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ABSTRACT

Herein, the free vibrations of inhomogeneous nonlocal visco
thermoelastic sphere with three-phase-lag model of generalized
thermoelasticity have been addressed. The governing equations and
constitutive relations with three-phase-lag model have been solved by
using non-dimensional quantities. The simple power law has been
presumed to take the material in radial direction. The series solution
has been established to derive the solution analytically. The relations of
frequency equations for the continuation of viable modes are developed
in dense form. The analytical results have been authenticated by the
reduction of nonlocal and three—phase—lag parameters. To investigate
the quality of vibrations, frequency equations are determined by
applying the numerical iteration method. MATLAB software tools
have been used for numerical computations and simulations to present
the results graphically subject to natural frequencies, frequency shift,
and thermoelastic damping. The numerical results clearly show that the
variation of vibrations is slightly larger in case of nonlocal elastic
sphere in contrast to elastic sphere.
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1 INTRODUCTION

HE theories of linear thermo-elasticity were established by Nowacki [1] thoroughly. Lord and Shulman (LS)
[2], Green and Lindsay (GL) [3], Green and Naghdi (GN) [4] and more authors developed the theories of
generalized thermoelasticity. After a span of time, a dual-phase-lag (DPL) heat conduction model which includes the
effect of microscopic interactions was developed by Chandrasekharaiah [5] and Tzou [6]. Roy Choudhuri [7]
derived another thermoelastic model based on three-phase-lag (TPL) model of heat conduction in the context of
generalized thermoelasticity. In this model, three different phase-lags, namely 7, , 7, and 7, have been considered

in the classical Fourier’s law: (j:—KﬁT as (j(P,t+z’q)=—[K§T(P,t+1T)+K*§U(P,t+z'u)}, where K ",
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Vouand 7, are additional material constant, thermal displacement gradient and phase-lag of thermal displacement

gradient respectively. TPL model has importance in exploring various applications related to nuclear boiling,
electron phonon interactions, scattering, etc. Some of the applications of the DPL and TPL models might be initiated
in ref. [8-10].

In mechanical point of view, the elasticity in the context of non-locality was explored by Eringen [11]. He
addressed a unique foundation for the improvement of basic field equations for the continuation of continuum
nonlocal elastic theories. Moreover, in this model which was based on the theory of non-locality, the applied stress
at a specific point of continuum elastic body does not only depend upon the strain at that particular point, but also at
all other surrounding points of the strain of the body. The theories of elasticity in the context of non-locality have
been employed to the propagation of a plane wave in the context of classical and non-classical theories. A few
researchers of such works are Ghadiri et al. [12], Li et al. [13], Zarei et al. [14], Najafizadeh et al. [15] etc. Bachher
and Sarkar [16] investigated a nonlocal thermoelasticity theory for the fractional derivative of heat transfer with
voids. Mondal et al. [17] explored the nonlocal thermoelastic waves in the DPL model with voids material.
Asbaghian Namin and Pilafkan [18] investigated the influences of boundary conditions and small scale effect on the
vibrations of nano-plates in the context of classical theory. Elastic nonlocal thermoelasticity of type II was
thoroughly investigated by Sarkar et al. [19]. Othman et al. [20-21] studied the visco thermoelastic waves and the
effect of magnetic field on thermoelasticity theories with two temperatures. Soltani et al. [22] studied the vibrations
of single walled fluid filled nanotube in the context of nonlocal theory of elasticity. Marin et al. [23] studied the
mixed initial value problems for porous bodies in the context of micropolar continuum mechanics. The initial studies
on vibrating spheres were explored by Lamb [24], Sato and Usami [25, 26], etc. The coupling between elastic and
thermal fields for spheres and cylinders were explored by Hsu [27], Keles and Tutuncu [28], Sharma et al. [29-31],
Nejad et al. [32], Sharma [33], Biswas and Mukhopadhyay [34], Biswas [35], Sharma et al. [36-37], Manthena et al.
[38-39], Sharma and Mittal [40], etc. Riaz et al. [41] investigated the effect of heat transfer on Eyring Powell fluid
model through a rectangular channel. Bhatti et al. [42] explored the numerical study of Hall current impact and heat
transfer on the propulsion of fluid particle suspended with wall properties. In the reference of LS model, Sharma et
al. [43—44] conducted an analysis of stress free vibrations by considering nonlocal elastic hollow cylinder with void
and diffusion. Biswas [45] expressed equations of steady oscillations in the context of nonlocal thermoelastic
medium with the voids material. Pramanik and Biswas [46] presented the analysis of surface waves in the reference
of nonlocal thermoelastic medium with a state space approach.

