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ABSTRACT

M. S. Knebelman [1] has developed conformal geometry of generalised metric spaces. The

decomposability of curvature tensor in a Finsler manifold was studied by P. N. Pandey [4].

The purpose of the present paper is to decompose the Projective curvature tensor and study

the identities satisfied by projective curvature tensor in conformal Finsler space.

1 Introduction
Let us considered two distinct metric functions F (x, ẋ) and F̄ (x, ẋ) be defined over an n-dimentional space Fn,

both of which satisfies the requisite conditions for a Finsler space. The corresponding two metric tensor gij(x, ẋ)
and ḡij(x, ẋ) resulting from these functions are called conformal. If there exist a factor of proportionality between
two metric tensors, Knebelman has proved that the factor of proportionality between them is at most a point
function. Thus we have

F̄ (x, ẋ) = eσF (x, ẋ), (1.1)

ḡij(x, ẋ) = e2σgij(x, ẋ), (1.2)

ḡij(x, ẋ) = e−2σgij(x, ẋ), (1.3)

σ = σ(x). (1.4)

The space equipped with quantities F̄ (x, ẋ) and ḡ(x, ẋ) etc is called a conformal Finsler space, it is denoted by
F̄n.
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The following geometric entities of the conformal Finsler space are given by [5] and [6].

Ḡi(x, ẋ) = Gi(x, ẋ)− σmBim(x, ẋ), (1.5)

Ḡi
jk(x, ẋ) = Gi

jk(x, ẋ)− ∂̇k∂̇jB
im(x, ẋ)σm, (1.6)

Ḡi
jkh(x, ẋ) = Gi

jkh(x, ẋ)− ∂̇h∂̇k∂̇jB
im(x, ẋ)σm, (1.7)

Bij(x, ẋ) =
1

2
F 2gij − ẋiẋj . (1.8)

Where Gi
jkh(x, ẋ) are the Berwald’s’s connection coefficients. They satisfy

∂jG
i
k(x, ẋ) = Gi

jk, (1.9)

and the functions Bij are homogeneous of the second degree in there directional arguments.

The tensorW i
h andW i

kh transform under the conformal change as follow [2].

W̄ i
h = W i

h − σm[2Bim
(h) − (∂̇hB

im)(r)ẋ
r − 1

n− 1
δih{2B

pm
(p) − (∂̇pB

pm)(r)ẋ
r}

− ẋi

n2 − 1
{2n− 1)(∂̇pB

pm)(h) − (n+ 1)(∂̇hB
pm)(p) + 2(n− 2)BrmGp

rph

−(n− 2)ẋr(∂̇p∂̇hB
pm)(r)}] + σm(r)ẋ

r{∂̇hBim − 1

n− 1
δih∂̇pB

pm (1.10)

− n− 2

n2 − 1
ẋi∂̇h∂̇pB

pm} − σm(h){2Bim − 2n− 1

n2 − 1
ẋi∂̇pB

pm

+σm(p){
2

n− 1
δihB

pm − ẋi

n− 1
∂̇hB

pm}+ σmσr[2B
sm∂̇h∂̇sB

ir

−(∂̇hB
sm)∂̇sB

ir − 1

n− 1
δih{2Bsm∂̇p∂̇sB

pr − (∂̇pB
sm)∂̇sB

pr}

+
2ẋi

n2 − 1
{(n+ 1)(∂̇[pB

sm)∂̇h]∂̇sB
pr + (n− 2)Bsm∂̇p∂̇h∂̇sB

pr}],
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W̄ i
kh = W i

kh − 2σm[(∂̇[kB
im)(h)] −

ẋi

n+ 1
{(∂̇p∂̇[kBpm)(h)]

+(∂̇[kB
rm)Gp

h]rp}+
1

n2 − 1
δi[k{(n+ 1)(∂̇h]B

pm)(p)

−n(∂̇pB
pm)(h)] − (∂̇h]∂̇pB

pm)(r)ẋ
r + 2BrmGp

h]rp}]

+2σm[(k){∂̇h]Bim − n

n2 − 1
δih]∂̇pB

pm − ẋi

n+ 1
∂̇h]∂̇pB

pm} (1.11)

+
2

n2 − 1
σm(p)δ

i
[k{ẋ

p∂̇h]∂̇rB
rm − (n+ 1)∂̇h]B

pm}

+2σmσr[(∂̇[kB
sm{∂̇h]∂̇sBir − ẋi

n+ 1
∂̇h]∂̇p∂̇sB

pr}

1

n− 1
δi[k{(∂̇h]B

sm)∂̇p∂̇sB
pr − (∂̇h]∂̇sB

pr)∂̇pB
sm

+
2

n− 1
Bsm∂̇h]∂̇p∂̇sB

pr}].

R. B. Mishra [2] have introduced to obtained the conformal transformation of projective curvature tensor
W i

jkh by differentiating (1.11) with respect to ẋj .

