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1 Introduction

The problem of finding first integrals of ordinary differential equations (ODE) has a long and interesting history
which may be traced to the seminal works of Darboux and Lie in the latter half of the nineteenth century. A first
integral, for an nth-order ODE, is an expression involving the independent variable, the dependent variable and
its derivatives to order n — 1. The techniques involved in finding first integrals of systems of one or more ODEs
generally make use of integrating factors, which are functions multiplying each of the ODEs to yield a first integral.

In 2001, Muriel and Romero introduced A-symmetry to find general solutions for examples that have trivial Lie
symmetries. They[8] presented techniques to obtain first integral, integrating factor, A-symmetry of second-order
ODEs i = F(z,u, ) and the relationship between them. In 2006, Muriel, Romero and Olver have expanded the
concept of variational problem and conservation law in the case of symmetries to the case of A-symmetries of
ODEs. They have presented an adapted formulation of the Nother’s theorem for A-symmetry of ODEs.

In 2004, Gaeta and Morando expanded this approach to the PDE frame with p independent variables x =
(x',...,2P) and ¢ dependent variables v = (u',...,u9), in order to do this, the central object is a horizontal one-
form ;. = \;dz’ on first order jet space (J) M, «, M), where y is a compatible, i.e. D;\; — D;j\; = 0, and thus one
speaks of u-symmetries[4].

The types of symmetry are Lie symmetry[11], hidden symmetry[1], A-symmetry[5], y-symmetry[4] and C'°-
symmetry[6]. One of the applications of symmetries is to reduce of order ODEs[5, 6, 7, 8] and PDEs[4, 11]. Also,
A-symmetry is used to calculate an integrating factor and consequently a first integral for ODEs[7, 8, 9, 10].

In 2005, Chandrasekar, Senthilvelan and Lakshmanan obtained a first integral for nth order ODEs and two
coupled second order equations by the Prelle-Singer method[2, 3]. The PS method is method that requires longer
and more difficult calculations to obtain the first integral compared to the A-symmetry method. Therefore, it has
been tried to obtain integrating factor and the first integral with simple calculations.

In this article, we introduce a procedure to find an integrating factor, - -symmetry and first 1ntegral for vector
ODEs of second order 7+ = f where # = wi + wj and f = Fy(z,u,w,@,w)i + Fy(z,u, w, 0, )], indeed, we
obtain an integrating factor u(x, u,w, @, w) of i = Fy(x,u,w,u,w), an integrating factor ug(x, u, w, u,w) of W =
Fi(x,u,w,u,w) and consequently a first integral (z, u, w, 4, w) for P = f, by the A-symmetry method, which is a
simpler method compared to the PS method.
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The outline of this paper, section 2, we calculate an integrating factor and consequently a first integral for nth
order ODEs and in a special cases for second order by A\-symmetry method, in section 3. Section 4, we obtain an
integrating factor, \-symmetry and first integral for vector ODEs of second order, by the A-symmetry method.

2 Integrating factor and \-symmetry for nth-order ODEs

In this section, we obtain some of the main results about A\-symmetry, first integral and integrating factor for
nth-order ordinary differential equation u(™ = F(z,u("1)). We present a procedure to find a first integral and
consequently an integrating factor of this differential equation. We denote by M (™) the corresponding jet space
M®™ c X x U™, for n € N. Their elements are (z,u™) = (z,u,u?, ..., u(™), where, for i = 1,...,n, u(¥) denote
the derivative of order i of u with respect to . An integrating factor of an nth-order ordinary differential equation
(ODE) A(z,u™) = 0 is a function p(z,u™ 1) such that uA = 0 is an exact equation:

p(z, u" N Az, u™) = Do (G(z, ™)), 2.1)

function G(z,u("~1) in (2.1) is called a first integral of the equation A(z,u(™) = 0 and D,(G(z,u"Y)) =0isa
conserved form of the equation A(z,u(™) = 0. Let

u™ = F(z,u™ V), (2.2)

