+t <1,
a contradiction. Therefore A(x * y) < max{A(x), A(y),0.5} for all z,y € X. Using
Theorem 3.15, we know that A is a (<€, < V T )*-fuzzy subalgebra of X.

Theorem 3.25. Let {A; | i € A} be a family of (<, <V T )*-fuzzy subalgebras of a
BM-algebra X. Then A:= () A; is a (<, <V T )*-fuzzy subalgebra of X.
€A
Proof. By Theorem 3.15 we have A;(z * y) < max{A(z), A(y),0.5}, and so
Alz*xy) = llg/f\ Ai(z*y)

= max{gg/f\ A; (), Zlél/f; A;(y),0.5}

= max{A(z), A(y),0.5}.
By Theorem 3.15 we know that A is a (<€, < V T )*-fuzzy subalgebra of X.

Theorem 3.26. Let {A; | i € A} be a family of («, 8)*-fuzzy subalgebras of X. Then
A= ﬂ A; is an (a, B)*-fuzzy subalgebra of X, where («, 8) is one of the following
SN

( (

(1 ( )(T7</\T)7

(v) («VY,T), (vi) (VY ,<AY),
(vi (

(
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Proof. We prove theorem for an (Y, T)*-fuzzy subalgebra. The proof of the other
cases is similar.
If there exists ¢ € A such that A; =0, then A = 0. So Ais a (T, Y)*-fuzzy subalgebra.
Let A; # 0 for all ¢ € A. Then by Theorem 3.12 we have

o A(0) it ze X7
Air) = { 1 otherwise

for all 7 € A. So it is clear that

A(0) if ve X/
A(z) = ( ZQ

1 otherwise

Since ﬂ X is a subalgebra of X, then by Theorem 3.12 A is a (T, T)*-fuzzy subal-
€A
gebra of X.
Theorem 3.27. Let {A; | i € A} be a family of (<, <)*-fuzzy subalgebras of a
BM-algebra X. Then A:= |J A; is a (<, <)*-fuzzy subalgebra of X.
iEA

Proof. Let x; < A and y, < A, where ¢,7 € [0,1). Then A(z) <t and A(y) <.
Thus for all i € A, we have A;(x) <t and A;(y) < r and so A;(z *y) < max(t,r).
Therefore A(z * y) < max(t,r). Hence (2 * ¥)maz(t,r) < A.

The following is our question: Is the union of two (<, <V T )*-fuzzy subalgebras
of a BM-algebra X a (<, <V T )*-fuzzy subalgebra of X?

Lemma 3.28. Let f : X — Y be a BM-homomorphism and G be a fuzzy set
of Y with membership function Ag. Then z;adf-1(q) & f(x)iaAg, for all a €
{T,<,<VT,<AT}

Proof. Let a« = <. Then
riadp1 gy & Ao (r) <t e Aa(f(z) <t < (f(2))iaAc
The proof of the other cases is similar to above argument.

Theorem 3.29. Let f: X — Y be a BM-homomorphism and G be a fuzzy set of
Y with membership function Ag.

(i) If G is an (a, B)*-fuzzy subalgebra of Y, then f~1(G) is an («, B)*-fuzzy sub-
algebra of X,

(i) Let f be epimorphism. If f~1(G) is an («, B)*-fuzzy subalgebra of X, then G
is an («, 8)*-fuzzy subalgebra of Y.

Proof. (i) Let x;aeAf-1(¢y and y,aAs-1(qy, for t,r € [0,1). Then by Lemma 3.28,
we get that (f(z)):aAg and (f(y))raAg. Hence by hypothesis (f(2)*f(y))max(t,r) BAq-
Then (f(l‘ * y))max(t,T)BAG and so (1: * y)max(tw)ﬂAf*l(G)'
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(i) Let 2,y € Y. Then by hypothesis there exist z,3 € X such that f(:r/) =z
and f(y') = y. Assume that riaAg and y.aAg, then (f( NiaAg and (f(y ))raAg.
Thus a:tozAf 1(@) and y,. aAf 1(@) and therefore (x x Y )]mX t.r)BAf-1(@)- So

(f(xl * y,))max(t,T)BAG = (f(xl) * f(yl))max(t,r)ﬁAG = (.13 * y)max(t7r)ﬁAG~

Theorem 3.30. Let f: X — Y be a BM-homomorphism and H be a (<¢, <<V Y )*-
fuzzy subalgebra of X with membership function Ay. If Ag is f-invariant, then
f(H) is a (<,< VT )*fuzzy subalgebra of Y.