In current study, we represent free vibrations of three-phase-lag (TPL) model of isotropic functionally graded
nonlocal visco thermoelastic sphere. The simple law of exponent has been assumed that the material is graded i.e.
inhomogeneous in radial direction. The Frobenious method [48, 50] of the power series is established to investigate
the solution analytically. To discover the behavior of vibrations, the frequency relations are explained by employing
numerical iteration method by using MATLAB software tools. The obtained analytical results have been presented
graphically subject to natural frequencies, frequency shift, and quality factor related to thermoelastic damping to
check the effects of different theories of thermoelasticity such as TPL, DPL, GN-III, LS and CTE. Using grading
index parameter, tractions and vibrations may be managed by controlling the values of the index parameter as we
need. The study may have applications that graded index parameter act as a regulator of variation of variations.

2 FORMULATION OF THE PROBLEM
2.1 The mathematical model

Here, we consider thermally conducting thermo-visco-elastic thick-walled sphere/disk of inner radius R, and outer
radius R, =#R,, at uniform temperature 7', initially in undisturbed state. Here the components of temperature and
displacement in spherical coordinated system (r, 8, §) can be expressed as T (r,t) and
u, =u(r,t), u, =u, =0, respectively. The governing equations for isotropic inhomogeneous nonlocal visco
thermoelastic sphere of inner, outer radii, R,, R, =R, respectively in the context of three-phase-lag model

(TPL) [7] of generalized thermoelasticity with Eringen’s nonlocal elasticity [11] (without heat sources and body
forces) are:
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2.1.1 Strain displacement relations

u ou

€00 =Cop =~ > € =575 €0 =€y =€y =0 (1)

2.1.2 Constitutive relations

2o2 L *
(1-&%v )aw=aw=(z+zmeﬂ+ﬂeea—ﬂr} o
(1=EV2)0gg = 09 =2( A+ egg +Ae,, = f T
2.1.3 Equation of motion
ook 2ok -o 0
w20 99):p(1_§2v2)_” 3)
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2.1.4 Equation of heat conduction
0 1,0 T | D .y 3 o2
1+t, —+—t;, — || PCo —5+ B Ty— |=| K +t, —+K ty — |V'T 4
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where the superscript ‘L’ in stresses denotes local elasticity; e is the cubical dilatation.
2
Heree =e,,. +egg +e€4p » t: =K +th*, v? =a—+gi , GlL =o;;i,j =r,0. Note that Eq. (4) reduces
ol ror : v

to different theories of generalized visco thermoelastic ity as below:
1. TPL model: 7 #0,¢, # O,tq #0.

Il DPLmodel: t7 #0,¢,=0,1, #0, K~ =0.

Il GNIIImodel: t7 =t, =t, =0.
IV.  LSmodel: t7 =t¢, :tq2

Here, the material has been considered to be isotropic and graded due to simple power law as reported in Sharma
et al. [31] in such a way that

=0,1, =tg>0,K =0.

(ﬂ,ﬂ,ﬂ*,p,K,K*)=(zo,uo,ﬁé,pe,Ko,KS)[RL]a ®)

1

Here the exponent o denotes the degree of in-homogeneity. The parameters Ay, 4y, ,8; , P Ko, KS are

homogenous corresponding items of the respective quantities. Noda and Jin [47] observed that in comparison to
thermal conductivity and elastic modulus, the linear thermal expansion coefficients are not significant contributors
and therefore must be considered as homogenous (constant). For the visco thermoelastic sphere, the material

parameters are defined in the following manner Ay =4, (1 +a gj , My = M (1+ o %j , ,BS =4, [1 +Bo %j ,

34,00 +2
where 3, =(34, +2u, )ay and 3y =( o0 + 20 ) OF . The quantities A,,z, are well known Lame’s