W̄ i
jkh = W i

jkh + 2σm[(∂̇[kB
ir)Gm

h]jr − ∂̇j(∂̇[kB
im)(h)]

+
ẋi

n+ 1
{∂̇j ∂̇[k(∂̇pBpm)(h)]}+

δij
n+ 1

{∂̇p(∂̇[kBpm)(h)] (1.12)

−(∂̇[kB
pr)Gm

h]pr} −
δi[k

n2 − 1
{n∂̇j(∂̇h]Bpm)(p) − n∂̇j(∂̇pB

pm)(h)]

+∂̇h](∂̇jB
pm)(p)] − ∂̇h](∂̇pB

pm)(j)]} −
ẋlδi[k

n2 − 1
∂̇j{∂̇h](∂̇lBpm)(p)

−∂̇h](∂̇pB
pm)(l)}] + 2σm[(k){∂̇h](∂̇jBim)− ẋi

n+ 1
∂̇j(∂̇h]∂̇pB

pm)

−
δij

n+ 1
∂̇h](∂̇pB

pm)}+
2nδi[k

n2 − 1
{σm(h)](∂̇j ∂̇pB

pm)

−σm(p)(∂̇j ∂̇h]B
pm)}+ 2σmσr[∂̇j(∂̇[kB

sm)∂̇h]∂̇sB
ir

− ẋi

n+ 1
{∂̇j ∂̇[k(∂̇pBsm)∂̇h]∂̇sB

pr + ∂̇[k(∂̇pB
sm)∂̇j(∂̇h]∂̇sB

pr)

+∂̇j(∂̇[kB
sm)∂̇h]∂̇p∂̇sB

pr + (∂̇[kB
sm)∂̇j ∂̇h]∂̇p(∂̇sB

pr)}

−
δij

n+ 1
{∂̇p(∂̇[hBsm)∂̇k]∂̇sB

pr}+
nδi[k

n2 − 1
{(∂̇j ∂̇h]Bsm)∂̇p∂̇sB

pr
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−(∂̇j ∂̇pB
sm)∂̇h]∂̇sB

pr + (∂̇h]B
sm)∂̇j ∂̇p∂̇sB

pr − (∂̇pB
sm)∂̇j ∂̇h]∂̇sB

pr}

+
δi[k

n2 − 1
{∂̇h](∂̇jBsm)∂̇p∂̇sB

pr − ∂̇h](∂̇pB
sm)∂̇j ∂̇sB

pr + (∂̇jB
sm)∂̇h]∂̇p∂̇sB

pr

−(∂̇pB
sm)∂̇[h∂̇j ∂̇sB

pr}+
ẋlδi

[k̇

n2 − 1
[∂̇j(∂̇h]∂̇lB

sm)∂̇p∂̇sB
pr

−∂̇j ∂̇h](∂̇pB
sm)∂̇l∂̇sB

pr + ∂̇h](∂̇lB
sm)∂̇j ∂̇p∂̇sB

pr − ∂̇h](∂̇pB
sm)∂̇j ∂̇l∂̇sB

pr

+∂̇j(∂̇lB
sm)∂̇h](∂̇p∂̇sB

pr)− ∂̇j(∂̇pB
sm)∂̇h](∂̇l∂̇sB

pr) + (∂̇lB
sm)∂̇j ∂̇h]∂̇p∂̇sB

pr

−(∂̇pB
sm)∂̇j ∂̇h]∂̇l∂̇sB

pr}] +
2δi[k

n2 − 1
{σm(j)∂̇h](∂̇pB

pm)− σm(p)∂̇h](∂̇jB
pm)]

+
2ẋlδi[k

n2 − 1
{σm(l)∂̇j(∂̇h]∂̇pB

pm)− σm(p)∂̇j ∂̇h](∂̇lB
pm)}.

2 Decomposition of conformal projective curvature tensor
We considered the decomposition of projective curvature tensor in the form

W i
jkh = Xi

jϕkh, (2.1)

whereXi
j is non zero tensor and ϕkh is skew symmetric decomposition tensor.

Transvecting (2.1) by yi, we get

yiW
i
jkh = λjϕkh, (2.2)

where {
a) yi = ẋjgij ,

b) λj = yiX
i
j .

(2.3)

We may choose another vector V j such that

V jλj = 1. (2.4)

Similar manner the decomposition of conformal projective curvature tensor W̄ i
jkh in the form

W̄ i
jkh = X̄i

jϕ̄kh, (2.5)

where X̄i
j is non zero conformal tensor and ϕ̄kh is conformal decomposition tensor.

Transvecting (2.5) by ȳi, we get

ȳiW̄
i
jkh = λ̄jϕ̄kh, (2.6)
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{
a) ȳi = ẋj ḡij ,

b) λ̄j = ȳiX̄
i
j .

(2.7)

Where λ̄j is non zero vector and choose another vector V̄ j such that

V̄ j λ̄j = 1. (2.8)

The projective recurrent conformal curvature tensor W̄ i
jkh is characterized by condition.

W̄ i
jkh(l̄) = V̄lW̄

i
jkh, (2.9)

where

W̄ i
jkh ̸= 0. (2.10)

The conformal covariant vector V̄l is called the conformal recurrence vector. The space equipped by such
conformal projective curvature tensor is called projective recurrent conformal Finsler space.

The conformal transformation of vector λj , V
j and tensorXi

j and the directional argument ẋj may be written
as 

a) X̄i
j = e−σXi

j ,

b) λ̄j = eσλj ,

c) V̄ j = e−σV j ,

d) ẋj = ẋj .

(2.11)

The projective curvature tensor satisfy the identity[3].

W i
jkh +W i

khj +W i
hjk = 0, (2.12)

and also satisfy the identity[7]

W i
jkh(l) +W i

jhl(k) +W i
jlk(h) = 0. (2.13)

Transvecting (2.6) by V̄ j , we get

ϕ̄kh = V̄ j ȳiW̄
i
jkh, (2.14)

using equation (1.12) in above equation and applying equations (2.7b), (2.11c),(2.11d) (2.5), (1.2) and using the
symmetric property of the function Gi

jkh and Bim, we obtain
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ϕ̄kh = eσV jyiW
i
jkh + 2eσV jσm[

F 2

n+ 1
∂̇j ∂̇[k(∂̇pB

pm)(h)] − yi∂̇j(∂̇[kB
im)(h)]

+
yj

n+ 1
{∂̇p(∂̇[kBpm)(h)]} −

y[k

n2 − 1
{n∂̇j(∂̇h]Bpm)(p) − n∂̇j(∂̇pB

pm)(h)]

