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ABSTRACT

In this paper, we prove the concept of fuzzy metric spaces of tripled fixed point
via mixed monotone mappings and prove the existence and uniqueness theorem
for contractive type mapping. In order to do that, we consider a modification to
results on tripled fixed point theorem in fuzzy metric spaces available in literature.
Additionally, we prove some tripled fixed point theorems for metric spaces via
mixed monotone mappings. These results extend and generalize some recent

results in literature.

1 Introduction

The idea of coupled fixed point via mixed monotone operators of the form T: X2 — X, where X is a

partially ordered metric space, was initiated by Bhaskar and Lakshmikantham in [1], thereby

establishing some interesting coupled fixed point theorems. Also, in their work, they exemplified

the significance of these results by showing the existence and uniqueness of the solution for a

parabolic boundary value problem.

Fixed point theorems have been researched in several contexts, one of which is in the fuzzy

settings. The concept of fuzzy set in metric space was firstly introduced by Zadeh [2] in 1965. in

order to utilize this concept in mathematical analysis, many renowned researchers have

extensively broadened the scope of the theory of fuzzy set and its applications. One of the most

remarkable work in fuzzy topology is to determine an appropriate definition of fuzzy metric space
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for its possible applications in numerous fields of sciences. It has been well established that fuzzy
metric space is a generalization of the metric space, hence many researchers have examined this
scope of study and have explored it in many ways. For instance, George and Veeramani [3]
modified the concept of a fuzzy metric space that was introduced by Kramosil and Michalek [4]
and defined the Hausdorff topology of a fuzzy metric space. Hence, there exist a considerable
number of literatures about fixed point properties defined on a complete metric and fuzzy metric

spaces, which have earlier been studied by some authors (see [5-12]).

Also continuing in the vein of the generalization of metric spaces, the concept of tripled fixed point
theorem in fuzzy metric spaces has been introduced by Roldan et al. [13], and in their submission,
the existence and uniqueness theorem for contractive type mappings in fuzzy metric spaces was
studied. In doing so, they consider a modification to the concept of fixed point theorems that were

introduced by Berinde and Borcut [7], and generalize the work into fuzzy metric space.

In this paper, our aim is to obtain the existence and uniqueness theorems for contractive type
mixed monotone mapping via a fuzzy metric space, which will consolidate and generalize some

existing results already available in literature.

2 Preliminaries

As a way of simplification, let X denote a non-empty set and X3 = X » X « X. subscripts will be
utilized to signify the argument of a function. That is F(n,4,u) will be represented by F, ; .,
M (n, A, ) will be represented by M, ;(t) and Fuzzy metric space by FMS. Furthermore, g(n) will

also be represented by g,,.

Definition 2. 1 [14] A metric on X is a mapping §: X » X - R, for all n, 4, 4 € X, satisfying;

@ 8,120
(11) 617/’1 = 5117;

(i) 6ya<6pu+dua

Hence, if § is metric on X, then (X, §) is a metric space (concisely as written as MS).
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Definition 2.2 [14] Let (X,6) be a MS. A mapping f: X — X is Lipschitzian if these exists k > 0
such that 6(f;, f;) < k8, for allp, A € X. The least x (written as k) is said to be the lipschitz

constant. The Lipschitz map is a contraction if k; < 1.

Definition 2.3 [14] A triangular norm (denoted as T —norm) is a map =:[0,1]? - [0, 1] that

satisfies the properties of associativity, commutativity, which in both arguments if is

00 o

nondecreasing and has its identity to be 1. For each a € [0,1], the sequence {+" a} ” i

s inductively
defined by *' @ and *" a = (+""' @) *a. A 7 —norm * is of H —type (see [15]) if {x" a} 7 is
equicontinuous at ¢ = 1,i.e., foral € € (0,1), there exists 6 € (0,1) such thatif « € (1 — 6, 1], then

*xMag>1—¢eforallm e N.

The most significant and notable continuous 7 —morm of H —type is *= min, that verifies

min(ea, B) = ap for a, B € [0,1]. The next result presents a broad range of ¢ —norms of H —type.