Be

parameters, « , o; are the mechanical relaxation time parameters. Solving Eqs. (3) and (4) by using Egs. (1), (2)

and (5), for the unknown radial displacement and temperature, we obtain the following equations:
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Pe 2 0 |y2 m) B ( ) o«
P EEEe— \Y% =[1+0y — +—=y - — — 4+ T 6
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2
0 o g & ) ) 0* ) |2
— | 1+t, —+—— T+BTo|1+By— le |=| Ko| —+¢ +K, 1+¢, v..T @)
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where m; =a.+2 m*—2|:k (a—1)-2 ]VZ —iJrﬂi
1 > M 0 Mo kVin =3+ 5

2.2 Regular and initial boundary conditions

It is believed that the generalized inhomogeneous nonlocal visco thermoelastic sphere is initially undisturbed and
rest position, hence initial boundary conditions are:

ou(r,0)

, u(r,0) =0=T,cw(r,0)=0at r=R; , hR, (8)

7(r,0) =0=%

The analysis is conducted on the surface of the sphere by considering traction free, thermal boundary conditions
at the inner, outer radii » =R; , Ry =R, h respectively. Mathematically, there are two sets of boundary conditions
as given below:

For traction-free thermally insulated surfaces of the sphere, we have

oT
o7 —=0 5 Oy =0 at V—R[,hRI (9)
For traction-free isothermal surfaces of the sphere, we have
T=0; c,=0 at r=R;, hR; (10)
3 METHODOLOGIES
3.1 Solution of the model
Non-dimensional parameters are introduced as:
=4 S0 = +25%( 6y —iy), @ =
(g, 77 %, 7) _E(tq Jr oty 1), Gy =ay+207 (o —ap), =7,
0. ) = r. &5 = L (i o) = ) ¥
”0R1”1(1+2e) 0,21 Po 0r 1. Po 11
2 2
52 ¢ & = ﬂeTO Q* _ R; w TRp = Oy Too = %06
012 pece(ﬂe +2u,) < peclz pecl2
Plugging the dimensionless quantities from Egs. (11) in Eq. (2) and Egs. (6) and (7), we obtain:
0 09 «
1+6, Viw + 1+ 1 Vi) — 12
[oaJl R2 [ﬂo j[aR j(§o1) (12)
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where CK —=0
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r;l2:2 a(l_zsz)(l'i‘&oﬁj—[l-fﬁogj , 612:( e+ Me) 2 ”
Ko o

(13)

(14)

(15)

_Co(hp +2u,)
€ = b O =—— 7,
ot Pe Pe KO
2
Vl _ 6_ M m1 8
oRZ R R
3.2 Time harmonic vibrations
Here the time harmonic vibrations are presumed as
w w( ) —i Q1
R,T
(@j( )= (@(R)j (16)

where Q= ©R

represents the circular frequency. Plugging the solution assumed from Eq. (16) in Egs. (12) to
€
(15), we get
VAT +| 22 Qg b (i#"jé:o, (17)
R % 0 dR R
2= 3~ d 2 _
Vi 0+Q" O’ ®—im,0f —+ =0
7, imgy ﬂor (dR RJ (18)
I g | OW 2,00 W & 5 =
Tpp =—1iQOyR" {—+2(1-20°)=———-——=— L, O+, 19
RR 0 {aR ( 3, R 50/30 } (19)
L .z b oW W) W € 5=
oo =—i QOogR% 12(1-26 + ———,0 20
00 0 {( 5(8R RJ R 3 0} (20)
1-26%)a-6y | = = o _ . . _
where m, =2[M],50 =8y-i Q& my = ,60=(iQ 1+50), Fo=r,+iQ, o= i Q]
8o

do :OA.’O -|-l.£271

_ o
(iQ 2+z'qQ 1—2iz'qzj J J
L =i By =i, = 2 i\
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We now set up the transformation as already used by Sharma et al. [31]:

l+a

W OR)=F (R) WRHR 2 1)

Thereafter, the transformation from Eq. (21) is used in Egs. (17)—(20), which gives

. 2 _ = *
viy+ g_"_z V—% 4 b Y =0,
o R o \dR R
2 . (22)
2 * 3. a . 45 ~ d & +) _
VR Y+ QQ Tq —(?] \P—ll’}’Z4Q ﬂqu (d—R-i— R V =0,
L . = —a* 0V * W 5 ~
Tpp =—1Q0R —th ——=— [y ¥y,
RR 0 {aR R Bo }
. . _ 23)
L CNE - 2. Gy OV *(Vj z - (
T =—QJOR 20-26°)———+ — | == v ,
00 0 { ( 5, oR g |z 5 Bo

where n2 = (@) =my ,a" =% p* 2122 40226220 0t | V3 _Ld Ri],
2 2 5 R dR\ dR

: {2(1—252)&0b*+50]
g = : :
%

3.3 Extended power series solution

From differential Eq. (22), it is noticed that R =0 is regular singular point, and therefore the model is extended by
using series solution as earlier presented by Tomantschger [48], hence we must have non—trivial solution given as:

