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1 Introduction

Most of phenomena and events in the real world occur unexpectedly among which are the changes in economic
and political systems, collapse of governments, conflicts between tribes, wars, terrorist attacks. Thus, it is not
possible to anticipate or estimate, the price of stocks, valuable papers, monetary units and precious metals accu-
rately. Therefore, the only way find out how this factor can affect the growth or drop in the value of companies
is focusing on the price of stocks. Investigation on effects of the factors along with uncertainty theory can help
better understanding and more exact modeling of these phenomena. The uncertainty theory was first introduced
by Liu who then presented the concept of uncertainty measure which is powerful tool for dealing with uncertain
phenomena, to facilitate measuring of uncertain events that are based on normality, monotonicity, self-duality,
and maximality axioms.
Then the concept of uncertain process was proposed by Liu, [7], that introduces a particular uncertain process
with stationary and independent increment named canonical Liu’s process which is just like a stochastic process
described by Brownian motion. Since then some literatures have been published on the canonical Liu’s process
and its applications in other sciences, such as economics and optimal control have been published [27]. Then Liu
was inspired by stochastic notions and ito process to introduce uncertain differential equations [10] which were
driven by canonical Liu’s process for better understanding the uncertain phenomena.
This paper concerns a class of uncertain functional differential equations (UFDEs). A prototype for this class is
the equation,

dX (t) = f(Xy, t)dt + g(Xy, )dC(t), to <t <T, (1.1)
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where X; = {X(t +6) | —oo < # < 0} can be regarded as a C((—oc, 0], R?)-value uncertain process, where
f: C((—00,0], R?) x [to, T]O — R%and g : C((—o0,0], RY) x [to, T]O0 — R¥*™ be Borel measurable, and z(t) is
the solution to the Eq. (1.1) and is a function of a uncertain process. Regarding to the importance of existence and
uniqueness of a solution to uncertain differential equations driven by canonical Liu’s process, Liu investigated the
existence and uniqueness of solution to the uncertain differential equations by employing Lipschitz and Linear
growth conditions [4], and stability analysis of uncertain differential equations was given by Yao et al.[23]. Many
researchers managed to find analytic solutions for some special types of uncertain differential equations such as
Chen and Liu [1].
The main goal of this paper is the prove weaker conditions to study of existence and uniqueness of solution to
the uncertain functional differential equations. In this regard, we prove a new existence and uniqueness theorem
under the weak Lipschitz condition and the linear growth condition.
This paper is arranged as follows: Section 2 is intended to introduce some basic concepts and theorems in un-
certainty theory and uncertain differential equation. In section 3, we will focus on the main results including a
new existence and uniqueness theorem for the solution of a UFDE under a weak condition. Finally, conclusion is
drawn.

2 Preliminaries

This section will briefly introduce some basic concepts in uncertainty theory.
Let || - | denote Euclidean norm in R". If A is a vector or a matrix, its transpose is denoted by A7 if A is a matrix,

its trace norm is represented by || A|| = /trace(AT A).
Definition 2.1 [1]: Let L be a o-algebra on a nonempty set I'. A set function

M : L — [0,1] is called an uncertain measure if it satisfies the following axioms:
1. Axiom (Normality) MA{T} =1.
2. Axiom (Duality) M{A} + M{A°} =1 for any event A.

3. Axiom (Subadditivity) For every countable sequence of events A1, As, - - - , we have
M{UZ, Ai} < B2 M{A;}
Besides, the product uncertain measure on the product o-algebra L is defined by Liu [10] as follows:

4. Axiom (Product) Let (T, Ly, M) be uncertainty spaces for &k = 1,2, - - - Then the product uncertain measure
M on the product o-algebra satisfies

M{H?ilAk} = AEO:1Mk{Ak}

where Ay are arbitrarily chosen events from L, for k = 1,2, - - - , respectively. In order to represent the quantities
with uncertainty, an uncertain variable was proposed as a real valued function on an uncertainty space.
Definition 2.2 [1] : An uncertain variable ¢ is a measurable function from an uncertainty space (I', L, M) to the
set of real numbers with a filtration {L,},;>, satisfying the usual conditions (i.e. it is right continuous and L,
contains all M -null sets).

Let T be an index set and let (I', L, M) be an uncertainty space. An uncertain process is a measurable function
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from T x (T, L, M) to the set of real numbers, (i.e., for each ¢ € T and any Borel set B of real numbers, the set
{z; € B} = {y € I'|a+(y) € B} is an event.