be a nth-order ordinary differential equation, where F' is an analytic function of its arguments. Let v = {(z, u)0; +
n(z,u)0, be a vector field defined on open subset M C X x U. The A-prolongation of order n of v, denoted by
vl is the vector field defined on M (™ by

n—1
’U[)\’(n)] — g(m7 U)aq; + Z ,,7[)\5(1)] (:Zj‘, u(z))auﬂ
=0

where nlb Ol (z, u®) = (Dp+X) (n Dl (2, w=D)) = D, (&)u; — Méu; and nMO) (2, u) = n(z,u), fori =1,2,3, ..., n.
A vector field v is a A\-symmetry of (2.2) if there exists function \(z,u®)) € C>°(MW), for k < n, such that
o™ — F(z,u(1)) = 0, when v = F(z,u(®V)[5].
We denote by A = 9, + uMd, + u?9, ) + ... + F(z,u" )9, 1) the vector field associated with (2.2).
The vector field v = &(x, u)0, + n(x,u)0d, is a A-symmetry of (2.2) if and only if

[ =D A] = AP =D) 2 A (2.3)

for some A € C®°(MM), 7 = —(A + \)(&(z, u)) and o=V = S04 (D, + N)(1)d,, [5].
Function I(z,u("~Y) is a first integral of (2.2), such that A(I) = 0 and an integrating factor of (2.2), is any
function y(z, ™) such that

u(, u("*l))(u(”) _ F(m,u(”*l))) _ Dxf(m,u(nfl)),
[7]
3 A-Symmetry, integrating factor and first integral for second order ODEs

In this section, we obtain some of the main results about A-symmetry, first integral and integrating factor for
second-order ordinary differential equation as the following

i = F(z,u,u). (3.1)

Let I(x,u,%) be a first integral and u(z,w, ) be an integrating factor of (3.1), then u(x,u,a)(i — F(z,u,u)) =
D I(z,u,u), and pu(x,u, ) = I;(x, u,@)[8].
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When v = 0, is a A-symmetry of (3.1) if and only if
(AN) 4+ A2 — F, — A\Fy)9; = 0,

where oMW! = 9, + A9, and A = 9, + ud, + F9, by using (2.3).
A procedure to find a A\-symmetry, an integrating factor u(x, u, ) and consequently a first integral I(x, u, @) of
(3.1) is as follows(see[8]):

stepl. The vector field v = 9, is a A\-symmetry of (3.1), if the function \(x,u, ) is any particular solution of
the equation
AN) = F, + \F;, — \2

step2. If \(x, u, @) is such that v = 9, is a A-symmetry of (3.1), then any solution p(x, u, %) of the first-order linear
system
{ A(p) = —p(Fa = A),
P = —Aaft — M.
is an integrating factor of (3.1).
step3. A system of the form

—pA,
= //L'
is compatible for some functions u(z, u, u) and A(z, u, %) if and only if v = 9,, is a \-symmetry of (3.1) and u(z, u, )
an integrating factor of (3.1). In this case I(x, u, @) is a first integral of (3.1).

A other method for find a A\-symmetry, an integrating factor u(z,u, ) and a first integral I(z, u, ) of (3.1) is
as follows:
stepl. The vector field v = 9, is a A-symmetry of (3.1), if the function A\(z,u,u) is any particular solution of the
equation

I,
I
I

A(N) = Fy 4+ AFy — )2, (3.2)
step2. If \(z,u, u) is such that v = 9, is a A-symmetry of (3.1), then any solution I (z, u, ) of the system
I, + M, =0,
{ I, +uly, + FI; = 0. (3.3)

is a first integral of (3.1)[8].
step3. If I(x, u, ) is a first integral of (3.1), then

/J,(.'I),’U,, ’LL) = Iu(l’,u,’ib), (34)
is an integrating factor of (3.1).

Example 3.1 We consider the second-order differential equation of Lienard type nonlinear oscillators of the form

k‘2
i+ kun + 5“3 + au = 0, (3.5)
where F(z,u,u) = —(kut + (k?/9)u® + au) is an analytic function of its arguments, k and a are arbitrary constants.