VR 2 (A )k
= R
(W)J P (Bk] @4

Here k is defined as Frobenius parameter; the parameter s represents the eigenvalue (complex or real) and

Ay, By represent the unknowns to be evaluated through the boundaries. Here the explanation for

R; <r<hR;, R; >0 is valid and therefore the domain for the system of differential Egs. (22) is 1SR <7 .
Substituting the solution (24) in the differential Eq. (22) and on simplification, we obtain

© 0 0 hy 0)|(4
$ (au j%J{ a12]i+[ 11 j ( ijS+k ~0 25)
k=0 (\ 0 an)rR* (ay 0 )R (0 hy)|(By
where ay =(s +k)>—n%, ay =—B (s +k +b" +1),apy =(s +k)> =@ ) ,app =A (s +k -b") , A" :—‘950 ,
[

B =imy O o, by =i Q1 by =7,

Equating lowest power of coefficient of R ;(ie. R® _2) to zero in Eq. (25), we obtain:
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2 2
s°—n 0 {Ao(s)j 0 26)
0 s2—(a)? \Bols)

The above homogenous Eq. (26) must have a non-trivial solution if and only if the determinant of matrix
vanishes. The solution of Eq. (26) provide us the indicial equation whose roots are

sS1=n , Sr=—n S3:a* N S4:—Cl* (27)
It is clear that the roots sy,s,,55,54 satisfy the property thats, =—s;, 54 =— 53 . Here the roots s; , s, are

complex and the roots s; ,s, being real and hence, the principle terms in the series solution (24) have the

A A : A
followingtype[ OJRS z( O)RSR“SI :[ OJRSR {cos(s[ log R )+i sin (s; log R )}‘
B, B, B,

Due to Neuringer [50], the dealing of complex case is unlikely the development that the differential equation is
needed to solve once previously rather than twice in later. This is relevant to point out that without non-locality

effect, viscosity, and thermal effects, i.e. & =0, ¢y=0=¢ and T, =177 =17, =0 which implies that

T, =T =7,=0y=01 = S = il Consequently, all the roots sy , s, ,53 ,54 of the indicial equation turn into

real. For indicial roots, the Eq. (26) directs us to write
1,/ =1, 2 0, =1, 2
AO(Sj):{Ojj:& 4 BO(Sj):{l’ i=3, 4 (28)

Again, by taking the coefficient of next lower degree term equal to zero i.e. R in Eq. (25), and on
simplification we obtain

(A1(Sj )] _ 0 Dllz(sj) [AO(Sj )J (29)
By(s;) Dhs;,) 0 J\BoG))

where the values of D112 (s 7 ) and D%l(s 7 ) are defined in Appendix (A.1).

Similarly, by taking the powers of RSk equal to zero, Eq. (25) gives the recurrence relation for

(Ak (s;) Bj(s; )) ; (k=1,2,3,..) and therefore, we can write

Aka(s;)) 0 Gy |(Aral)) (GG 0 A (s;) (30)
Bjya(s;) Gys;) 0\ Bralsy) 0 Ghs;) )\ Br(s))

where the values of lel (s ),lez (s ),Gé‘l (s ),Gé‘z (s;) are given in Appendix (A.2).
For k =0,the Eq. (30) can be written as:
[A2<s,~)j_ DiG;) 0 [A()(s,)] Gh)
By(s;) 0 Diis;) )\ Bols;)

where the values of D121 (), D222 (s ;) are defined in Appendix (A.3).
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Likewise, using & =1 in Eq. (30) and after simplification, we obtain:

A3(s;)) ) 0 D132(Sj) [AO(S]‘ )] (32)
B3(s;) D3iis;) 0 J\BoG;)

where the values of D132 (s j ) and DSI (s j ), are defined in Appendix (A.4).
Plugging & =2 in Eq. (30), we obtain (after simplification)