+∂̇h](∂̇jB
pm)(p)] − ∂̇h](∂̇pB

pm)(j)]} −
ẋly[k

n2 − 1
∂̇j{∂̇h](∂̇lBpm)(p) (2.15)

−∂̇h](∂̇pB
pm)(l)}] + 2eσV j [σm[(k){∂̇h](∂̇jBim)yi −

yj
n+ 1

∂̇h](∂̇pB
pm)}

+n
y[k

n2 − 1
{σm(h)](∂̇j ∂̇pB

pm)− σm(p)(∂̇j ∂̇h]B
pm)}]

+2σmσre
σV j [∂̇j(∂̇[kB

sm)∂̇h]∂̇sB
ir − F 2

n+ 1
{∂̇j(∂̇[kBsm)∂̇h]∂̇p∂̇sB

pr

+(∂̇[kB
sm)∂̇j ∂̇h]∂̇p(∂̇sB

pr)} − yj
n+ 1

{∂̇p(∂̇[hBsm)∂̇k]∂̇sB
pr}

+
ny[k

n2 − 1
{(∂̇j ∂̇h]Bsm)∂̇p∂̇sB

pr − (∂̇j ∂̇pB
sm)∂̇h]∂̇sB

pr}

+
y[k

n2 − 1
{∂̇h](∂̇jBsm)∂̇p∂̇sB

pr − ∂̇h](∂̇pB
sm)∂̇j ∂̇sB

pr

+(∂̇jB
sm)∂̇h]∂̇p∂̇sB

pr + ẋl∂̇j(∂̇lB
sm)∂̇h](∂̇p∂̇sB

pr)

−ẋl∂̇j(∂̇pB
sm)∂̇h](∂̇l∂̇sB

pr) + ẋl(∂̇lB
sm)∂̇j ∂̇h]∂̇p∂̇sB

pr

−ẋl(∂̇pB
sm)∂̇j ∂̇h]∂̇l∂̇sB

pr}]
2eσV jy[k

n2 − 1
[{σm(j)∂̇h](∂̇pB

pm)

−σm(p)∂̇h](∂̇jB
pm)].

Thus we state

Theorem2.1. Under the decomposition (2.5), the conformal decomposition tensor ϕ̄kh is expressed in the form
(2.15).

Theorem 2.2. Under the decomposition (2.5), the conformal decomposition tensor ϕ̄kh Satisfy the condition

ϕ̄kh = −ϕ̄hk. (2.16)

Proof. Interchanging the indices k and h in (2.15) and adding the equation thus obtained to (2.15), we obtain

ϕ̄kh + ϕ̄hk = eσV jyi(W
i
jkh +W i

jhk), (2.17)

using the relationW i
jkh = −W i

jhk [3].
we get the identity (2.16).

Differentiating (2.5) covariantly with respect to xl in the sence of Berwald’s, we get

W̄ i
jkh(̄l)

= X̄i
j(l̄)ϕ̄kh + ϕ̄kh(l̄)X̄

i
j , (2.18)

applying (2.5) and (2.9) in the above equation, we find
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V̄lX̄
i
jϕ̄kh = X̄i

j(l̄)ϕ̄kh + X̄i
jϕ̄kh(l̄). (2.19)

Let us assume that the conformal tensor X̄i
j is covariant constant, then (2.19) reduces to

ϕ̄kh(l̄) = V̄lϕ̄kh. (2.20)

Conversely, if the above equation is true, then equation yields

X̄i
j(l̄)ϕ̄kh = 0, (2.21)

since ϕ̄kh is non zero conformal decomposition tensor, it implies

X̄i
j(l̄) = 0. (2.22)

which shows that X̄i
j is covariant constant in recurrent conformal Finsler space.

Thus we state:

Theorem 2.3. In projective recurrent conformal Finsler space, the necessary and sufficient condition for the
conformal decomposition tensor ϕ̄kh to be recurrent is that the conformal tensor X̄i

j is covariant constant in the
sense of Berwald’s.

If we suppose σ is constant, then the equation (2.15) reduces to

ϕ̄kh = eσV jyiW
i
jkh. (2.23)

The Berwald’s covariant derivative of equation (35) with respect to xl is given by

ϕ̄kh(l) = eσV jyiW
i
jkh(l). (2.24)

Adding the equation obtained by the cyclic change of the indices k, h and l in equation (2.24) andusing equation
(2.13), we obtain

ϕ̄[kh(l)] = 0. (2.25)

Theorem 2.4. Under the decompositon (2.5), If the mapping is homothetic then the conformal decompositon
tensor ϕ̄kh satisfy the Bianchi identity (2.25).

Theorem 2.5. Under the Decomposition (2.5), the conformal projective curvature tensor satisfy the identity.

W̄ i
jkh + W̄ i

khj + W̄ i
hjk = 0. (2.26)

Proof. Applying equation (2.23), (2.11a), (2.3b) and (2.4) in equation (2.5), we obtain

W̄ i
jkh = W i

jkh. (2.27)

Addin the equation obtained by the cyclic change of the indices j, k and h in equation (2.27), and using equation
(2.12), we get the identity (2.7).
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3 Identities satisfied by the conformally changed Projective curvature tensor.