Now, let us introduce a special uncertain process called the canonical process, that plays the role of counterpart
of Brownian motion.

Definition 2.3 [6]: A uncertain process C} is said to be a canonical process if:

« () Co =0,
« (ii) C; has stationary and independent increments,

« (iii) every increment C;; ; — C; is a normally distributed uncertain variable X (0, ¢) with expected value 0 and
variance t> whose uncertainty distribution is
¢(z) = (14 exp (%))_1 reR

Based on the canonical process, Liu [6] proposed an uncertain integral of an uncertain process with respect to
the canonical process and thus founded a theory of uncertain calculus.

Definition 2.4: [6] Let X; be an uncertain process and C; be a canonical process. For any partition of closed
interval [a,b] with a = ¢; <ty < -+ < tx4+1 = b, the mesh is written as

A = maxi<i<k [tiv1 — ti

then the uncertain integral of X; with respect to C; is

b k
/a X;dCy = Alir_)nOZ;Xti.(CiH—Cti) (2.1)

provided that the limit exists almost surely and is finite.
Definition 2.5:[6] The uncertainty distribution ¢ of an uncertain variable is defined by
¢(x) = M{¢ < x} for any real number x. The expected value of an uncertain variable ¢ is

Blg) = [ M{e > rydr — [ M{¢ <r}dr

provided that at least one of the two integrals is finite.
Theorem 2.1(Holder[ls Inequality)[15]: Let p and ¢ be two positive real numbers with ]% + % = 1,and ¢ and 7
be independent uncertain variables with E[||{||?] < +occ and E[||n]|?] < +oc0. We have

Elliénlll < &/ Ell€lP1/ Elllnl9)-

Theorem 2.2(Chebychev’s Inequality):[15] Let { : § — R™ be uncertain variable such that EJ||¢|’] < +oo for
some p,0 <p < oo.
Then Chebychev’s inequality is as follows:

Mllgll = A < 5 E[g]17) for all A > 0.

Definition 2.6:[6] Assume that C(t) is an m-dimensional canonical process defined on uncertainty space, that
is C(t) = (C1(1), Ca(t), -, Cn (1))

Definition 2.7:[6] Let C((—oo, 0], R?) denote the family of bounded continuous R? -value functions = defined
on (oo, 0] with norm
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Iz [|= sup_co<o<o l2(O)]]-

Notation 1: /?(#,R9) the family of R9-valued fuzzy variables ¢ with E|¢|P < oo.

Notation 2: (P([a,b], RY) the family of R9-valued P;-adapted processes {f(t)}a.<¢<p such that fab |f(®)Pdt < oo
almost surely.

Notation 3: MP([a,b],RY) the family of processes {f(t)}a<i<p in #P([a, b], RY) such that ff |f(t)Pdt < 0.
Notation 4: /P(R, RY) the family of processes { f(t) }+~o such that for every T > 0, { f(t) }a<t<7 € ([0, T], R9).

3 The existence-and-uniqueness theorem

Consider a d-dimensional uncertain functional differential equations(UFDE)
dX (1) = f(Xy,t)dt + g(Xi, 0)dC(t), to <t <T, (3.1)

where X; = {X(t +6) | —o0o < 6 < 0} can be regarded as a C((—o0, 0], R%)-value uncertain process, where

f:C((—00,0], RY) x [tg,T] — R%and g : C((—00,0], RY) x [to, T]O — R¥™ be Borel measurable.

First, we propose the definition of the solution of (2.3), then existence, uniqueness theorem is brought.
Definition 3.1: An R"™-value uncertain process X; on to < t < T is called a solution to equation (2.3) with

initial data (2.4) if it has the following properties:

1. it is continuous and { X };,<¢<7 is P;-adapted
2. [ |f(X,t)]dt < coand [ [g(X, t)|dt < oo
3. Xy, = P and, foreveryty <t <T,
X(t) = B0) + [} f(Xs,5)ds + [ g(Xs,5)dC(s)  a.s.
We consider two conditions A4; and A as follows
« A;: (uniform Lipschitz condition) For any =,y € C((—o0,0], R?) and t € [to, T], it follows
(2. 8) = fy. O Vg2, 1) — gy, t)]* < Kllz — y]|*; (3-2)
« Ay: Foranyt € [to, T), it follows that f(0,t), g(0,t) € L? such that
£0.0)P v ]g(0. )" < K. (3:3)
where K and K are two positive numbers.
Lemma 3.1. If p > 2, g0 € M?([ty, T], R*™*™) such that
E [} g(s)IPds < oo,
then

—1)\2 22
E| [ g(s)dC(s)P < (P& )57 E [T |g(s)|Pds
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Lemma 3.2: Let A; is hold. If X (¢) is the solution of (2.3) with initial data (2.4), then

E( sup |X()))? < E|j¢||? + CeSK(T-totD)(T—t0) (3.4)

—oo<t<T
where C = 3E||¢||> + 6(T — to + 1)(T — to)(K + OKE||£||?).