{A4(SJ)J_ DiiGs;) 0 [Ao@j)J (33)
B4(Sj) 0 D;z(sj) BO(Sj)

where the values of D141 (), D;z (s ;) are defined in Appendix (A.5) and so on. By proceeding in this way, it is

D (s;) 0

a 0
verified that the matrices have a similar form to the matrix[ 1 j , and the matrices
0 D35 (s ;) az
o pEFtepH| 0 ap ,
are alike to . Hence, in general we have
D3y 0 a0
2k
Ay (Sj)]: Dy (s;) 0 [A()(Sj) (34)
By (s5) 0 D35 (s;) J\Bols;)
2k +1
Agg(s)) 0 DE (s ;) |( 4G ) (35)
Bog11(s5) D221k+1(sj) 0 By(s;)

where Dlzlk (sj ),D222k (sj ),D122k +l (sj ),D221k + (sj ) are defined in Appendix (A.6) and (A.7).

3.4 Convergence analysis

This is to be noticed that the Egs. (34) and (35), which may also be represented as:
Ay (s ) A5 0 A 11(55) 0 4
J :O£lj s +H zO(lj . (36)
A (5) kJlo -B Agp (s ) kJ\-B" 0
The sequence in matrix {Z k } is convergent in the field which may be real or complex and (Lim Z, =Z) if
k —o

each of the component k2 converges. Upon utilizing above-mentioned facts, we find that both the

!

matrices(Azk (s;) Boy(s; )) -0 and(AZkH(sj) B 1(s; )) —0, when k& —oo0 as observed earlier by

Cullen [49]. Hence the solution given in Eq. (24) is uniformly convergent. It is observed from the above mentioned
discussion that solution (24) may be written in the series solution as:
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[V(R)]:st 0 D] (D)0, [A()(s,)] 7

(l)x_
Y(R) ok o 0 Dhep) |(Bals))

The matrices D; (sj ), (,j=1,2;k =1,2,3...) have been defined in Appendices (A.6) and (A.7). Hence, the

considered and derived sequences and series in Eq. (24) are analytic functions.

3.5 Formal solutions

The general solution in Eq. (16) with the assistance of Eq. (37) via Eq. (21) can be expressed as:

VR, = Y [i(EjDﬁk (s, )R - z (E, D””‘(s,-)RI“JJRZk‘“* exp(~i Q) (38)
k=0\ j=1

w(R,7)= f[ 2 (& DI IR + > (E; D35 (s;)R JJR 2% oxp(—i Qr) (39)
k=0 j=3

where £, , E, ,E5 ,E, are the constants to be determined by using boundary conditions. On utilizing solution (38—
39), the stress and temperature gradient are given as:

ZE ((Zk 5, +hDE (s)) +e R2D2k+1(sj))

tpr R,0)=—i 950 Z . s exp(—i Q7) (40)
—Z3E ((Zk s, +d DY (s ;) +e DF (Sj))R
J=
20 Z[ S Ej 0k b, 6" DE s 3 E; (kv -a')RDH s )] T el (4n
k=0 =l Jj=3

where ¢ =< Gy, h" = 202692 —4" |,d" =| 20-26%) 2 1" |.
2 3 3
The displacement, temperature, radial stress, and temperature gradient in Egs. (38) to (41) form the main solution
of the considered problem, which is influenced to the boundaries conditions in Egs. (9)—(10) for the evaluation of
the solution.

3.6 Non-dimensional boundary conditions and frequency equations

In this section, we consider generalized visco thermoelastic nonlocal sphere/disk subjected to non—dimensional
traction free, thermal boundary conditions from Egs. (9) and (10), hence we have following equations

oz pat | OV OY(R ,7)

—iQ5R™? T =0, ——2=0, at R=Il,

e {GR R 50ﬂ° } oR “42)
R ) 4

i QoyR ™ {6R +h" 3—50/30 }= ,  YR,1)=0, at R=1, n (43)
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On applying the solutions (38)—(41) to the boundary conditions (42)—(43), the homogeneous algebraic linear
equations have been obtained in four unknown parameters i.e. E,, E, , E5, E, . For this, a non-trivial solution

is required if the determinant of coefficients E,, £, , E5 , E4 vanishes, thus we have the following frequency

equations given below separately in two sets:
SetI: For k£ =0 : The frequency equation is derived as:

det(e;;)=0;i,j =1,2,3,4. (44)
Case I: The elements of el;- ;(7,7 =1,2,3,4) in thermally insulated boundaries are