Generalizations of this equation are widely used in applications in the content of nonlinear oscillators [3]. We know
that (3.5), that is,
kQ

i = —kui — —u®
9

—au=F.
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By (3.2), the vector field v = 0, is a A-symmetry of (3.5), if the function \(z,u,u) is any particular solution of the

equation
2 2

Az + Ny + (—kun — %u?’ —au)\g + A+ kdu+ ku+ %u2 +a=0.
For the sake of simplicity, suppose \(z,u, @) = oz, u)u + (x,u), therefore, we obtain the following system:
ay +a? =0,

g + By +2af8 + k=0,
Bx—%au3—aau+52+kﬁu+§u2+azo.

A particular solution of the first equation is given by a = 1/u. The second and third equations become

2
But B +k =0,
By — 2202 + B2 + kfu = 0.
A general solution of the first equation is given by 3 = —ku/3+~(z)/u?. Since the last equation become ' Ju-+~2 /u?+
(1/3)k~y = 0, we can choose v(x) = 0. in consequence, the vector field v = 0, is a \-symmetry for A\ = (1/u)u — ku/3.
Substituting F(z,u, ) = —(kut + (k?/9)u? 4 au) and A\ = (1/u)i — ku/3 into system (3.3) and solving them, we

obtain
I(z,u,%) = —x — (1/v/a)Arctan((ku® + 34d)/3v/au).

By (3.4), p(z,u,0) = —1/(au + (@/u + ku/3)*u), is an integrating factor of (3.5).

4 \-Symmetry, integrating factor and first integral for vector second-order ODEs

In this section, we present a procedure to find a \-symmetry, an integrating factor and consequently a first integral
for a vector ODEs of second order of the form 7 = f. We consider a vector ODEs of second order

A~

7= f, (4.1)
where # = ui +wj and f = Fi(z,u,w,u, w)% + Fy(z, u, w, 4, w)}' also u and w are arbitrary functions, @ denote the
derivative of v with respect to x and w denote the derivative of w with respect to x. Therefore we have coupled

second order ODEs of the form

i = Fy(z,u,w, 0, w), (4.2)

W = Fy(z,u,w,a,w), (4.3)

where F; and F; are analytic functions of their arguments.

We denote by A = 0, + 10y + Wy, + F10; + F»0y the vector field associated with a vector ODEs of second
order of (4.1). Function I(x,u,w,,w) is a first integral for (4.1), such that A(I) = 0. An integrating factor of
(4.2), is any function p1(z, u, w,u,w) such that

w1 (z, u, w, 4, w) (i — Fy (2, u, w, 4,w)) = Dyl (z,u,w, i, W)
and an integrating factor of (4.3), is any function us(z, u, w, %, w) such that

w2z, u, w, , w) (W — Fo(x, u,w, t,w)) = Dyl (x, u,w, 4, w).
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Using (2.3), the vector field v; = 9, is a A\;-symmetry of (4.2) if and only if

(A(M) 4+ AT = Fru — M F1a)0u — (Fau + A1F2q)0p = 0, (4.4)
where v?l’(m = 0y + \10y and the vector field v = 0, is a \o-symmetry of (4.3) if and only if

(A(X2) + A3 = Faw — A2 F20)0 — (Fruw + A2 F1)04 = 0, (4.5)
where ngz,(l)] = Oy + A20y-

Theorem 4.1 A system of the form

I, = pr (Mt — Fy) + po(Aw — Fy),

Iu = —/1,1)\1,

Iw = —,u2>\2, (46)
Iy =,

Ly = pa,

is compatibly for some functions \i(x,u, w, u, W), A2 (x, u, w, 0, W), ui(z,u,

w, U, w) and pa(x,u, w,u,w), if and only if uy is an integrating factor and vy = 0, is a A\j;-symmetry of (4.2) also
o is an integrating factor and ve = Oy, is a Ag-symmetry of (4.3). In this case I(x,u,w,u,w) is a first integral for a
vector ODEs of second order of (4.1).