In addition, X (t) € M?((—oo, T], R%).
Proof: For each number n > 1, define the stopping time

o =T Ninf{t € [to, T] : || X¢|| > n}.
Obviously, as n[0 — Ooo, 7, T Ta.s. Let X™(t) = X (t A 7p,),t € [to, T]. Then X™(t) satisfy the following equation
X )+ i FOXE )Tty 7y (5)ds + [ g(X2,8)Igy,7, (8)dC(s)

by the elementary inequality (a + b + ¢)? < 3(a? + b2 + ¢?), one gets
XU <HEOF 431 [ O (1057431 [ 920y, (P (3.5
Taking the expectation on both sides, and by the Holder inequality and (3.5) thus we have
E|X"(t)[> < BEIE(0)] + 3B [, f(XP,5) Iy r,,(s)ds|? + BE| [}, g(XI, $)I4y7,,(s)dC(s) 2
< BB+ 3(t — to) B [y, [F(X]5)ds + 3E [y 19(X{ )L, (5) .
One further obtains that
E((supyyyer | X)) < BE|I&]2 +3(t — t0) E [y, (X7, )[*ds[* + 3| [;, 2]g(X7, )|*d(s)
< BE||E)? +6(t —to + DE [, (K| X2+ K)ds
< 1+ 6K(T —to +1) fy, B(IE]? + sup,, <, | X7 ds

< Cy+ 6K (T —to+1) [, E(supy, <, | X7*)ds,

where C1 = 3E||€]|2 +6(t — to + 1)(T — to), C2 = C1 + 6 K(T — to + 1)(T — to) E||€]|?,
By the Gronwall inequality,

E(SUp;, <oy | X" (5)[?) < CeOK(T—tot1)(T—t0), to<t<T.
Noting the fact that
(SUP_ st [ X (5)))? < [IEI1% + (SUPs <<y [ X (5)])2,
therefore

E(SUP_qocsct [ X" (5)1?) < EIE]° + E(supy, < o< [ X (5)]?)
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< E||€]|2 + CeSK(T—to+1)(T—to)
Letting ¢ = T, it then follows that
E(sup_, .7 |X"(s)|?) < E[I€]* + CeSK (T—to+1)(T—to).
that is
E(SUp__yer | X (s A 7)) < E|g][2 + CeSKT—torD(T~t0),
Consequently
E(SUp_oocyer, [X (5)[?) < EI[¢]? + CeSKT—torD(T—t0),
Letting n[1 — oo, it then implies the following inequality
E(SUp_ oo yer | X(5)[2) < Bg]|? + CeSKT—torD(T—t0) ]

Theorem 3.1: Let conditions A; and A are holds. Then initial value problem (2.3)-(2.4) has a unique solution
X (t). Moreover, X (t) € M?((—o0,T], R%).

Proof. Let X; and [JX; are solutions of equation (2.3),
put a(s,w) = f(s, Xs) — f(s,Xs) and b(s,w) = g(s, Xs) — g(s, X 5) where w € 6. Then

X;— X, = [} ads + [} bdCs.
Using Holder inequality and Lipschitz condition, we obtain
X, — X2 < 2| [ ads? +2| [} bdCs[? < 2(t — to) [} K|Xs — X4[?ds +2| [, bdCy|>.
Thus, we get
SUp, o<t | Xs — OX 2 < 2K(T —to) [, | X — OX[2ds + 2sup, < ., | f,; bdCil*.
Taking the expectation and noting Doob inequality we may deduce that
B(Sup;y< ey | Xs — Xof?) < 2K(T +4) [} E(supy<,c | X, — Xr|?)ds.

According to Gronwall inequality, we have

E( sup |Xt *Yt|2) =0. (36)

to<t<T

The above expression means that X (t) = O X, fortg <t <T.
Therefore, for all —oco < t < T, X; = X,a.s. The proof of uniqueness is complete.
Next to check the existence, define X = ¢ and X°(¢) = £(0), for to <t < T.