Lemma 2.1 [11] Let y € (0,1] be real and let * be a T —norm. Define *, as n*,=n* A, if

max(n,4) <1 -y, and 7 %, A = min(n, 1), if max(n,1) > 1 — y, then %, is a r —norm of H —type.

Definition 2.4 [11] A triple (X, M,*) is called FMS if X is non-empty, * a continuous 7 —norm and

M:Xx X [0,00) — [0, 1] is a Fuzzy set fulfilling the conditions, for each n, 4, u € X, and 7, u > 0;
(D) My,,(0) =0;
(i) M, () =1ifandonlyifn = 4;
(i)  Mya(0) = My,(0);
(iv) M, ,(9):[0,) — [0, 1] is left continuous;
V) My« My,(w) <M, (T + w;
(vi) Tll_)rg M, ,(t) = 1foralln, 1 € X.

Hence, (X, M) is a FMS under .
Lemma 2.2 [11] M, ;(*) is a non-decreasing function on [0, ).

Definition 2.5 [14] Let (X, M) be a FMS under * some contain 7 —norm. A sequence {n,,} c n is

Cauchy if, for € > 0 and 7 > 0, there exists n, € N such that M, , (r) > 1—eforn,m = n,.Then,

2022, Vol 16, No.1 — . . -
ome ? [103] 42 Theory of Approximation and Applications



An Extension of Mixed Monotone Mapping to Tripled Fixed Point Theorem in Fuzzy Metric Spaces Adamariko and Omeiza

{n.} c X is convergent to n € X, denoted by lim n,, = n if, for € > 0 and 7 > 0, there exists n, € N
n—-oo

such that M, (r) >1—¢ for n > ny,. A FMS where every Cauchy sequence is convergent is a

complete FMS.

Definition 2.6 [14] A function g: X - X on a FMS is continuous at a point n, € X if for any {n,,} €

X - 1o, then {gn,} = gn,. If g is continuous at every n € X, then g is continuous on X. Also, if n, €

X, we will signify g~ (n,) = {n € X: gn = 1o}

Remark 2.1 If n€[0,1] and «,B € (0,), thena < implies that n* >nf. Hence, this
establishment will be applied as; 0<a <f <1 which implies thatM, ;(7)* = M, NG

1\4,7 )l(T)-
3 Main results
Definition 3.1 Let F:X® - X and g: X - X be mappings.

(i) F and g are commuting if gFy, ; , = F,

Un920n foralln, A, u €X,

(i) Point (1,4, ) € X? is a tripled coincidence point of the mappings F and g if F,, 5, = gn,
Fyna=gAand F, ,, = gp.

Theorem 3.1 Let * be a t —norm of H —type such that v x t > vt for allt,v € [0,1]. Let k € (0,1]
and a,B,y €[0,1] bereal and a + B + ¥ < 1, let (X,M,*) be a complete FMS and F:X3 - X and
g:X - X be mappings thatf(X3) € g(X) and g is continuous and commuting with F. If for all
nAu ¢, € Xand all T > 0.

Mk, 3 uFgp o (KT 2 Mgnge (D) * Mgayy ()P * Mypug0 (1) €Y

Then, n € Xis unique such thatn = gn = F, ; ,. Hence, F and g have at least a tripled coincidence
point. Also, (1,4, 1) is a unique tripled coincidence point of F and g if g=1(n,) = {,} only if F =

1o is constant on X3.

Hence, we assume that My, ;4 ()° = 1 fort > 0 and n, 1 € X.

ngeo
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Proof. Suppose that F is constant in X?, there exists n, € X such that F,, ; , = n, forn, 4, u € X. If
F and g are commuting maps, we obtain that gn, = gF, 1, = Fgy g1 gu = No- Therefore, no = gny =

E

HoTloTo and (n9nono) is in tripled coincidence point of F and g. At this point, suppose g~1(n,) =

{no} and (n, 4, ) € X? is also a tripled coincidence point of F and g then, gn = F, ; , = 1, so that
n € g 1(mo) = {no}. Again, n = A = u = n, and (1o, M0, 7,) is a coincidence point of maps F and g

that is unique.

