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Abstract

In this paper, we focus on the definitions of conditional Rényi entropy, and se-
lect one of them on the basis of a relation between Rényi and Tsallis entropies,
and show that the chain rule holds generally for the case of conditional Rényi
entropy. Then, using this definition, we show some of the properties of con-
ditional Rényi entropy. Finally, we show the relations among Rényi, Shannon
and Tsallis entropies
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1 Introduction

The Rényi entropy is a generalization of Shannon entropy to a onepa-
rameter family of entropies, by defining an entropy of order a.. This was
proposed by Rényi, in 1961 [16]. In 1988, Tsallis [21] too proposed a gen-
eralization of Shannon entropy (i.e., Tsallis entropy), by postulating a
non-extensive entropy. This entropy is obtained in a form different from
Rényi entropy. The measure for Tsallis entropy is non-logarithmic. Af-
ter the introduction of Shannon entropy in 1948 [19], the conditional
Shannon entropy was derived and its properties became known. Also,
for Tsallis entropy, the conditional entropy was introduced [2,18] and its
properties were shown [8]. What is mostly considered so far for the Rényi
entropy is its underlying axioms, but no specific definition has been given
for the conditional Rényi entropy.

Based on the definition of the conditional Shannon entropy, some authors
such as Arimoto [1] and Cachin [4] gave definitions for the conditional
Rényi entropy. In 2004, Jizba and Arimitsu [12] used the already intro-
duced axioms for Shannon and Rényi entropies to introduce new axioms,
on the basis of which one can get both Shannon and Rényi entropies,
and also another definition for the conditional Rényi entropy is derived.
Renner and Wolf [17], obtained the other definition by letting € = 0 in
the conditional smooth Rényi entropy. In 2011, Hayashi [10] gave another
definition, to derive an upper bound for the leaked information in uni-
versal privacy amplification. Recently, Fehr and Berens [7] reconsidered
the definition of the conditional Rényi entropy which had been proposed
by Arimoto [1] and showed that this particular notion satisfies several
natural properties. In [11] and [20], the authors used some definitions
of the conditional Rényi entropy, to find their properties and relations
among them, but there is no general agreement on any specific definition.
In this paper, we consider the definition of the conditional Rényi entropy
given in [9]. To do this, we use the relation between Rényi and Tsallis
entropies and show that the chain rule holds for the conditional Rényi
entropy in general.

An operational use for the conditional Rényi entropy in cryptography was
given in [4,11], and there were a number of applications in other fields,
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such as quantum systems [22], biomedical engineering [14], economics [3],
fields related to statistics [13], and other areas [6,15]. Thus, due to the
large number of applications of conditional Rényi entropy, it is important
to get a specific definition of it.

This paper is organized as follows. In section 2, we focus on the definitions
of conditional Rényi entropy and we select one of them and then inves-
tigate some of its properties. In section 3, the relation among Shannon,
Rényi and Tsallis entropies are given.

2 Conditinal Rényi entropy

The Shannon entropy of a probability distribution P = (py,...,p,), or
of a random variable X with probability distribution P(X = x) = p(x),
r=1,...,n, is defined as in [19], i.e

Hi(X) = Zp ) Inp(z > plx) =1 (2.1)

and its Rényi entropy is given by [16]:

Ha(X) = Ho(P) = - L (Zpo‘(x)>, a>0, a1l (22)

— -

and its Tsallis entropy is given by [21], i.e

(Zp ), a>0, a#1l (2.3)

T 1-a -

For Tsallis and Rényi entropies using (2.2) and (2.3) we have the following
relation:

Ha(X) = - L om(l+(1—a)Su(X)), a>0,atl  (24)

Now, we review definitions of conditional Shannon entropy, conditional
Tsallis entropy and conditional Rényi entropy.
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The conditional Shannon entropy for random variable Y given X, with
conditional probability distribution P(Y = y|X = z) = p(y|z), =z =
1,...,n,y=1,...,m,is given by [5]:

Hi(Y|X) = Zp VH{(Y|X =z) = Zp p(ylz) np(ylz)  (2.5)

where P(X = z) = p(x), z = 1,...,n is the probability distribution of
X.