Let X;! =¢,n=1,2,---, and define Picard sequence
t t
Xp = [0 sast [ gz 9dc(). (3.7)
to to

Clearly X°(t) € M((—oc, T], R?). By induction X"(t) € M?((—o0,T], R%). In fact

t t
X" (@) < 3IEO)F +3] [ FXTTHs)ds]? +3] [ g(XT7H5)dC(s)]*. (3-8)

to to

From the Holder inequality, we have
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E[X"(t)* < BE|(0)]> + 3E| [, f(XI7Y s)ds|? + 3E| [} g(XP1,5)dC(s)[?
< BE[IE)? +3(t — to)E [, [F(XI7Y,s) = £(0,5) + £(0,5)[*ds
+3E [, |g(X27L,5) — g(0,5) + 9(0, 5)|ds.

Again the elementary inequality (a + b)? < 2a? + 2b? and (3.6) imply that

EIX"(t)* < BE||E|* + 3(t — to) E [, 21 £(X27,8) = £(0,5)]* + 2/ £(0,5)2ds
+3E [y 20g(XI7s) = g(0, )2 +2|g(0, 5)[*)ds
< BE|IE)? + 3(t — to + 1E [, (2K||X77? + 2K)ds
< Cy+6K(T —to+1) [ E(supy o <, |X27?)ds
< Cy+6K(T —to+1) [, B(IX271?)ds,

where C; = 3E||¢||2 + 6(t — to + 1)(T — to). Hence for any k > 1, one can derive that

maxj<np<k E|Xn(t)|2 < Cl + 6F(T —to + 1) fti) maxi<n<k E(|Xg_1|2)d8

Note that
maxi <,<k B| X" (s)[* = max{E[£(0) %, E|X ' (s)]?, - BIX"(s)*}
< max{E[|¢[?, BIX (s)]?, - BIXF(s)|%, B X" (s)[*}
= max{E¢]|*, maxi<,<x E|X"(s)[*}
< E||¢]|2 4+ max; <<k B|X"(s) [,
therefore

max; <<k E|X"(1)[2 < Oy + 6K (T — to + 1) [, (E||&]|* + maxy <p<x B(|X7[?))ds
< Cy + 6K (T — to + 1)E [, E(maxi<p<k | X[?)ds,
where Cy = C1 + 6K (T — to + 1)(T — to) E||€]|?.
From the Gronwall inequality, one gets that
max <<k E|xn(8)|2 < 02€6F(T—t0+1)(T—t0)

Since k is arbitrary, B
EIX™(s)|? < CyetK(T—to+ )(T—to) to<t<T n>1 (3.9)

From the Holder inequality and (3.6), one then has
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E|X (1) — X)) < 2B| [;, F(X0,s)ds[* +2E] [ g(XD,5)dC(s)|?
<2t —t0)E [y [F(X0,)2ds + E [, |9(X?, 5)[2ds
<2t —to + 1)E [; (2K X?||? + 2K)ds
<AK(t—to+ 1)(t —to) + 4K (t —to + 1)(t — to) E||]?,
that is
E(supy, << [ X (t) = XO(t)]?) < 4K (t —to + 1)(t —to) + 4K (t — to + 1)(t — to) E||€]1*.
Taking ¢t = T, then
E(supy,< < X1 (t) = XO()]?) < 4K(T — to + 1)(T — to) + 4K(T — to + 1)(T — to) E||¢]|* := C.
By the same ways as above, we compute
EIX(t) — XO(t)]* < 2B [y [f(X3,8) — F(XO,5)]ds|*
+2E| [, [9(X3,5) — g(X0, 5]dC(s)[?

<2t —10)E [y [F(X3,8) = F(X0,5)[Pds + E [ 19(X},5) — g(X, 5)[2ds

thus we derive that
E(supy,<, <, | X2(t) = X'(t)]?) < ME [, || X*(s) — X°(s)||*ds
< M [} E(sup, <<, |X'(r) = X°(r)[?)ds < M(t — t)C,

where M = 2K (T — to + 1). Similarly,

E(supy, <oy | X (1) = X2(1)]%) < M [, B(Supy <,y |X2(r) — X (r)[?)ds

< M [ M(s — to)Cds = Rt

continuing this process to find that

E(supy,<ocq |X () = X3(1)]%) < M [, B(SuPyy <y [X3(r) — X2(r)[?)ds

< Mftl; [M(S—Qto)]QCdS _ C[M(%—to)}g_

Now we claim that for all n > 0,

B( sup |x7(s) - X7 () < ST

' to <t<T. (3.10)
to<s<t n!

