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1 Introduction.

Let G be a simple undirected graph. Throughout the paper we suppose that A(G), D(G), and L(G) = D(G)—A(G),
denote the adjacency matrix, the diagonal matrix of vertex degrees, and the Laplacian matrix, of GG, respectively.
The characteristic polynomials of A(G) and L(G) are denoted by P (\) and Q¢ (M), respectively. Finally we denote
the spectra of a matrix M by o(M).

A Bethe tree is an unweighted rooted tree of & levels such that the vertex root has degree d, the vertices in the
intermediate levels have degree d+1 and the vertices in level k are the pendant vertices [1]. Also a generalized Bethe
tree is a rooted unweighted tree in which the vertices in each of its levels have equal degree [2]. Recently computing
the characteristic polynomials of adjacency and Laplacian matrices of some classes of trees have been the object of
many papers (see for example [2]-[9]). Rojo in [2] characterize the eigenvalues of the adjacency matrix and of the
Laplacian matrix of rooted weighted trees which obtained by join some generalized Bethe weighted trees at root
vertices by calculation determinant of 3-diagonal matrices. In this paper we use the concept of rooted product
of graphs and find an exact formula for characteristic polynomials of adjacency and Laplacian matrices of rooted
unweighted trees which obtained by join some generalized Bethe trees at their root vertices by new method.

Suppose that G = {G1, Gy, ..., Gy} be a sequence of k rooted graphs and H be a labelled graph on & vertices.
The rooted product of H by G, which is denoted by H(G), is obtained by identifying the root vertex of G; with
ith vertex of H (see [6]). In [4] the characteristic polynomials of A(G) and L(G) are computed, in terms of the
characteristic polynomials of the graphs H and G;, 7 = 1,2, ..., k. Now let T be a rooted tree of k& + 1 levels and
G1,Ga,...,G} be rooted trees of k levels that are obtained by deletion the root vertex of 7. If S; ., denotes the
star on k + 1 vertices, then " = Sy 1(S1, G1, Ga, . . ., G), the rooted product of Si1 by {S1,G1,G2,...,G},
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Figure 1: S4(S1,G1, G2, Gs), where S, 11 is the star on n + 1 vertices and G, G2, G5 are arbitrary rooted trees.

is equal to rooted tree which obtained from the union of G1, G, . .., Gy joined at their respective root vertices
and s; is common root.

In order to state the main results of the paper we need some notations. Let §; be a generalized Bethe tree of
k levels. Suppose that nj;,_;;1 and dj_;;1 denote the number of vertices and degree of vertices in jth level of tree
forj =1,2,...,k. If ey, 11 denotes the number of adjacent vertex in j + 1th with a vertex in jth row of 3, then

L_)d if i=Fk
)l di—1 i j#E.

The characteristic polynomial of adjacency matrix and Laplacian matrix of generalized Bethe trees computed as
follow (see [4] or [7]).

Theorem A. Let Py(\) =1, P1(\) = Aand
PJ()\) = )\f)Jfl()\) — 6]'.Pj,2()\) for 1=2,3,..., k.

Then (a) Ps,(\) = P [1521 P/ 7"+ and (b) o(A(Br)) = Ujeaf) € R: Pi(X) = 0}.

]=

Theorem B. Let i be a generalized Bethe tree of £ level. Let Qo(\) =1, Q1(A\) =X —1and
Qi) = (A= d)Qi (V) — Qi 2(N),  F=23,... .k

Then (2) Qg (\) = Qi IT;=1 Q7" and (b) o(L(Bk) = Ujenfr € R | Q5(A) = 0}

Now let T be a rooted tree which degree of root vertex is k¥ and the subgraph obtained by deleting the root
vertex of T be union of k generalized Bethe trees of levels r; denoted by f,, fori = 1,2,--- , k. Since T can be
considered as rooted product of Sy, by G = {51, By, Br., - -, Br,. }», characteristic polynomial of adjacency matrix
and Laplacian matrix of 7' can be computed by using Theorems A and B.