Now, considering that F is not a constant in X3. In this circumstance, (a, 8,y) # (0,0,0) and which
leads to the proof subdivision into five steps. Through this proof, g and r denote a non-negative

integer and 7 € (0, ).

Step 1

Let 1o Ao, Ho € X be arbitrary points of X. Some F(X?) € g(X), then n; 4; p; € X such that gn; =

F,

nodontor 94 Frguor,a0d  guiFy 4., Which is as a result of its mixed monotone property.

Furthermore, we can construct {n,}, {1,} and {u,} such that, forn = 0, gn,+1 = F)_ 1 4, 9An+1 =

F/‘ln'nn'#n and GHn+1 = Flf‘njlnﬂ?n'

Step 2

If {gnn},{gA,} and {gu,} are Cauchy sequences. For n > 0 and all 7 > 0, 0,(t) = Mg, 4 .. (7) *

Mg,.92041 (D) * Mg gy

that;

(7). Since g, is a non-decreasing function and t = kt < 7 < 1/, we have

0, (T — k1) < 0,(7) < 0,,(Y/) fort > 0andn = 0 (2)
Now, we can deduce from inequality (1) that for all n € N and 7 > 0, and also because of the mixed

monotone property;

Mgnngnn"'l (T) = MFTIn—llin—l/‘ln—lF/‘lnlin/‘ln (T)

> Mgy gnn /1% * Mg,y g2, (/. K)P * Mg s gun /i)Y 5 (3)

Mglng)ln+1 (T) = MFln—lln—lﬂn—lFﬂnlnﬂn (T)

< Mgp, 191, (/)% = Mgy s gun (/)P » 9An-192n M (4)

2022, Vol 16, No.1 — . . -
ome ? [105] 42 Theory of Approximation and Applications



An Extension of Mixed Monotone Mapping to Tripled Fixed Point Theorem in Fuzzy Metric Spaces Adamariko and Omeiza

and
Mg”"*g“n"'l (T) - MFﬂn—lln—ll‘-n—lFﬂnln#n (T)
= Mgun 1gun( /K)a * Mgan_ 1y/1n( /K)ﬁ gnn 1gnn(T/K)y )

Going by (3), (4), (5)and Remark 9, we obtain;

Mgngnne: (0 = Mgy, 1.977n(T/ 1K) * Mg,y g2,/ )P Mgy gun (H/i)”
= Mgnn 1gnn( /K) * Mgh,— 1g/1n( /K) g,un 1gun(T/K) = Un—1(T/;c)
Mglngln+1(r) =M, 9An- 1‘9/1n(T/K«') g#n 19#11( /K)ﬁ * glln—lglln(T/K)y

<M 9An_ 1gln( /K) gun 1gun(T/K) * gln_lg/ln(T/K) = O'n—l(T/K)

and

Mgﬂngﬂn+1(r) =M IHUn— 1gﬂn(T/K)a * 9An- 19/1n( /K)ﬁ .97711 1.97711( /K)y

= Mgun 1gun( /K) * glAn— 1gln( /K) .977n 1g17n(T/K) = O-n—l(T/K)

This shows that for all T > 0 and n > 0;

Mg O * Mg, gan,: (0 * Mg gpn i (0 2 001(Pi) 2 01 (7) (6)

Substituting T byt — kt in (6), we deduce for 7 > 0 and n > 0, that
MngngUnH(T) * lnglnﬂ(T) IHUnGUn+1 (1) = op_1(T — KT) (7)

Now, considering that * is commutative, from (3), (4), (5), we see that;

0n(T) = Mgn,gnps (0 * Mga, g4, (D * Mg gun,, (0

= (Mgnn L G/ * Mg, g2, ( Tf * M 9tn—19in( /K)y)
* (Mg)ln—lgln(r/’c)a * M, 9An— 1/11111( /K)B gﬂn 19#71( /K)y)

* (Mgnn-lgnn(T/K)a * Mgan_1g2n( /1P Mg s gun( /K)y)