Transvecting (1.12) by ḡiu, we get

W̄ i
jkhḡiu = e2σgiuW

i
jkh + 2e2σσmgiu[∂̇[kB

ir)Gm
h]jr − ∂̇j(∂̇[kB

im)(h)] (3.1)

+
ẋi

n+ 1
{∂̇j ∂̇[k(∂̇pBpm)(h)]}+

δij
n+ 1

{∂̇p(∂̇[kBpm)(h)]

−(∂̇[kB
pr)Gm

h]pr} −
δi[k

n2 − 1
{n∂̇j(∂̇h]Bpm)(p) − n∂̇j(∂̇pB

pm)(h)]

+∂̇h](∂̇jB
pm)(p)] − ∂̇h](∂̇pB

pm)(j)]} −
ẋlδi[k

n2 − 1
∂̇j{∂̇h](∂̇lBpm)(p)

−∂̇h](∂̇pB
pm)(l)}] + 2e2σgiu[σm[k{∂̇h](∂̇jBim)− ẋi

n+ 1
∂̇j(∂̇h]∂̇pB

pm)

−
δij

n+ 1
∂̇h](∂̇pB

pm)}+
nδi[k

n2 − 1
{σm(h)](∂̇j ∂̇pB

pm)

−σm(p)(∂̇j ∂̇h]B
pm)}] + 2e2σgiuσmσr[∂̇j(∂̇[kB

sm)∂̇h]∂̇sB
ir

− ẋi

n+ 1
{∂̇j ∂̇[k(∂̇pBsm)∂̇h]∂̇sB

pr + ∂̇[k(∂̇pB
sm)∂̇j(∂̇h]∂̇sB

pr)

+∂̇j(∂̇[kB
sm)∂̇h]∂̇p∂̇sB

pr + (∂̇[kB
sm)∂̇j ∂̇h](∂̇p∂̇sB

pr)}

−
δij

n+ 1
{∂̇p(∂̇[hBsm)∂̇k]∂̇sB

pr}+
nδi[k

n2 − 1
{(∂̇j ∂̇h]Bsm)∂̇p∂̇sB

pr

−(∂̇j ∂̇pB
sm)∂̇h]∂̇sB

pr + (∂̇h]B
sm)∂̇j ∂̇p∂̇sB

pr − (∂̇pB
sm)∂̇j ∂̇h]∂̇sB

pr}

+
δi[k

n2 − 1
{∂̇h](∂̇jBsm)∂̇p∂̇sB

pr − ∂̇h](∂̇pB
sm)∂̇j ∂̇sB

pr

+(∂̇jB
sm)∂̇h]∂̇p∂̇sB

pr − (∂̇pB
sm)∂̇[h∂̇j ∂̇sB

pr}

+
ẋlδi

[k̇

n2 − 1
[∂̇j(∂̇h]∂̇lB

sm)∂̇p∂̇sB
pr − ∂̇j ∂̇h](∂̇pB

sm)∂̇l∂̇sB
pr

+∂̇h](∂̇lB
sm)∂̇j ∂̇p∂̇sB

pr − ∂̇h](∂̇pB
sm)∂̇j ∂̇l∂̇sB

pr

+∂̇j(∂̇lB
sm)∂̇h](∂̇p∂̇sB

pr)− ∂̇j(∂̇pB
sm)∂̇h](∂̇l∂̇sB

pr)

+(∂̇lB
sm)∂̇j ∂̇h]∂̇p∂̇sB

pr − (∂̇pB
sm)∂̇j ∂̇h]∂̇l∂̇sB

pr}]

+
2e2σgiuδ

i
[k

n2 − 1
[{σm(j)∂̇h](∂̇pB

pm)− σm(p)∂̇h](∂̇jB
pm)}

+{ẋlσm(l)∂̇j(∂̇h]∂̇pB
pm)− ẋlσm(p)∂̇j ∂̇h](∂̇lB

pm)}]

where
W̄jukh = ḡiuW̄

i
jkh (3.2)

We have the following identities.
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Theorem 3.1. When Fn and F̄n are in conformal correspondence, we have

2W̄ i
[j<k>h = 2W i

[j<k>h] + 2σm[∂̇[j(∂̇h]B
im)(h)] − ∂̇[j(∂̇kB

im)(h)] (3.3)

+
ẋi

n+ 1
{∂̇[j ∂̇k(∂̇pBpm)(h)] − ∂̇[j ∂̇h](∂̇p]B

pm)(k)}

+
δi[j

n2 − 1
{∂̇p(∂̇kBpm)(h)] − ∂̇p(∂̇h]B

pm)(k)] − (∂̇kB
pr)Gm

h]pr

+(∂̇h]B
pr)Gm

kpr} −
δik

n2 − 1
{n∂̇[j(∂̇h]Bpm)(p) − n∂̇[j(∂̇pB

pm)(h])

+∂̇[h(∂̇j]B
pm)(p) − ∂̇[h(∂̇pB

pm)(j)]}+ ẋl∂̇[j ∂̇h](∂̇lB
pm)(p)

−ẋl∂̇[j ∂̇h](∂̇pB
pm)(l)}+

δi[h

n2 − 1
{n∂̇[h∂̇j](∂̇kBpm)(p)

−n∂̇j](∂̇pB
pm)(k) + ∂̇k(∂̇j]B

pm)(p) + ∂̇k(∂̇pB
pm

+ẋl∂̇j]∂̇k(∂̇lB
pm)(p) − ẋl∂̇j]∂̇k(∂̇pB

pm)(l)}+ 2σm(k){∂̇[h(∂̇j]Bim)

− ẋi

n+ 1
∂̇[j(∂̇h](∂̇pB

pm)−
δi[j

n2 − 1
∂̇h](∂̇pB

pm)

−n
δi[h

n2 − 1
∂̇j](∂̇pB

pm)} − 2σm[h{∂̇k(∂̇j]Bim)

− ẋi

n+ 1
∂̇j](∂̇k(∂̇pB

pm)−
δij]

n2 − 1
∂̇k(∂̇pB

pm)