2 Results.

Let M%! denote the matrix obtained by delation of the first column and row of a matrix M, and put Pg,(\) =
det(A\ — A(Gy)™), Qg, (\) = det(A — L(G;)"h). If G; is the graph of order 1 put Pg, (\) = Qg,(A\) = 1. We need
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the following Theorem which is proved in [4, Theorem 1]:
Theorem C. Let H and G1,Go,...,Gk,j = 1,2,...,k,besimple graphs. If K = H(G1,Ga,...,Gy) then Px(\) =
(—1)* det(M), where

—Pe(N) ifi=j

1<i,j <k,and Qg (A\) = det(N), where

Qa,(A) ifi=j
Nij=1 Qg,(\) if i#j and A(H);;) =1
0 if Z;é] and A(H)U =0,

1<4,5<k.

We also need the following lemma, which is proved by an easy induction on n.

Lemma 1. Fori=1,2,...,n,let z; be an arbitrary variable. Then
1 1 1 1
1 ) 0 0 n n n
1 0 T3 0 = Hxl — H ;gj
Do o i=1 =2 j=2 j#i
1 0 0 - x nxn
Suppose for j = 1,2,--- , k, 3, is a generalized Bethe tree of r; levels which degree of root vertex is m;. The in-

duced subgraph obtained by deletion of root vertex of 3., is disjoint union of m; generalized Bethe trees of r; — 1
levels which are denoted by B,C], . Now the characteristic polynomial of adjacency matrix of the rooted tree in which
degree of root vertex is k and 3, for j = 1,2,--- , k are its induced subtrees obtained by deleting the root vertex
can be computed as follow.

Theorem 1. Let T = Sy11(S1, Bry, Bras -+ + Br),). Then the characteristic polynomial of adjacency matrix of T
is

k ko ko PRi())
Pr(\) = HP/;”(A) </\ > 11 Pﬁ” (A)>'

i=1 j=1j#i " Pri

Proof. Suppose for j = 1,2,--- , k degree of root vertex of /3, is equal to m;. If BTj denotes the induced subtree
obtained by deleting the root vertex of 3, , then 3, contains m; disjoint copy of B;J_ . Thus characteristic polynomial
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of adjacency matrix of computed as Pﬂrj (A = PB’ '(\). By Theorem C and Lemma 1

J

Py (A) —Ps, () 0
Pr(\) = (k| Pgz(A) 0 —Ps,,(A) -+ 0
Pg::()\) 0 0 . =Ps (V)
)\ 1 1 1
Pgs,.. (A\)
1 p;ﬁ o 0 0
- - 1 o _Fm® 0
- P TP\
1_[1 Br; %()
PB; )
1 0 0 —%
Tk

Therefore Theorem is proved. O

Let @3, (\) denote the characteristic polynomial of Laplacian matrix of generalized Bethe tree 3, and Qp. (N) =
det(\I — L(By,)"!). Similar to Theorem 1 we can use of Theorem C and Lemma 1 to compute the characteristic
polynomial of Laplacian matrix of 7' = S, 11 (S1, Bris Bray -+ 5 Bry.)-

Theorem 2. Let T' = Si.11(51, Brys Bry, - -+ » Br,, ). Then characteristic polynomial of Laplacian matrix of T is
k koo ko QT (N
Br
“[esw(r-5-% 1T 5% ):
i=1 i=1 j=1,j#i 5T
Proof. The proof is similar to that of Theorem 1. O

Example 1. Let T be a rooted tree of 4 levels as shown in figure 2. The induced subtree of T obtained by delet-
ing the root vertex of T is equal to disjoint union of generalized Bethe trees (31, 82, 3. By using Theorem A the
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Figure 2: The rooted tree of example 1

characteristic polynomial of adjacency matrix of g; for i = 1,2, 3 can be computed as follow:

Ps, () = XX~ 5)(X2 - 3)
Pay(N) = A0~ DA+ 1A - 3)
Pa () = X = 5)(X2 — 2)2,

Now let S,,11 denote the star graph of order n + 1, then Ps,,(A) = A""H(A* —n). So Py (N) = N(\* - 3),
Py (N) = A? — 1 and Py () = A(A? — 2). Therefore by using of Theorem 1 the characteristic polynomial of
adjacency matrix of 7' can be computed as follow:

PZ(\)  PL(N) P3N

= A6 —242M 1 238012 — 1272)10 4 40010% — 7568\°

183841 — 49602 + 1200).

