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1 Introduction

Data envelopment analysis (DEA), occasionally called frontier analysis, was first put forward by
Charnes et al. (1978). It is a performance measurement technique that, as we shall see, can be
used for evaluating the relative efficiency of decision-making units (DMU's) in organizations
(Tone et al. (2020)). Here a DMU is a distinct unit within an organization that has flexibility with
respect to some of the decisions it makes, but not necessarily complete freedom with respect to
these decisions. Revenue Efficiency (RE) evaluates the ability to produce current outputs at
maximal revenue. in other words, the revenue performance of a firm that aims to make production
using minimum inputs for the purpose of increasing profit. Ghiyasi (2017) presented an inverse
DEA model based on cost and revenue efficiency in presence of price information. Nguyen et al.
(2022) investigated the revenue efficiency differentials of the three airline business models in the
U.S, using a two-stage data envelopment analysis approach.

Fare et al. [3] developed a DEA-based Malmquist productivity index which measures the
productivity change over time. The Malmquist index was first suggested by Malmquist (1953) as
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a quantity index for use in the analysis of consumption of inputs, Fare et al. combined ideas on
the measurement of efficiency from Farrell and the measurement of productivity from Caves
et al.(1982) to construct a Malmquist productivity index has proven itself to be a good tool
for measuring the productivity change of DM Us. Seyed Esmaeili et al. (2018) suggested a novel
method to measure the productivity changes of hospitals over time in the presence of linguistic
variables along with fuzzy data. Mombini et al. (2020) presented a global Malmquist index to
evaluate the units under review in terms of economic efficiency, the units in terms of spending,
production, revenue, and profit over several periods, and the rate of improvement or regression
of each of these units.

Conventional DEA models deal with exact data, while in many real-world problems data are not
exactly known and are stated in an imprecise one. Sharafi et al. (2015) discussed the new method
for evaluation and ranking interval data with stochastic bounds. Poordavoodi et al. (2020)
modified the interval data envelopment analysis models for QoS-aware Web service selection
considering the uncertainty of QoS attributes in the presence of desirable and undesirable factors.
Izadikhah et al. (2021) reformulated the conventional DEA models as an imprecise DEA problem
and propose a novel method for evaluating the DMUs when the inputs and outputs are fuzzy
and/or ordinal or vary in intervals. Mombini et al. (2022) investigated the sensitivity analysis in
DEA and proposed an approach to determine the sustainability radius of the cost efficiency of
units with interval data. Accordingly, the main aim of the current paper is to suggest a Malmquist
productivity index using revenue efficiency for DMUs productivity evaluation with interval
data.

2 Revenue Efficiency

Revenue Efficiency (RE) evaluates the ability to produce current outputs at maximal revenue. In
this section, we assume that benefits are fixed and known, although they may possibly be different
between the DMUs. In order to obtain a measure of revenue efficiency for DM Us with multiple
inputs and outputs, the maximum revenue for the production of a DMU’s current outputs with

existing output benefits is obtained solving the following linear problem:
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maximal revenue model

max ., Reoyl

s.t. }_:';_l AiTii S Tip 1= 1,...,m,
X"'_l Myi=y2 r=1,..,8, (1)
Ai >0 ji=1,..n,
Yy =0 r=1, .. 8

In the model above,Ryo is the benefit of output r for the DMUp under assessment. y© is
r
a variable that , at the optimal solution , gives the amount of output r to be used by DM Up in

order to produce the current outputs at maximal revenue. Note that, this model assumes that

the output benefits at each DM U(Rro,r = 1,...,, s) are fixed and known, although they can

differ between DMUs. Revenue efficiency is then obtained as the ratio of maximum revenue

with specefic benefits (the optimal solution to model (1)) to the observed revenue at DM Ug ,

as follows:

i ;.