−n
δi[h

n2 − 1
∂̇j](∂̇pB

pm)}+ 2nσm(p){
δi[h

n2 − 1
∂̇j](∂̇kB

pm)
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−
δi[k

n2 − 1
∂̇[j(∂̇h]B

pm)}2σmσr[∂̇[j(∂̇kB
sm)∂̇h]∂̇sB

ir

− ẋi

n+ 1
{∂̇[j ∂̇k(∂̇pBsm∂̇h]∂̇sB

pr − ∂̇[h(∂̇pB
sm)∂̇j]∂̇k∂̇sB

pr

+∂̇[j(∂̇kB
sm)∂̇h]∂̇p∂̇sB

pr + (∂̇[jB
sm)∂̇h]∂̇k(∂̇pB

pr)}

+
δi[j

n2 − 1
{∂̇p(∂̇h]Bsm)∂̇k∂̇sB

pr − ∂̇p(∂̇kB
sm)∂̇h]∂̇sB

pr}

−
δi[h

n2 − 1
{n∂̇j]∂̇kBsm)∂̇p∂̇sB

pr − n∂̇j](∂̇pB
sm)∂̇k∂̇sB

pr

+n(∂̇kB
sm)∂̇j]∂̇p∂̇sB

pr − n(∂̇[j ∂̇kB
sm)∂̇p∂̇sB

pr

+∂̇k(∂̇j]B
sm)∂̇p∂̇sB

pr − ∂̇k(∂̇pB
sm)∂̇j]∂̇sB

pr

+∂̇j]B
sm∂̇k∂̇p∂̇sB

pr − (∂̇pB
sm)∂̇k∂̇[j ∂̇sB

pr − ẋl∂̇j]∂̇k(∂̇lB
sm)(∂̇p∂̇sB

pr)

+ẋl∂̇j]∂̇k(∂̇pB
sm)(∂̇l∂̇sB

pr) + ẋl∂̇k(∂̇lB
sm)∂̇j](∂̇p∂̇sB

pr)

−ẋl∂̇k(∂̇pB
sm)∂̇j](∂̇l∂̇sB

pr) + ẋl∂̇j](∂̇lB
sm)∂̇k∂̇p∂̇sB

pr)

−ẋl∂̇j](∂̇pB
sm)∂̇k∂̇l∂̇sB

pr)− ẋl∂̇k(∂̇pB
sm)∂̇j](∂̇l∂̇sB

pr)

+ẋl∂̇j](∂̇lB
sm)∂̇k∂̇p∂̇sB

pr)− ẋl∂̇j](∂̇pB
sm)∂̇k∂̇l∂̇sB

pr)

+ẋl(∂̇lB
sm)∂̇j]∂̇k∂̇p∂̇sB

pr − ẋl(∂̇pB
sm)∂̇j]∂̇k∂̇l∂̇sB

pr}

−
δik

n2 − 1
{n∂̇[j(∂̇pBsm)(∂̇h]∂̇sB

pr)− n(∂̇[hB
sm)∂̇j]∂̇p∂̇sB

pr

−∂̇[h(∂̇pB
sm)∂̇j]∂̇sB

pr − (∂̇[jB
sm)∂̇h]∂̇p∂̇sB

pr − ẋl∂̇[h(∂̇lB
sm)∂̇j](∂̇p∂̇sB

pr)

+ẋl∂̇[h(∂̇pB
sm)∂̇j]∂̇l∂̇sB

pr − ẋl∂̇[j(∂̇lB
sm)∂̇h]∂̇p∂̇sB

pr

+ẋl∂̇[j(∂̇pB
sm)∂̇h](∂̇l∂̇sB

pr)}] + 2[σm[(j){
δik

n2 − 1
∂̇h](∂̇pB

pm)

−
δi[h

n2 − 1
∂̇k(∂̇pB

pm)}+
δi[h

n2 − 1
{σm(p)∂̇k(∂̇j]B

pm)− ẋlσm(l)∂̇j](∂̇k∂̇pB
pm)}

−ẋl
δi[j

n2 − 1
σm(p)∂̇h](∂̇k∂̇lB

pm)}

Proof. Interchanging the indices k and h in (1.12) and subtracting the equation thus obtained to (1.12) and using
the symmetric property of the function Gi

jkh, we get the result (3.3).

Theorem 3.2. When Fn and F̄n are in conformal correspondence,we have

W̄jukh − W̄jhku = e2σ(Wjukh −Wjhku) + 2e2σσmgi[u[{(∂̇kBir)Gm
h]jr (3.4)

−∂̇h]B
ir)Gm

kjr − ∂̇j(∂̇kB
im)(h)] + ∂̇j(∂̇h]B

im)(k)
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+
ẋi

n+ 1
{∂̇j ∂̇k(∂̇pBpm)h]} − ∂̇j ∂̇h](∂̇pB

pm)k}

+
δij

n2 − 1
{∂̇p(∂̇kBpm)(h)] − ∂̇p(∂̇h]B

pm)(k) − (∂̇kB
pr)Gm

h]pr

+(∂̇h]B
pr)Gm

kpr}+
δik

n2 − 1
{n∂̇j(∂̇pBpm)(h)] − n(∂̇j ∂̇h]B

pm)(p)

−∂̇h](∂̇jB
pm)(p)] + ∂̇h](∂̇pB

pm)(j) − ẋl∂̇j(∂̇h](∂̇lB
pm)(p)

+ẋl∂̇j ∂̇h](∂̇pB
pm)(l)}+

δih]

n2 − 1
{n∂̇j(∂̇kBpm)(p)

−n∂̇j(∂̇pB
pm)(k) + ∂̇k(∂̇jB

pm)(p)] − ∂̇k(∂̇pB
pm)(j)