To compute of characteristic polynomial of Laplacian matrix of 7" we can use Theorem 2. Since Qs ,(\) = (A —
D" Y2 — (n+ 1)), so

Qs (N) =N =BA+1)(A—1)°
Qp,(N) =A=3x+1
Qs (V) = (A —1)(\ —4A+1).

Let Q3,(\) denote the characteristic polynomial of Laplacian matrix of 3; for i = 1,2, 3. By using Theorem B we
have

Qs (N) = (W =B5A+1)(A* =82\ + 14X — 1)(A — 1)*
Qp,(N) = (A2 = 3A+1)(A\* — 67 +8)\ — 1)
Qs (N) = (W = 8A2 + 14X — 1)(A2 — 4N+ 1)2(\ — 1)%.
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Therefore by using of Theorem 1 we have

32 () 72 (\ 23 ()
Qr(\) = Qs(NQa(NQs () (A —8- 3218 - gZEA; - gZEA;)

= AA =172 =30+ 1)(A2 = 5X +1)(AS — 172° 4 1091
—328\3 4 46507 — 263X 4 25) (A% — 8AZ + 14X — 1)(\% — 4\ +1)%

Now suppose [y, q is the Bethe tree of k; levels such that the vertex root has degree d, the vertices in the in-
termediate levels have degree d + 1 and the vertices in level & are the pendant vertices for i = 1,2,...,d. So
B = S441(51, Bry s Brads - - - » Bry.a) 1 arooted tree in which subtrees obtained by deletion its root vertex are Bethe
trees where have not equal levels. In the two following corollaries we compute characteristic polynomials of adja-
cency and Laplacian matrices of B.

Corollary 1. Let B = Sy11(S1, Bky.d» Bkads - - - » Bry,a)- Then the characteristic polynomial of adjacency matrix of

Bis .
Pr,—1(N)
N =[] Prar ( Z ki1 >
=1 1=1 ()\)
Proof. Let B;C , denote one of the d induced subtrees of 3, ; obtained by delationit’s root vertexfori =1,2,...,d.

Since number of vertices placed on ith level of 3, 4 is d~1, thus by Theorem A we have

ki—1

ngiﬁd(k) _ Pki H ‘deki—j—l(dfl)'
j=1
k;—2 . 1( )
dki—i—1(d—1
PB;M(/\) Py, 1 H1 P
J

Thus by Theorem 1 the characteristic polynomial of adjacency matrix of B computed as follow:

d ka d()\)
1

d d
Pp(\) = Hpﬁki,d <)‘ Z H P )
i i P (i

=1 j=

ki 1
d d (Pk: . Hk 2Pd —Ji= (d— 1))
= | | Pﬁkz,d()\) )\ - Z _1 dk’b Jj— l(d 1)
i=1 i—1 P, H P

d k
Pk-—l()‘)>
= Pr. a M) A= —— .
117l I 2B
Therefore the Corollary is proved. O

Corollary 2. Let B = S;11(51, Bk, .ds Bkads - - - » Bky.d)- Then the characteristic polynomial of Laplacian matrix of
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Figure 3: The rooted tree of example 3.

Bis . .
Qk-—l()\)>
A) = caM) [ A—d— ——— .
@54 = [T @u )( > B
Proof. The proof is similar to that of in Corollary 1. O

Example 2. Let B be a rooted tree as shown in figure 3. The induced subtree of B obtained by deletion of root
vertex of B is equal to disjoint union of two star graph of order 4 and /33 3. By using of Theorem A

Pa, o (A) = Ps(NPS(APP(N) = (A% —6X) (A2 = 3)2\°
= MBI 44507 — 54)\7.

Therefore by using Corollary 1 characteristic polynomial of adjacency matrix of B computed as follow:

PaO) = P8 00Pa, 0 (A2t - )

= MO — 61 —3)(A3 — 61+ 3)(\2 —3)3.

Now by using notation of Theorem B, Qp(\) = 1 and Q1(A\) = A — 1. So

Qa(N) = (A —4)Q1(N) —3Qo(\) = A2 —5A+ 1.
Qs(\) = (A —4)Q2(N) —3Q1(\) = A —9A* + 18X — 1.

Therefore by using Corollary 2 characteristic polynomial of Laplacian matrix of B computed as follow:

Qs(N)

(@weime) (Q?(A)QQ(A))Q )

= AMA =D =X+ 1)3(\° — 17A% 10323 — 262)2 + 242\ — 22).
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