Abe [2] introduced the conditional Tsallis entropy in the following form:

Sa(X,Y) = S, (X)
14 (1 —a)S.(X)
X Zp T, y)

- 1 (2.6)

11—« Zp

Sa(Y[X) =

where p(z,y) = P(X = 2,Y =y),x =1,...,n,y = 1,...,m, is the
probability distribution of random vector (X,Y), and S,(X,Y) is the
joint Tsallis entropy. Abe also obtained [2] pseudo-additivity property
for Tsallis entropy, i.e.

Sa(X,Y) = 5,(X) + Sa(Y]X) + (1 — a)Sa(X)S.(Y]X) (2.7)
and when X and Y are independent random variables, we have:
Sa(X,Y) = 5,(X) + Sa(Y) + (1 — a)Sa(X)S.(Y)
Several definitions for conditional Rényi entropy have been proposed,

e.g.,in [1,4,9,10,12,17]. In [7,11,20] some relations and properties of these
definitions are discussed. These definitions are as follows:

(1) In 4],

HY(Y|X) = Zp H,(Y|X =2)

— mZp(x) In Zpa(y|$) (2.8)
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(2) In [9] and [12],

HY(Y|X) = o S (2.9)

(3) In [17],
HPIX) = b Sl (210

(4) 1o (1),
HOWX) = 12 Yple) (gp%mx))i 1)

(5) In [10],
HP01X) = o (Soo D) 2

In [9], some reasons are given for taking (2.9) as the definition of the con-
ditional Rényi entropy. In this paper, we consider some other arguments
for using this definition.

Sanei Tabass et al. [18] consider the relation between Rényi and Tsallis
entropies and the conditional Rényi entropy, proposed in [9], to obtain
the conditional Tsallis entropy. This relation is the relation (2.4) that
Abe [2] had obtained. Therefore, we see one reason for considering the
relation (2.9) for the conditional Rényi entropy.

For conditional Shannon entropy, the chain rule and monotonicity are
held [5].

According to chain rule we have:

H(Y[X) = Hi(X,Y) — Hi(X)
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and according to monotonicity we have:

H(Y[X) < H((Y)

where H;(X,Y) is the joint Shannon entropy. Similar to the conditional
Shannon entropy, it is natural to consider these properties for the condi-
tional Rényi entropy. For the five definitions of conditional Rényi entropy
already given, these properties are investigated. In the following, we re-
view them, and for this purpose, the conditional Rényi entropy is denoted
by H,(Y]X).

(1) Chainrule: H,(Y|X) = Ho(X,Y)— H,(X) .This relation holds only
for H? (Y |X), [9,12].

(2) Monotonicity: H,(Y|X) < H,(Y). This relation holds for H* (Y]X),
[1,7] and for H®)(Y|X) by theorem 4 in [11]. In general, it does not
hold for H®)(Y|X), [12]. In [20, Theorem 7], it is pointed out that
HM(Y|X) and H®(Y|X) do not satisfy this relation.

Now, in this section we show that the chain rule holds generally for the
case of conditional Rényi entropy, and for this case the conditional Rényi
entropy is denoted by H,(Y|X).

Theorem 2.1 For Rényi entropy, the chain rule holds, 1.e.

H,(Y|X)=H,(X,Y)— H,(X)

where H,(X,Y') is the joint Rényi entropy.

Proof. By (2.4), we have for random vector (X,Y):

1
H,(X)Y)= ]

—

In(1+ (1 — a)S.(X,Y))
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and by (2.7) we have:

Ho(X,Y) =

ia {1+ (1 — a)[Sa(X)
4 Sa(YIX) + (1= a)Sa(X)Sa(Y]X)]}
- ! —n{1+ (1 - 0)S.(X) + (1 - @)S.(Y]X)
+ (1= a)?So(X)S.(Y]X)}
L tn{[1 4 (1 a)Su(VIXJL+ (1 0)Sa(X)])

= 1 In[1+ (1 —a)S.(Y|X)] +

l—« —

[l + (1 — a)Sa(X)]

then by using the relation between Tsallis and Rényi entropies the result
is obtained.

By this theorem, and without considering definitions of conditional Rényi
entropy, the chain rule holds. Also by theorem 2.1, the conditional Rényi
entropy proposed in [12] and [9] is obtained. So this is another argument
for considering the relation (2.9) for the definition of the conditional
Rényi entropy.

Now, we show some new properties of this definition of the conditional
Rényi entropy.