, * ® . , * * ] * .
ejj =((s; +h )+c Dyi(s;));j =1,2,5e(; ==((s; +b +h )Diy(s;)+c ) ;) =3,4,

*
a

, * * P )
ep; =((s; +h )+ W2 Dy (s, ) (7~ ¢ 1 j =12
, * +1+b . , * .
e =—(sj +d")Dy(s ;) +c" )(h)sf Jj=3.4, ¢} =—(s; +b) Dii(s;) s j =1,2

s

’ ’ * ’ ’ O . ’ ’ * -
€33 :0,634 =-2a ,€4j :€3j (h)j “ 5] :1,2;643 :0,644 :—(2(1 )(h) (I+a)

Case II: The elements of ei’j ;(,7 =1,2,3,4) in isothermal boundaries are

el =(s;+h);j=1,2;e/, ==(s; +b" +1)D}(s;);j =3, 4

s +14b"

' * s, —l-d" . ’ J .
ey; =(s; +h )n)’ s J=1,2,e5;, =—(s; +d )Dlz(s )(R) Jj=3,4,
’ . ' ’ ' s +b" a* .
el; =—D)(s;); j =1,2;efy =ejy =Lej, =ej; ()7 1j=1,25e; =ej; (N ;j=3,4
Set II: For k£ > 0: The frequency equation is obtained as:
det(e; )=0:i,/=1,2,3,4. (45)

Case I: The elements of e ;(i,7 =1,2,3,4) in thermally insulated boundaries are

:((2k+s +h" D (s ) +e D2k+1(sj)) - j=1,2
ey == @k +s; +d D s )+ DI (s)) 57 =3, 4

=((2k ts; +hODH )+ W DI )™ T =12

e ((2k s +d )D2k+1(sj)+c*0222k(sj))(h)2k+sj+b . j=3.4

j ==k +s; 0D ;)1j=1.2, ey =@k +s;~a)DH (s;);j =3.4

5=k +s; +b DI s W T 5 j =12

4j =k +s; —a"YDE s H@ I =34

Case II: The elements of e; ;(@,7 =1,2,3,4) in isothermal boundaries are
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e, =k +s; +h D (s;):j =1,2; e)j =—(2k +s,; +d D3 (s;): j =3,4

Qk+si—a . Qk+s;+b" .
erj =ey; (W) =126 =e; (A) =34

2%k +1 : 2% .
e3; ==D31 " (s;)5j=1,2, e3;=Dp (5;)5j=3,4

2k +b *+sj 2k —a*+s ;

€4; :e3j(h) ;7 =1,2; e4j:e3j(h) Ij=3.4

The frequency Eqgs. (44) and (45) govern the vibration analysis of inhomogeneous visco thermoelastic sphere in
the context of nonlocal elasticity with the TPL model.

4 VALIDATION AND DEDUCTION OF RESULTS
4.1 Nonlocal thermoelastic functionally graded sphere/disk

If the viscous effects (oy =0=¢y) are ignored, so that oy =¢ = ,éo = 50 =i and My = 2[ﬁ(1—52)—1]. The
above analysis has been transformed to that of generalized nonlocal thermoelastic sphere. However, in the absence
of thermal relaxation times (¢7 =7, =1, =0), ¢, =15 >0, K * =0 and nonlocal parameters &, = 0, then the above-

mentioned results further reduced to the vibrations of the coupled generalized thermoelastic sphere.

4.2 Nonlocal viscoelastic functionally graded sphere/disk

Here, the thermal equilibrium is set up, then(ep =0=K =T, t7 =t, =t, =0), then this analysis has been
reduced to nonlocal viscoelastic hollow sphere. Furthermore, for the case when the viscous effects and the nonlocal
parameter in solid is ignored so that oy =0=¢q and &; =0, then the analysis has been deduced to elastic
sphere/disk which agree from Keles and Tutuncu [28] for the transversely isotropic case.