R ) polt?
RevenuekE f ficiency, = {:-'—117—%’— (2)

3 Revenue Efficiency With Interval Data

Assume that,We have n DMUs with interval inputs and outputs, and Rrj is benefits output r
of DM Uj which Rrj € [Rmin, Rmax]. In order to obtain a measure of revenue efficiency which

is an interval for this kind of data the following are suggested:

s \ mar , 0
max \...-x § dand I (3)
st N Nab: +dozt < 2% i=1,...,m

Lag=1g#o0 171) 0 0
Sl 0. = o ) 3
—1’\_.‘-’/4-, =45 i [

bvj=

A 20 go=Tusm

J
ye =0 r=1,...,8.
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4)

suppose yro+*and yo *, are the optimal solutions for (3),(4)respectively. The following revenues

for DMUo may be calculated as follows:

2 5 I" 5 }{:_’Ii.',c.e _!)‘;'-'A

= O
1 HEW M ra

+
8 nin, .o
h) = Y:|—l Ii’:”‘ g,
= 2 Ry

-1

(5)

(6)

Theorem 1: Any R € [R, R],can be treated as revenue efficiency for DM Up.

4 Malmquist productivity index

Malmquist productivity Index is defined with assimilation efficiency changes of each unit and

technology changes. MPI can be calculated via several functions, such as distance function:

D(Xo,Yo) = inf{0 : (eXO,Yo) ePPS}

7

This equation shows in special conditions,only the efficiency frontier change at time t-+1

related to t;that could not be a suitable criterion to calculate the technology change. This

distance function does not define the ineffi- ciency values.The efficiency frontier will be

specified for each DMU with DEA.Production function is hypothesized instant t and t+1.

Calculation of the MPI needs to four linear programming problems as below:

o0eQ=11,..,n}
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DUXEY!) = min @
gt. S0 ol <0t i=1,...m,
Lay=1 0% o
};7,':1 J\J._.'/:' > ]/_'“ o — PR U (8)
A; =0 V=T s I

In the model above ,xt iois the ith input and yro t is the rth output of DMUo
at time t,the value of efficiency(Dot(Xot, Yot) = 0% shows that how much can
be decrease inputs of DMUo to production that output.
If in the previous model,Lwe put t+1 instead t ,then CCR problem (6) is
calculated at time t+1 and is equal Dt+1(Xot+1, Yot+1) and is the technical
efficiency for DMUo at time t+1.The value of Dt(Xot+1, Yot+1) for DMUo,is
the distance of DMUo at t+1 with the frontier of time t,calculated by below

problem:
DX YY) = min @ (9)
st Y i ATy < 025  w=1,
Ef,ﬁ;, ’\,,-.'/,{-, = !I.{.“r.-l roe=100008;

Aj =0 J=1..n
The same models Dt+1(Xot, Yot) and Dt+1(Xot+1, Yot+1) are -calculated.
Fare hypotheses Dot+1(Xot+1, Yot+1) and Dot(Xot, Yot) must be equal to 1

to be efficient. Therefore he defined relative efficiency change as:
TEC, = 2 (X ") (10)

He described one geometric compotation to determine technology change

between t and t+1:

FS. — [ DUXETLYATYY DLXL YY)
Mo = \ DT X y T ptitixe v

MPI will be evaluated from multiplication efficiency change and technology

change for each input oriented DMUbo at time t and t+1:

2021, Volume 15, No.2 [33] -1-12 Theory of Approximation and Applications



Imprecise Revenue Efficiency under Productivity Change Rostamy-Malkhalifeh, M.,

Vo - DY (XL vt pyxiHyitly  Drxtyd) (19)
st DE(XEYN \' DI Iy piTi Xty \ e

The simple form of relation (10)is:

[ DLXEY yidly pEel(xttl ytély

Mo =\ =ity b (xg) (13}

So,we have three conditions:

1.Mo > 1,increase productivity and observe progress.
2.Mo < 1,decrease productivity and observe regress.

3.Mo = 1,no change in productivity at time t+1 in comparison to t.