(Mgnn 197711( /K) grln 1g7ln( /K)V)
* (M Aongin TP x Mga a2 (/i) ® % Mga g2 (/i)Y * Mga g2 (H/i)P

Mg gun( to® )
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= Mg, _,n(V1O*Y * Mga,_ 1, (/TP Mgy s gun @ ata

= Mgnn_lgnn (T/K') *Mga,_19n (T/K) * Mg#n—lg#n (T/K') = O-n—l(T/K)-

On making use of (2);

0, (1) = 0p_1(Yy) = 0p—1(1) = 0,1 (t — k1) forallt > 0and n > 1 (8)

v

Continuously using inequality (1), we deduce that 0,(t) = 0,-1(Y/i) = 0,5 (T/Kz) >

0o(*/,:n) forall T > 0 and n > 1. This implies that;

lim 0,(7) = lim JO(T/Kn) =1=limo,(r)=>=1 (9)

n—-oo n—oo n—-oo

On using properties (6) and (8), we obtain;

Mg1m11 T Mgangin, 1 Mgupgpns, (1) 2 On—q (T — KT) (10)
We can now deduce by induction that;

Mgnngnmq(f) * Mgingineg (7) * Mgﬂngﬂn+q(T) >x1 g, (1—kt)VT>0,n9=1. (11)

Now, if ¢ = 1, (11) is confined for n > 1 and 7 > 0 from (10). If (11) is true for some g, we now

have o show for g + 1 to be true. On making use of (1), we have;

Mgi19nms g0 (KT = M (KT) 2 Mgi,gan4q (O * Mg, gnpsg (O)F * Mg giinsq (D *

nnln#nan+qln+q#n+q
> (*q Op—1(T — KT))a * (*q Op_1(T— KT))B * (*q Op_1(T— m’))y
> (*q Op—1(T — KT))a * (*q Op_1(T— KT))B * (*q Op_1(T— m’))y

+B8+
= (*q Op_1(T — KT))a Pty >x1 g,_,(T — KT).

In the same vein, Mgln+1g/1n+q+1(m)' M, (k1) =2+9 0,,_1 (T — KT).

Un+19Mu+q+1
Now, on using axiom (v) of FMS and (7);

M

INMnINMn+q+1 () =M

INMnINn+q+1 (T — kT + KT) 2 Mgy, gy, (T —KT) * Mgnn+1g77n+q+1(KT)

> 0,_1(T — KT) * (*q Op—1(T — KT)) =91 g (T — k1)
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Simﬂarly’Mglngln+q+1 (T) = Mg/ingﬂn+q+1 (T) =1t Gn—l(T - KT);

Therefore, (11) is true. Hence, it can now be shown that {gn,} is Cauchy. Suppose 7 > 0 and ¢ €

(0,1) as = is a T —norm of H-type, there exists 0 < I1 < 1 such that x?a > 1 —¢ forall « € (1 —

I, 1] and for q > 1. From (9), lim ¢,(t) = 1, there exists n, € N such that ¢,(t — k1) >1—-11
n—-oo

forn = ny.Therefore, from (11) we obtain My, g, +q (1), Mgy g2, +q (1), Mgy, g, +q (t)>1—¢cforn=>
ng and g = 1. Hence, {gn, } is a Cauchy sequence. Also, {g1,,} and {gu, } are Cauchy.
Step 3
Since g and F have tripled coincidence point and X is complete, there exists 1,4, u € X such
thatlim gn,, =n, lim g4, = 1 and lim gu, = u.
n—oo n—oo n—coo
As a result of g being continuous, we obtain lim ggu, = gu, lim ggl, = g4 and lim ggn, = gn.
n—oo n—oo n—oo
Then, for the commutative property of F with g, it implies lim ggu,+1 = gF M, An, ) =
n—-oo
F(gnn, 9An, gtin)- By (1),

_ a ¥
Mg gy Foan(kT) = MFgr]ng)lnFnAu(KT) 2 Mggn,g, (D% * Mgga, g, QL Mggng, (D

= Mygn,gn (D) * Mgga,g2(T) * Mggu, gu(T)
As n — oo, we obtain thatlim ggn,, = F, ; ,. Hence, F, ; , = gn. Also, it can be shown that F; ,, , =
n—-oo

gAand F, ;, = guand (n, 4, ) is a tripled coincidence point of F and g.