When n = 0,1, 2, 3, inequality (3.12) holds. We suppose that (3.12) holds for some 7, now to check (3.12) for
n + 1. In fact,
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B(Supy, < o< |[X"F2(s) = X"F1(s)[?) < 2K (t — to + 1) [ E||X"H(s) — X" (s)|%ds
< M [} B(supy < <, |X"*(r) = X"(r)|?)ds
By induction and (3.12),

S— n _ n+1
E(sup; < .<; | X"T2(s) — X"H(s)[?) < Mft Mls—to)"C s = [M(%thf))!} :

It is easy to see that (3.12) holds for n + 1. Therefore, by induction, (3.12) holds for all n > 0.
Next to verify X™(t) converge to X (¢) at the sense of L? and uncertainty on M?((—oo, T], R%), moreover, X (t) is
the solution of (2.3) with initial data (2.4). For (3.12), taking t = T'
B(supy, i [X71(1) — X7 (1)) < STl
By the Chebyshev inequality,
MA{SUp; < o | X4 (E) = X(#)[2 > g} < SEMETRIE,

Fromthefact ) °  C[4M(T —t()]"/n! < Ooo, and by the Borel-Cantelli lemma, for almost all w € Q, there

exists a positive integer ny = ng(w) such that

SUpy << [ X" (t) = X" (H)* < 57 as n >np.
XO(t) + 20 [XT(1) — X ()] = X™(1)
is the partial sum of function series
X0t + (X)) - X0+ + (X)) - XN A+ (3.11)

by the second item of series (3.13), the absolute value of every item of (3.13) is less than the corresponding item
of positive series
14_%4_...4_2%4_...’

moreover, the positive series is convergent, further, series (3.13) is convergent on (—oo,T], furthermore, it is
uniformly convergent on (—oco, 7. Let sum function be X (¢), therefore approximate sequence X" (¢) uniformly
converge to X (t) on (—oo, T']. Since X™(t) is continuous on (—oo, T'] and F}- adapted, hence X (¢) is also continuous
and F; adapted.

On the other hand, (3.12) implies that for each ¢ , sequence { X" (¢)} is also a Cauchy sequence in L?. Hence, as
n — oo, X™(t) »L* X (t), thatis E|X"(t) — X (t)|> — 0. Letting n[J — oo in (3.11) then yields that

B|X"(s)|? < CoebKT—tot)(T~to)  for gll tg <t <T,

where Cy = 1 + 6K (T — to + 1)(T — to) E||€]|2.
Therefore, by use of the above result, we obtain that

E [T |X(s)Pds = E [ |X(s)]*ds + E [, |X(s)[*ds

<E[°_|&(s)2ds + ft CoeSK(T—to+1)(T~10) g < oo,
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that is X (t) € M?((—o0,T], R?). Now to show that X(t) satisfy (2.1).
E| [y [f(X2,8) = f(Xs,9))ds[* + B| [} [9(X2,5) — g(Xs, 5)|dC (s)[?
< 2B [} [F(X2, ) = (X, 8)]ds|” + 2] [, [9(XE8) = 9(Xs, 9)ldC(s)]?
<2t —t0)E| [y (X, 5) = f(Xs,9)]ds[* + 2| [ [9(XT,5) — 9(Xs, 5)]dC(s) [
< ME [} | X! = X,|’ds < M [} E(sup, <, |XI" — X,[*)ds
< Mft (X7 — X4|*)ds

Noting that sequence X" (¢) is uniformly converge on (—oc, T, it means that for any given ¢ > 0, there exists
an ng such that as n < ng, for any ¢t € (—oo, T|, one then deduces that E(|X}* — X;|? < ¢, further,

JEB(X? — X,|%)ds < (T — to)e.
In other words, fort¢ € [ty,T] one has
fto s)ds —L* ft (X5, s)ds, fto s)dCs —L* ft (Xs,5)dCs
For ¢ty <t < T, taking limits on both sides of (3.10),
limy, o0 X7 (t) = £(0) + limy, o0 [ F(XP7, 8)ds +1limy o0 [, g ,5)dC's
that is
X(t) = €(0) + [} f(Xs,8)ds + [} g(Xs,5)dCs  to<t<T

The above expression demonstrates that X (¢) is the solution of (2.3). So far, the existence of theorem is
complete.ll

4 Conclusion

In this paper, the existence and uniqueness of uncertain functional differential equations with infinite delay are
discussed by using uncertain space axioms. In this work, existence and uniqueness theorem under the weak
Lipschitz condition and the linear growth condition is proved.
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