5 Revenue Malmquist productivity index

5.1 Background

Consider that in time period t, producers are using inputs xt € R™ | to produce outputs

yt € RS. Define now the production technology of period t in terms of the output offer set,

which is:

LIXH = {yt:vt can produce xty (14)

Lt(X1) contains all output vectors,which can be produce from Xt Assume that Lt(X1) is

non-empty, closed, convex, bounded and satisfies strong dis- posability of inputs and outputs.
[soqL (X*") = {Y': Y' € LY X*),AY" ¢ LY(X")for\ > 1} (15)

Lt(X1) is bounded from below by the output isoquant, that is:

IsoqLt(X1)defines a boundary (frontier) to the output offer set in the sense that any radial
expansion of output vectors that lie on the frontier is not possible within LY(XU).

DX YY) =sup{p: (pY") € LY X?),p > 0} (16)

Alternatively, with reference to the output offer set, define the technology of production in

terms of the output distance function as:

where the subscript o denotes output orientation.
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Dto(Xt, Y t) in (16) is the highest possible demand,which can be multiplied with Y t remains in
Lt(Xt). If Dot(xt, yt) > 1,then Y t €intLt(Xt) and if Dto(Xt, Y t) = 1 then Y t € IsoqLt(Xt).Dot(xt,

Y t) is similar with the definition of technical efficiency in output oriented:

TEYxE, yD) = max{¢p: pYt € LIXD), ¢ > o} (17)

When output prices,Wt € RS, are available, the revenue function is de- fined:

RIXEL, W) = max{wlyt .yt e L{(xt), wt > o} (18)

Rt(Xt, Wt) is the maximum revenue of producing output Yt . Frontier of this set is:

IsogRt(Xt, wt) = {yt . wityt = rt(xt, wh)} (19)

This boundary contains the output vectors that can have the maximum revenue with
their price Wt.Therfore technical efficiency and distance function have the same definition.
Yot vt vt oty Wy 20\

OE,(X*\Y',W’) = mrsrwn (20)

Overall(or revenue)efficiency defines:

because technical efficiency is less than overall efficiency for each unit ,then:
TE!( X', YY) < OE{(XLY', WY (21)
According to technical efficiency is the same as distance function:

tivt vy & wry't 29
Do( X7 YY) < mixrw (22)

Allocative efficiency defines as follows:

Aty vt yit A ”5' o 2
.1[,”[-\ } ” ) = I)"y{\',)")/1"!\.'.“"1 [—"“

Assume two time periods t and t+1 respectively and define in each one of them technology

and production. Taking time period t as the reference period, the output oriented Malmquist
index (OM) is:
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= DLXE YY) (24)
OM' = ,T—\*(—'Tr*rrl (24)

In a similar fashion, with reference to period t+1, one may define the fol- lowing index:

~ 1 [;'] DY Xt YY) PR
OM SR ) (25)

Malmquist productivity index(OM)is a geometric component of (24) and (25):

; ,"'. DE(XLY'!) DEY(Xt Yt on
OM = \| prkryrim ety (26)

OM is Malmquist productivity index and has inverse relative with Mo defi- nition
previous section.Three conditions are existed:

1.0M > 1, observe progress.

2.0M < 1, observe regress.

3.0M = 1,do not observe any change in productivity .

5.2 Revenue Malmquist productivity index
By using allocative and technical efficiency, output’s price productivity changes are
determined.To take care of (22) to (24) revenue Malmquist productivity index(RM) is

calculated as:

R C [, )
Y e 28)
> Wyt iR X W Werlyt jpi+1( X (itt) L {60}
RM = |y l) ':::H vi o ,‘4) a8 REFY :'-l:‘u Gk 129)
vt _ \\‘\ ,'.» t . . .
where ' Lot Wt denotes the nth output and Rt(Xt, W t) is the maximum revenue which

is calculated in (18).OM index discusses outputs quantity and RM index discusses outputs
revenue. WY T/RYUXT, W) is the revenue efficiency to product Yt at time period t with

output price Wt.This fraction compares revenue of output YU and the maximum product
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revenue and its value is not less than 1. Value 1 means this output hasthe maximum revenue
and value greater than 1 means this output can be decreased.This fraction is exactly overall
efficiency as defined in (20).Therfore with using overall efficiency and OM and RM can be
provided.RM is the value that shows which output’s part can increase arrive revenue fron-
tier.(Using constant return to scale is not necessary,but it is only for clear and distinction
bench mark of revenue frontier).