Proof. Let yi and yo € Y. If f~1(y1) or f~'(y2) = 0, then Agm)(y1 * y2) <
max( Ay (Y1), Apcary(y2),0.5). Now let f~1(y1) and f~*(y2) # 0. Then there exist
x1,22 € X such that f(x1) =y and f(x2) = y2. Thus by hypothesis we have

Af(H) (yl * yz) = sup AH (t)
tef " (y1ryz)
= sup  An(t)

tef~1(f(z1xx2))
AH(.’El * LL‘Q)
max(Ag(z1), Ag(z2),0.5)

max( sup Ag(t), sup Ag(t),0.5)
tef~1(y1) tef~1(y2)

max (A sy (1), Ag) (y2),0.5).

IN

So by Theorem 3.15, f(H) is a (<€, < V Y )*-fuzzy subalgebra of Y.

Lemma 3.31. Let f: X — Y be a BM-homomorphism.
(i) If S is a subalgebra of X, then f(S) is a subalgebra of Y,
(ii) If S" is a subalgebra of Y, then f~1(S") is a subalgebra of X.

Proof. The proof is easy.

Theorem 3.32. Let f : X — Y be a BM-homomorphism. If H is a non-unit
(Y, Y)*-fuzzy subalgebra of X with membership function Ay, then f(H) is a non-
unit (T, T)*-fuzzy subalgebra of Y.

Proof. Let H be a non-unit (T, T)*-fuzzy subalgebra of X. Then by Theorem
3.12, we have
[ Au(0) if zeX*
An (@) = { 1 otherwise

Now we show that

o Ag(0) i ye f(X7)
Apy(y) —{ 1 otherwise
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Let y € Y. If y € f(X*), then there exists z € X* such that f(z) = y. Thus

Army(y) = sup Ag(t) = Ag(0). If y & f(X*), then it is clear that Az ) (y) = 1.
tef=1(y)

Since X* is a subalgebra of X, f(X*) is a subalgebra of Y. Therefore by Theorem

3.12, f(H) is a non-unit (T, T)*-fuzzy subalgebra of Y.

Theorem 3.33. Let f : X — Y be a BM-homomorphism. If H is an (a,)*-
fuzzy subalgebra of X with membership function Ay, then f(H) is an («, 5)*-fuzzy
subalgebra of Y, where (a, ) is one of the following forms

(i) (<, 7), (if) (<, <AT),
(iii) (7, <), (iv) (T, <AT),
()(<vT T), (vi) («VT,<AT),
(vil) («V T, <), (viil) (T,<V ).

Theorem 3.34. Let f: X — Y be a BM-homomorphism and H be an (<, <)*-fuzzy
subalgebra of X with membership function Agy. If Ay is an f-invariant, then f(H)
is an (<€, <)*-fuzzy subalgebra of Y.

Proof. Let 2z < Aggy and y, < Apcp), where t,7 € [0,1). Then Appy(z) <t
and Agg)(y) < r. Thus f~1(2), f~'(y) # 0 imply that there exist z1, 22 € X such
that f(x1) = z and f(x2) = y. Since Ay is f-invariant, then Az)(2) < ¢ and
Afmy(y) < v imply that Ag(21) <t and Ag(z2) < r. So by hypothesis we have

Apy(z+y) = sup  Ap(t)
tef~1(zxy)
= sup  Ap(t)

tef~1(f(z1*z2))
= Ap(z1 *x29)
< max(t,7)

Therefore (2 * y)max(t,r) € Af(m), and hence f(H) is a (<, <)*-fuzzy subalgebra of Y.
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