+ẋl∂̇j(∂̇k(∂̇lB
pm)(p) + ẋl∂̇j ∂̇k(∂̇pB

pm)(l)}

+2e2σgi[u[σm(k){∂̇h](∂̇jBim)− ẋi

n+ 1
∂̇j ∂̇h](∂̇pB

pm)

−
δij

n2 − 1
∂̇h](∂̇pB

pm)− n
δih]

n2 − 1
∂̇j(∂̇pB

pm)} − σm(h)]{∂̇k(∂̇jBim)

− ẋi

n+ 1
∂̇j ∂̇k(∂̇pB

pm)−
δij

n2 − 1
∂̇k(∂̇pB

pm)− n
δik

n2 − 1
∂̇j(∂̇pB

pm)}

−σm(p){
nδik

n2 − 1
∂̇j(∂̇h]B

pm) +
nδih]

n2 − 1
∂̇j(∂̇kB

pm)}]

+2e2σgi[uσmσr[∂̇j(∂̇kB
sm)∂̇h]∂̇sB

ir − ∂̇j(∂̇h]B
sm)∂̇k∂̇sB

ir

− ẋi

n+ 1
{∂̇j ∂̇k(∂̇pBsm)∂̇h]∂̇sB

pr − ∂̇j ∂̇h](∂̇pB
sm)∂̇k∂̇sB

pr

−∂̇j ∂̇k(∂̇pB
sm)∂̇h](∂̇sB

pr) + ∂̇j ∂̇h](∂̇pB
sm)(∂̇k∂̇sB

pr)

+∂̇j(∂̇kB
sm)∂̇h]∂̇p∂̇sB

pr − ∂̇j(∂̇h]B
sm)∂̇k∂̇p∂̇sB

pr

+(∂̇kB
sm)∂̇j ∂̇h]∂̇p(∂̇sB

pr)− (∂̇h]B
sm)∂̇j ∂̇k∂̇p(∂̇sB

pr)}

+
δij

n+ 1
{∂̇p(∂̇h]Bsm)∂̇k∂̇sB

pr − ∂̇p(∂̇kB
sm)∂̇h]∂̇sB

pr}

+
δik

n2 − 1
{n∂̇j(∂̇h]Bsm)∂̇p∂̇sB

pr − n∂̇j(∂̇pB
sm)∂̇h]∂̇sB

pr

+n∂̇h](∂̇pB
sm)∂̇j ∂̇sB

pr − n(∂̇pB
sm)∂̇j ∂̇h]∂̇sB

pr

+∂̇h](∂̇jB
sm)∂̇p∂̇sB

pr − ∂̇h](∂̇pB
sm)∂̇j ∂̇sB

pr

+(∂̇jB
sm)∂̇h]∂̇p∂̇sB

pr − (∂̇pB
sm)∂̇h]∂̇j ∂̇sB

pr

+ẋl∂̇j ∂̇h](∂̇lB
sm)∂̇p∂̇sB

pr − ẋl∂̇j ∂̇h](∂̇pB
sm)∂̇l∂̇sB

pr

+ẋl∂̇h]((∂̇lB
sm)∂̇j ∂̇p∂̇sB

pr − ẋl∂̇h](∂̇pB
sm)∂̇j ∂̇l∂̇sB

pr

−ẋl∂̇j ∂̇h](∂̇pB
sm)∂̇l∂̇sB

pr + ẋl∂̇h]((∂̇lB
sm)∂̇j ∂̇p∂̇sB

pr
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−ẋl∂̇h](∂̇pB
sm)∂̇j ∂̇l∂̇sB

pr + ẋl∂̇j(∂̇lB
sm)∂̇h]∂̇p∂̇sB

pr − ẋl∂̇j(∂̇pB
sm)∂̇h]∂̇l∂̇sB

pr

+ẋl(∂̇lB
sm)∂̇j ∂̇h]∂̇p∂̇sB

pr − ẋl(∂̇pB
sm)∂̇j ∂̇h]∂̇l∂̇sB

pr} −
δih]

n2 − 1
{n∂̇j(∂̇kBsm)∂̇p∂̇sB

pr

−n∂̇j(∂̇pB
sm)∂̇k∂̇sB

pr

Proof. Interchanging the indices u and h in (3.1) and subtracting the equation thus obtained to (3.1), we obtain
the identity (3.4).

Theorem 3.3. When Fn and F̄n are in conformal correspondence, we have

W̄jukh + W̄ujhk = e2σ(Wjukh +Wujhk) (3.5)

+4e2σσmgi(u[{(∂̇[kBir)Gm
h]j)r − ∂̇j)(∂̇[kB

im)(h)]

+
ẋi

n+ 1
∂̇j)∂̇[k(∂̇pB

pm)(h)] +
δij)

n+ 1
{∂̇p(∂̇[kBpm)(h)]

−(∂̇[kB
pr)Gm

h]pr} −
δi[k

n2 − 1
{n∂̇j)(∂̇h]Bpm)(p) − n∂̇j)(∂̇pB

pm)(h)]

+∂̇h](∂̇j)B
pm)(p) − ∂̇h](∂̇pB

pm)(j)) + ẋl∂̇j)∂̇h](∂̇lB
pm)(p)

−∂̇j)∂̇h](∂̇pB
pm)(l)}] + 4e2σσm[(k)gi(u[{∂̇h](∂̇j)Bim)

− ẋi

n+ 1
∂̇j)(∂̇h]∂̇pB

pm)−
δij)

n2 − 1
∂̇h](∂̇pB

pm)}

+
nδi[k

n2 − 1
{σm(h)]∂̇j)(∂̇pB

pm)− σm(p)(∂̇j)∂̇h]B
pm)}]