Similarity OM index ,for RM can say:

1.RM > 1,0bserve progress and decrease productivity.

2.RM > 1,0bserve regress and increase productivity.

3.RM > 1,no change in productivity.

6 Malmgquist Productivity Index with Interval Data

In the section (4),we defined Malmquist productivity index.With interval data the
Malmquist productivity index may be defined as follows.Consider four models in the
following form,so the M.P.I is an interval which is defined.

U;_ min  # (30)

st i Azh £0rE 1=1..my
Yriltieylt r=Taups
\, =0 Ti=1 M
—f 41
A, = min # (31)
& S D ,\_,,x"‘ ottt =1 m
Yt AV Z U =18
A >0 Y= Ty anrs Pl

—t4| . BT
41 = min @ (32)

at. YU Nz UL fxil Hoi=1,..m,
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(_);41 = min # (33)
st Y nept <l i=1..m,
Vg, =Ly
Aj =0 J=Llaan
141 —=t41
a, 01191 .
M = [T;_ 8, ) (34)

Therefore from the above models, we have:

The values Ott, Ot t+1, Ot t+1 and Ot t+1 +1 can be evaluated, too. So, we obtain:

+1 41
A\ = LM fj__“l]f (35)
ma 7 A l')‘, 17 A

Theorem 2: By using of previous models M € [M,M ],that M is the Malmquist
productivity index.

proof: Proofis evident.

7 Revenue Malmquist with Interval Data

In the above mentioned model,it has been assumed that Rrj were fixed.If Rrj lies in the

interval,the following models may be used to evaluate the M.P.I.

max Y ., Rty (36)
L1 S T o :
8.1 Z;’ Lido )\.,.r:, Wy ,\(,.r:,f < A W =1,..,m,
" ' O 2 0 L7 R e
2=t PNiles =Y r=1,..s,
Aj 20 F=Le s
yy =0 o= Lgassy 8
max » ., Ry y? (37)
o n M~ t4lu
sb. Doioy Ay S @y, i=1,..,m,
L tu _ (%] o il @
}__‘_)_1 Al = Yy r=1,..,s,
A >0 j=1,....n,
Yy =0 == Lisiicg
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max .., Rminge (38)
8.t DN o AjTH + Aozl <2 $=1,.m,
Z_,,‘I:I ,\_,y:,’j =y2 t=1u8;
Aj =0 1=1,...,m,
ye =0 P=1....8.
max Y ._; R0 (39)
st Y \A;-"i_,’ Mgl $=1,...,m,

n S ‘
Z;:] /\)Ul.) N Ily r= 1. R I

Ai =0 i=1,.4M,
yr =0 r=1,...y'8,

The following revenues from models (36),(37),(38), and(39) may be calculated as follows,

respectively:
=T pE+] _ Yray Rowsy
[];: H' = ‘j—v_‘l_,?—:_
¢ _ St rmng
ﬁu»l D DE T

Therefore, we have from the above models M R as follows:

ln;" o P

YT fa— < ptle (40)

In a similar fashion, we can obtain MR with using previous models as follows:

Mp = [ x =L)2 41)
-——Il’ & l“,: I‘;:' IJ ( ’

Theorem 3):Any MR € [MR, MR],that MR is Revenue Malmquist pro- ductivity

index.

8 Conclusion
This paper explored the assessment of productivity index with interval data and using revenue
efficiency. The applicability of the methods in the bank branch seems to be very useful and

consistent ith common sense of the board of directory and managerial port of view.
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