Fn/lu:gn' Flnu:g)L and Fuln:g.u (12)

Step 4

From the claims of (12) and applying condition (1) and as a result of its mixed monotone property,

we obtain;
Mgygan,, (KT) = MFn A uFAnmnan (k1)
a a B Y.
2 Mgyga, (D) * Mgyga, (D * Mgagy, ()P * Mguga, ()7 (13)
2022, Volume 16, No.1 [108] -1-12 Theory of Approximation and Applications
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Mgl\gﬂn+1 (KT) = MFAn wF unannm (KT)

< Mgagu, (D * Mgnga, (O * Mgy g2, (0)F = 92gn, (DY (14)
Mgpgnn,, (KT) = MF 3 n o )
2 Mgnga, (D% * Mgygy, (D * Mgaga, QLE Mgygu, (0 (15)

Let pn (1) = Mgyga, (T) * Mgsg,, (T) * Mg, gy () for £ > 0 and n > 0. From the use of (13), (14) and

(15), we obtain;
Pn+1(KT) = Mgyga, ., (kT) * Mgsgy, . (KT) * Mgy gn,, ., (kT)

= (Mgngln('[)a *Mgagun (0)F Iugnn (T)y) * (Mglgun (D) * Mgnga, (0)F 9AgNn (T)y)
* (Mgugnn (D% * Mgaga, @©F * Mgy, (")
= (Mgng)ln (D) * Mgnga, (0)F Mgy gun (T)y) * (Mg/lgun (D) * Mgaga, (0)F 9Agnn (0)F 9AgNn (T)y)

* (Mg#gnn (D)% * Mguga, ()Y)

Now, because of the mixed monotone property, take n,, = 1,, = u,, and we obtain;

pn+1(KT) = (Mgng/'Ln(T)a * gng/’[n(T)ﬁ * gr/gln(r)y)

* (Mg/'lgun (D) * Mgagu, ()" 9AGun (0)F 9AGun (T)y) * (Mgugnn (D * Mgpgn,, (T)y)

(T)a+[>’+y " Mglgun(T)a+2ﬁ+y * M

gugn, (DY

= Mgngan
= Mgnga, (1) * Mgagu, (7) * Mgugy, (7) = pn(7)

At this point, we have proven that p,,,(kt) = p,(7) forn > 1and t > 0.

Going through the processes over again, we have;

Pn(®) = pr1(Mi) = pr-z (T/Kz) - po(T/Kn) forn > land t > 0. (16)
On applying(13) — (16), we obtain;

Mgngan,, (KT) = Mgpga (T) * Mgy, (OF * My, 50 (D) = py(7) = PO(T/Kn) (17)

Mgagupe (KT) < Mggy, (O * Mgpga,, (0)F Mgagn, (D < pu(T) < po (T/ ;cn) (18)
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Mgpgnne, (KT) 2 Mgugn, (D * Mgz, (0)F = Mgngu, (0 = pn(7) = po (T/ ;c") (19)

Also, Mgyga.., (KT), Mgagp, . (KT), Mgygn . (k1) = po(*/,n) foralln = 1 and 7 > 0.
Sincelim p,(%/,n) = 1 for all T > 0, on applying limit on (17), (18) and (19) and considering the
n—-oo
mixed monotone property, we have;
lim gn, = gu, lim g4, = gn and lim gu, = gA. With the use of (12), it shows that;
n—-oo n—-oo n—oo
Fpaw=gn=lim gy =4 Fyy, =gA = lim gun, = p,Fy 2y = gu = lim gn, =
n. (20)
Step 5
Here, we will show that n =1 = u. Let 0(t) = M, (1) * My, (1) * My, (7) for all = > 0. Then, by
conditions (1), (2) and by applying the mixed monotone condition of theorem;
Mn/’l(KT) = MFnluFlnﬂ (k7) = Mgngll(T)a * Mgagn (T)B * gugﬂ(r)y
= MAM(T)a * /UL(T)B * Mnu(T)V; (21)
M)lu(KT) = MF/ln/lFuAn (KT) < Mglgy(r)a * Mgngl(r)ﬁ * glgn (T)y
= Myy (T)a * MAM(T)ﬁ * Mul(T)y; (22)
My (T) = M3y, (KT) 2 Mg (D)% * 9292 (OF * Mgy, ()Y
= n/l(T)a * /.L/.L(T)B * er/ ()Y; (23)
If we use inequalities (21) — (23) together, then;