+4e2σσmσrgi(u[{∂̇j)(∂̇[kBsm)∂̇h]∂̇sB
ir

− ẋi

n+ 1
∂̇j)∂̇[k(∂̇pB

sm)∂̇h]∂̇sB
pr + ∂̇[k(∂̇pB

sm)∂̇j)(∂̇h]∂̇sB
pr)

+∂̇j)(∂̇[kB
sm)∂̇h]∂̇p∂̇sB

pr + (∂̇[kB
sm)∂̇j)∂̇h]∂̇p∂̇sB

pr

+
δij)

n2 − 1
∂̇p(∂̇[hB

sm)∂̇k]∂̇sB
pr +

δi[k

n2 − 1
{n∂̇j)(∂̇h]Bsm)∂̇p∂̇sB

pr

−n∂̇j)(∂̇pB
sm)∂̇h]∂̇sB

pr + n(∂̇h]B
sm)∂̇j)∂̇p∂̇sB

pr

−n(∂̇pB
sm)∂̇j)∂̇h]∂̇sB

pr) + ∂̇h](∂̇j)B
sm)∂̇p∂̇sB

pr

−∂̇h](∂̇pB
sm)∂̇j)∂̇sB

pr + (∂̇j)B
sm)∂̇h]∂̇p∂̇sB

pr

−(∂̇pB
sm)∂̇h]∂̇j)∂̇sB

pr + ẋl∂̇j)∂̇h](∂̇lB
sm)∂̇p∂̇sB

pr

−∂̇j)∂̇h](∂̇pB
sm)∂̇l∂̇sB

pr + ∂̇h](∂̇lB
sm)∂̇j)∂̇p∂̇sB

pr

−∂̇h](∂̇pB
sm)∂̇j)∂̇l∂̇sB

pr + ∂̇j)(∂̇lB
sm)∂̇h]∂̇p∂̇sB

pr

−∂̇j)(∂̇pB
sm)∂̇h]∂̇l∂̇sB

pr + (∂̇lB
sm)∂̇j)∂̇h]∂̇p∂̇sB

pr
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−(∂̇pB
sm)∂̇j)∂̇h]∂̇l∂̇sB

pr)}] + 4e2σ
gi(uδ

i
[k

n− 1
[{σm(j))∂̇h](∂̇pB

pm)

−σm(p)∂̇h](∂̇j)B
pm)}+ ẋl{σm(l)∂̇j)(∂̇h]∂̇pB

sm)

−σm(p)∂̇j)(∂̇h]∂̇lB
pm)}]

Proof. By interchanging the indices in each pair (j, u) and (k, h) in equation (3.1) and adding the equation thus
obtained from (3.1), we obtain the identity (3.5).

Theorem 3.4. When Fn and F̄n are in conformal correspondence, we have

W̄jukh + W̄jhku + W̄khju + W̄kujh = e2σ(Wjhku +Wjukh +Wkujh +Wkhju) (3.6)

+4e2σσmgi(u[∂̇[kB
ir)Gm

h)j]r − ∂̇[j(∂̇k]B
im)(h)) + ∂̇[j(∂̇h)B

im)(k)]

+
ẋi

n+ 1
{∂̇[j ∂̇k](∂̇pBpm)(h)) − {∂̇[j ∂̇h)(∂̇pBpm)(k)]}+

δi[j

n+ 1
{∂̇p(∂̇k]Bpm)(h))

−∂̇p(∂̇h)B
pm)(k)] − (∂̇k]B

pr)Gm
h)pr + (∂̇h)B

pr)Gm
k]pr} −

δi[k

n2 − 1
{n∂̇j](∂̇h)Bpm)(p)

−n∂̇j](∂̇pB
pm)(h)) + ∂̇h)(∂̇j]B

pm)(p) − ∂̇h)(∂̇pB
pm)(j)]}+

δih)

n2 − 1
{n∂̇[j(∂̇k]Bpm)(p)

−n∂̇[j(∂̇pB
pm)(k)] + ∂̇[k(∂̇j]B

pm)(p) − ∂̇[k(∂̇pB
pm)(j)]} −

ẋlδi[k

n2 − 1
{∂̇j]∂̇h)(∂̇lBpm)(p)

−∂̇j]∂̇h)(∂̇pB
pm)(l)]}+

ẋlδih)

n2 − 1
{∂̇[j ∂̇k](∂̇lBpm)(p) − ∂̇[j ∂̇k](∂̇pB

pm)(l)]}]

+4e2σgi(u[σm[k{∂̇h)(∂̇j]Bim)− ẋi

n+ 1
∂̇j](∂̇h)∂̇pB

pm)−
δij]

n+ 1
∂̇h)(∂̇pB

pm)}

−σm(h)){∂̇[k(∂̇j]Bim)− ẋi

n+ 1
∂̇[j(∂̇k]∂̇pB

pm)−
δi[j

n+ 1
∂̇k](∂̇pB

pm)}

+
nδi[k

n2 − 1
{σm(h))(∂̇j]∂̇pB

pm)− σm(p)(∂̇j]∂̇h)B
pm)} −

nδih)

n2 − 1
{σm[(k)(∂̇j]∂̇pB

pm)