Proof. Let I(z,u,w,u,w) be a first integral for a vector ODEs of second order of (4.1), then u; = I is an
integrating factor of (4.2) and ue = I is an integrating factor of (4.3). Let v; = 9, be a \;-symmetry of (4.2)
then A(I) = 0 and v*-(M(I) = 0 also, Let vy = 9, be a A\y-symmetry of (11) then A(I) = 0 and vP*2>MWI(1) = 0,
hence we get

Iw = —)\21' = —)\Q,UQ.

Therefore we have the system of the form (4.6). We prove that, when (4.6) is compatible, necessarily v; = 0, is a
A1-symmetry and necessarily vy = 0,, is a Ago-symmetry. The compatibility conditions between the equations (4.6),
provide the following conditions

AN) = Fu+MFg— A2+ f(&u + M Fa), (4.7)
AQXg) = Fouw+ AoFay — A2+ %(FM + Ao Fln), (4.8)
A(p) = —p1(Fra — M) + palog, (4.9)
Ap) = —po(Fop — Xo) + 1 Frap, (4.10)
AMM1w = —Atwfl + A2pi2u + Aouptz, (4.11)
Hlu = —Alapl — A1f1a, (4.12)
Pow = —A2wi2 — A2fi24, (4.13)
Prw = —A2ap2 — A2fi2q, (4.14)
H2u = —Alwpl — A1, (4.15)
Hiw = H2u- (4.16)
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According to (4.7), we get <A()\1)—|—)\%—F1u—)\1Fm) H— (F2u+>\1F2u> o = 0, since I, = p1 # 0and Iy, = puo # 0,
hence
(A()\l) + M~ P, — >\1F1u)[u - (qu + >\1F2u)[w =0,

or correspond
(A()\l) + )\% — - AlFlu)au — (qu + AlFQu)aw =0

and by comparing of (4.4), implies that v; = 9, is a A;-symmetry of (4.2) also by using (4.8) and by comparing of
(4.5), implies that v, = 9, is a A\y-symmetry of (4.3).
According to (4.9) and (4.10), we get

238
Ny = Alz) _ P + Fa.

{ ! 2 ! 4.17)

B2

In summary, a procedure to find integrating factors 1, p2 and consequently a first integral I(z,u, w, u,w) for a
vector ODEs of second order of (4.1) is as follows:

step1. Substituting \; and A\, of (4.17) into the system

AN = Fry + M Py — A3 + %(Fmt + A Fhy),

A(N2) = Fay + XaFoy — A3+ %(Flw + Ao Fip),

AMMw = —Alwhl + Aoy + Aoy 2,

Piu = —Alafl — A1, (4.18)
How = —A2wp2 — 22,

Piw = —A2afla — A224,

M2y = —Alif1 — A1f1w,

\ Mlb = H2q-

and solving them, we get, integrating factors p; of (4.2) and us of (4.3).
step2. Substituting p; and ps into the system (4.17), we obtain, the functions A\; and Ao, therefore the vector
field v; = 9, is a A\;-symmetry of (4.2) and the vector field vy = 9, is a Ay-symmetry of (4.3).

step3. Substituting the functions 1, p2, A1 and \s into the system (4.6) and solving them, we find a first in-
tegral I(x,u,w,u,w) for a vector ODEs of second order of (4.1).

Example 4.1 We consider the Kepler problem in the u — w plane, that is,
. T
T

where 7 = ui + wj and r = ||. The respective equations of motions are

u

= —————= = Fi(z,u,w, u,w), (4.20)
(u? + w?)?2
W= —Lfs = Fy(z,u, w, 0, w), (4.21)
(u? + w?)2
Substituting A1 = % and Ay = %‘f) of (4.17) into the system (4.18) and solving them, we get, 11 = w and pus = u

that are particular solutions of this equations.
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Substituting 1 = w and pe = u into the system (4.17), we obtain, the functions

Alpa) _w
M1 w M2

Therefore the vector field v, = 0,, is a A\i-symmetry of (4.20) and the vector field vo = 0, is a \o-symmetry of (4.21).
Substituting the functions 1 = w, o = u, \; = % and Ay = % into the system (4.6) and solving them, we find a
first integral
Iz, u,w,0,w) = wi — uw,

for a class of second order ODEs of (4.19).
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