0(kt) = My (kt) * My, (kT) * My, (5cT)
> (M (D) * Mz ()P 5 My, (1Y) % (M (D) * My, (0)F % My (1))
* (Mya (D) % My, ()P * My, (1))

= (Mpa(D)* * My, (07 * My, (0)F) % (M, (D * My, (D)F My (1))
* (My/l(T)B * 1\'/1;1/1(7:))L * Mun (T)a)
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Now if we let n = A = p, then;

O(kT) = (Mya (D)% * My (TP 5+ Mpp (7)) * (M, (D)% * My, (TP + My, (7)Y)
* (Mul(r)a * y)L(T)ﬁ * ;u'l(T)y)

= (Mpa (P 5« My (D) *HBHY 5 M3 (1)) = M5 (1) * My, () * My (7)
= 6(1) (24)

We found that 8(kt) = 6(t), by implication 6(t) = 0(%/,) =6 (T/Kz) > > H(T/Kn) fort>0

andn > 1. By (21) — (23),and forn = A2 = y;

M2 (KT) = My, (T % Myy (0)F My, (2)7 = My, (1) % Myy (0)F + My, ()Y
= M)LM(T) * Myy (7) = nl:(T) =6(1) 2 H(T/Kn)

MA;L(KT) = M/m (T)a * Mlu(T)ﬁ * /,M(T)y = M;m (T)a * Mn/l(T)B * M/l,u(T)y
< M/m (T) * Mnl(T) * MAH (T) = 9(7:) =< H(T/Kn);

My (KT) = My (2)% % My, (1)F % M (1) = Mys (2)% % My, (T)F % My, (7)Y
> Myp (D)% * My, (0)F 5 My (@ = 0(2) < 0(%/ ).

Asn — co and 7 > 0, we obtain lim 6(%/,.n) = 1, which implies;
n—oo
My;-(t) = My, (t) = M, (z) = 1. Thatisn = 1 = p.

Example 3.1 Consider (X =R,§ = M?) and let (X,6) for 7 > 0 and 7 # 2 defines: be a metric

Sna
space M,," (1) = y_%.considering (X=R,6 =M?) and let n,4 > 0 and « € (0,1) be such that

6a < bk. F:R® > Rand g:R > Rand F(n, 4, 1) = a(n — 1) and gn = bn for n, A, u € X. Evidently,
g is continuous, F and g are commuting and F(R®) = R = g(R). We now point out that M%

verifies;
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a b
_a 2 max(lg-LIy—aD\\ /% 2 max(ln—gLlp-AD\\ /6
My (KT) = (y|(7)—¢)+|1l’_l||) KT > <y_( T )) > (y_( T ))

FpruF oo

( b )maX(In—¢I.IIIJ—lI)

_2 bln—¢| blw-1|
Y 3T )

=min(y 3t ,y 3t

[bn—bo| |by—bA| |bk—bw|
2min<y 3ty 3T,y 37 )

1 1 1
= min <[Mgng¢(r)] %MLy @] 7 MY @] /3>
Consequently, we conclude that F and g have tripled coincidence point on the account of the

application of Theorem 3.1.

4 Conclusions

This work has shown the existence and uniqueness of tripled fixed point in fuzzy metric spaces via
mixed monotone operators of contractive-type condition. Consequently, it generalizes the

ideology of tripled fixed point in metric spaces to tripled fixed point in a mixed monotone of fuzzy
type mapping.
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