−σm(p)(∂̇[j ∂̇k]B
pm)}+ 4e2σσmσrgi(u[∂̇[j(∂̇k]B

sm)∂̇h)∂̇sB
ir − ∂̇[j(∂̇h)B

sm)∂̇k]∂̇sB
ir

− ẋi

n+ 1
{∂̇[j ∂̇k](∂̇pBsm)∂̇h)∂̇sB

pr − ∂̇[j ∂̇h)(∂̇pB
sm)∂̇k]∂̇sB

pr

−∂̇[k(∂̇pB
sm)∂̇j](∂̇h)∂̇sB

pr)− ∂̇h)(∂̇pB
sm)∂̇[j(∂̇k]∂̇sB

pr) + ∂̇[j(∂̇k]B
sm)∂̇h)∂̇p∂̇sB

pr

−∂̇[j(∂̇h)B
sm)∂̇k]∂̇p∂̇sB

pr − (∂̇[kB
sm)∂̇j]∂̇h)(∂̇p∂̇sB

pr)− (∂̇h)B
sm)∂̇[j ∂̇k](∂̇p∂̇sB

pr)}

−
δi[j

n+ 1
{∂̇p(∂̇h)Bsm)∂̇k]∂̇sB

pr − ∂̇p(∂̇k]B
sm)∂̇h)∂̇sB

pr}

+
δi[k

n2 − 1
{n(∂̇j]∂̇h)Bsm)∂̇p∂̇sB

pr − n(∂̇j]∂̇pB
sm)∂̇h)∂̇sB

pr + n(∂̇h)B
sm)∂̇j]∂̇p∂̇sB

pr
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−n(∂̇pB
sm)∂̇j]∂̇h)∂̇sB

pr + ∂̇h)(∂̇j]B
sm)∂̇p∂̇sB

pr − ∂̇h)(∂̇pB
sm)∂̇j]∂̇sB

pr

+(∂̇j]B
sm)∂̇h)∂̇p∂̇sB

pr − (∂̇pB
sm)∂̇h)∂̇j]∂̇sB

pr} −
δih)

n2 − 1
{n(∂̇[j ∂̇k]Bsm)∂̇p∂̇sB

pr

−n(∂̇[j ∂̇pB
sm)∂̇k]∂̇sB

pr + n(∂̇[kB
sm)∂̇j]∂̇p∂̇sB

pr − n(∂̇pB
sm)∂̇[j ∂̇k]∂̇sB

pr

+∂̇[k(∂̇j]B
sm)∂̇p∂̇sB

pr − ∂̇[k(∂̇pB
sm)∂̇j]∂̇sB

pr + (∂̇[jB
sm)∂̇k]∂̇p∂̇sB

pr

−(∂̇pB
sm)∂̇[k∂̇j]∂̇sB

pr}+
ẋlδi

[k̇

n2 − 1
{∂̇j](∂̇h)∂̇lBsm)∂̇p∂̇sB

pr − ∂̇[j ∂̇h)(∂̇pB
sm)∂̇l∂̇sB

pr

+∂̇h)(∂̇lB
sm)∂̇j]∂̇p∂̇sB

pr − ∂̇h)(∂̇pB
sm)∂̇j]∂̇l∂̇sB

pr + ∂̇j](∂̇lB
sm)∂̇h)(∂̇p∂̇sB

pr)

−∂̇j](∂̇pB
sm)∂̇h)(∂̇l∂̇sB

pr) + (∂̇lB
sm)∂̇j]∂̇h)∂̇p∂̇sB

pr − (∂̇pB
sm)∂̇j]∂̇h)∂̇l∂̇sB

pr}

−
ẋlδih)

n2 − 1
{∂̇[j(∂̇k]∂̇lBsm)∂̇p∂̇sB

pr − ∂̇[j ∂̇k](∂̇pB
sm)∂̇l∂̇sB

pr + ∂̇[k(∂̇lB
sm)∂̇j]∂̇p∂̇sB

pr

−∂̇[k(∂̇pB
sm)∂̇j]∂̇l∂̇sB

pr + ∂̇[j(∂̇lB
sm)∂̇k](∂̇p∂̇sB

pr)− ∂̇[j(∂̇pB
sm)∂̇k](∂̇l∂̇sB

pr)

+(∂̇lB
sm)∂̇[j ∂̇k]∂̇p∂̇sB

pr − (∂̇pB
sm)∂̇[j ∂̇k]∂̇l∂̇sB

pr}]

+4e2σgi(u[
δi[k

n2 − 1
{σm(j)]∂̇h)(∂̇pB

pm)− σm(p)∂̇h)(∂̇j]B
pm) + ẋlσm(l)∂̇j](∂̇h)∂̇pB

pm)

−ẋlσm(p)∂̇j]∂̇h)(∂̇lB
pm)} −

δih)

n2 − 1
{σm[(j)∂̇k](∂̇pB

pm)− σm(p)∂̇[k(∂̇j]B
pm)

+ẋlσm(l)∂̇[j(∂̇k]∂̇pB
pm)− ẋlσm(p)∂̇[j ∂̇k](∂̇lB

pm)}]

Proof. The proof follows in consequence of (3.1) and (3.4).

References
[1] M.S. Knebelman, Conformal geometry of generalized metric spaces, proc. Nat Acad. Sci. U.S.A., 15 (1929)

376-379.

[2] R. B. Mishra, Projective tensor in conformal Finsler space, Bull. de Ia classes des science, Acad Royale de
Belgique,(1967) 1275-1279

[3] H. Rund, The differential geometry of Finsler space, Springer-Verlag(1959).

[4] P. N. Pandey, On decomposability of curvature tensor of a Finsler manifold, Acta Mathematica Academiae
Scieniarum hungaricae, Tomus 38 (1-4) (1981) 109-116.

[5] H.D. Pande, Various commutational formula in conformal Finsler space, Progress ofMathematics 2 (2) (1969)
228-232.

[6] A. K. Kumar, The effect of conformal change over some intities in finsler space, Atti della Accad. Naz Linceli
rendiconti, (1-2), Vol. LII, (1972) 60-70.

[7] A. Kumar, H. S. Shukla and R. P. Tripathi, On the existence of projective affine motion inW-recurrent Finsler
space, Tam. J. Math 32 (1) (2000) 71-78.

2020, Volume 14, No. 2 104 Theory of Approximation and Applications