Proposition 2.1 H,(Y|X) >0, V «a.
Proof. In the relation (2.9), we can write Zpa(x,y) as Zpa(x,y) =

Zp Zp (y|x). So for a > 1, Zp y|x <Zpy|x —1and for

a<l, Zp (y|z) > Zp ylr) =1, and then the result is easily obtained.

Proposition 2.2 H,(Y|X) < H,(Y), V «, where Y has a probability
distribution, P(Y =y) = =, y =1,...,m the equality holds if and only
if X and 'Y are independent.

Proof. The complete proof of this relation is given in [12].
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(Y), V «, where X has a probability dis-

Theorem 2.2 H,(Y|X) < H,
xr=1,...,n the equality holds if and only if X

tribution P(X = x) = 1,
and Y are independent.

Proof. This can be proved in a way similar to the case of the proposition
2.2.

Remark 2.1 For two independent random variables X and Y we have:
p*(z,y) = p*(2)p*(y), thus Hy(Y[X) = Ho(Y), V

Remark 2.2 The relation H,(Y|X) < Ho(Y), YV «, does not hold in
general, unless X or'Y has a uniform probability distribution.

Theorem 2.3 (Chain rule for conditional entropy): For random
variables Xy, Xa,..., X, and Y with the joint probability distribution
PXi=21,..., X, =x,,Y =y) = p(xy,...,2,,y) we have:

Ha(Xl,...,Xn|Y):ZHQ(Xi|X1,...,Xi_1,Y) YV «

i=1

Proof. By relation (2.9), we have:

Ho(X1, ..., X,|Y) = In

We can write:

Tl yeensTiyY
Z pa($1,$27y) Z pa(‘rl)"'axnay)
— pa(x ’y)wl,ﬂm,y - Tlyeeny Tn,Y ~
le,;/ ' Zp (33173/) Z p ($17"'7xn717y)

1,y Tl yeeny Tn—1,Y
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Then, by inserting this equation into (2.13), we get:

Ho(Xq,..., X,|Y) =H(Xq|Y) + Ho (X1 | X7,Y) + - -+
+ H, (X, | X1, .., X1, Y)

:ZHQ(Xi|X17 s 7Xi—17y)
=1

3 Relation among Rényi, Shannon and Tsallis entropies

In this section, we show the relation among Rényi, Shannon and Tsallis
entropies. For this, we first consider the following property for the Rényi
entropy.

Remark 3.1 Rényi entropy H,(X), for all X is a non-negative decreas-
ing function of a, i.e. for oy < a9, Hoy(X) < Hy, (X) for all X, with
the equality holding if and only if X is a uniform random variable.

Using this remark, we have the following inequalities:

Hi(-) < Hu(4), a<l1 (3.1)
H.() < Hi("), a>1 (3.2)

where Hy is the Shannon entropy.
Now, we show the relation between Rényi and Tsallis entropies.

Lemma 3.1 (Fundamental inequality): For anya > 0,Ina < a—1,
with equality holding if and only if a =1, [21].

Proposition 3.1 For Rényi and Tsallis entropies the following inequal-
ities hold.
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Proof. a = Zpo‘ (a > 0). Then by lemma 3.1, we have In Zp

Z p*(z) — 1. Let a < 1, then by multiplying both sides of the relation

1
through T e get Hy(+) < Su(+). In a similar way, the relation (3.4)
—

is obtained for o > 1.

Now, by remark 3.1 and proposition 3.1, the following inequalities are
obtained among Rényi, Shannon and Tsallis entropies.

Sal),  a<l1 (3.5)
Sul), a>1 (3.6)

In the following, we illustrate these relations through an example.

Example 3.1 Let X be a random variable with the probability distribu-
1
tion P(X =0)=1—-P(X =1) = 3 Then, the Shannon entropy is

1 1\¢ 2\ ¢
H,(X) = 0.63, the Rényi entropy is, H, (X) aln[( ) + <3> }

2
and the Tsallis entropy is So(X) = T [( ) <3) } Let o =

2, then So(X) = 0.44 and H,(X) = 0.59, and fora=10.5, S,(X)=0.78
and H,(X) = 0.69.

4 Conclusions and Suggestions

In this paper, we have selected one of the five prevalent definitions of the
conditional Rényi entropy and have demonstrated some of its properties.
Also, we showed relation among Rényi, Tsallis and Shannon entropies.
In the extension of this work, we can obtain other properties of this
definition of the conditional Rényi entropy.
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