5 NUMERICAL RESULTS AND DISCUSSIONS

The analytical results have been validated with the help of numerical simulations and computations for stress free
thermally insulated and isothermal boundaries of nonlocal TPL visco thermoelastic sphere by applying the iteration
method through software like MATLAB. The physical data of material ‘polymethyl methacrylate’ has been assumed
from Othman et al. [20] in Table 1 as follows:

Table 1
Physical data of polymethyl methacrylate material.
S. No Name of Coefficient Coefficient Units Value

1 Mass density P kg m -3 1900
2 Reference Temperature Ty K 773
3 Leme’s constant A Nm -2 516x108
4 Leme’s constant H N -2 5.01x10%
5 Thermal Conductivity K wom k1 19.00
6 Coefficient of linear thermal expansion or K -1 77%10~°
7 Specific heat at constant strain Co J kg_l k1 1400
8 Thermoelastic characteristic frequency w* o1 111x10'"
9 Viscoelastic relaxation time ay=0a 0.05
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For the TPL model, the numerical constants has considered as 7, =1.1,7 =13, 7, =2.4 and

K" =2970Wm 'K 1. The non-dimensional value of the nonlocal parameter is taken from Sarkar et al. [19] as
& =2.3102. The computations have been carried out for Eqgs. (45) by considering appropriate values of the
Frobenius parameter k& =20, to acquire the frequency Q . Further, Q is expressed in the form Q" =Q} +i Q) ,
the non—dimensional frequency (real part) and dissipation factor (imaginary part) which is further written as
fr=Qp and D, =QF , here m represent the mode number which gives us the roots of Eq. (45). The computed

and simulated thermoelastic damping, frequencies, and frequency shift have been represented graphically for TPL,
DPL, GN-III, LS, CTE models of thermoelasticity. The thermoelastic damping and frequency shift have been
defined (Sharma et al. [31]) as given below:

VA CTE
Q—l -9 D, 0 _VRrR ~JR
- > shift — CTE
R R

Here Z" denotes for TPL, DPL, GN-III materials and CTE stand for coupled thermoelasticity. Because of the
domain of the problem i.e. 1 < x <7 , we have fixed the inner radius at 7 =1.0 and thereafter, computations have

been taken for ratio of outer to inner radiii.e. #=2.0 and 2=4.0.
Figs.1(a) to 1(b) have been presented for natural frequencies (f ) (i.e. real part of ) versus the mode

number (m) for ratio of outer to inner radius i.e. % =2.0 by considering thermally insulated and isothermal

boundaries of the generalized nonlocal visco thermoelastic sphere/disk. These figures depict that as the value of
mode number (m) increases, the variation of vibrations also increases. However, a decreasing trend of variation of

frequencies is observed as the values of grading index parameter varies form o =-3.5 to a =+3.5 .

20 -

natural frequencies ()
natural frequencies (f,,)
>
I

5 5 _ : : :
! - ! 7 6 s s 1 2 3 4 5 6 7 8 9 10
mode number (m) mode number (m)
(a) (b)

Fig.1
Natural frequencies (f,,) against mode number (m) for different values of grading index («o)at /7 =2.0 for (a) thermally

insulated (b) isothermal boundaries.

Figs. 2(a) to 2(b) and Figs. 3(a)-3(b) have been shown for thermoelastic damping (Q ')versus grading
index (a) for TPL, DPL, GN-III, LS, and CTE theories of generalized thermoelasticity for the material (nonlocal)
at outer to inner radial ratios 7=2.0 and 7 =4.0 respectively. It is observed from Fig. 2(a) that in initial stage,
there is a high variation at « =—5.0 for TPL, DPL, and GN-III theories of generalized thermoelasticity rather than
LS and CTE theories of thermoelasticity for the thickness #=2.0 . As the value of O increases, the vibrations
show sinusoidal behavior and go on decreasing having variation of peaks at o =-3.0,-2.0,0.0,1.0, 2.0 after
that the vibrations die out. This is also observed from Fig. 2(b) that initially there is high variation at « =-5.0 and,
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as « increases, the variation of vibrations show sinusoidal behavior and the vibrations achieve maximum variation
at «=0.0, 2.0, then go on decreasing for the thickness 7#=2.0. Fig. 3(a) which has been presented for the
thickness 7 =4.0 depicts that initially there is high variation at & =—5.0,and as « increases, the variations go on
decreasing with peaking at o =-3.0, —2.0, —1.0, 0.0 achieve maximum variation and die out. It is observed from
Fig. 3(b) that the peaks are to be noticed at « =—4.0,-3.0,-2.0, —-1.0, 0.0, and as « increases; the vibrations
began to decrease and become asymptotic at « =3.0 for thickness 7 =4.0 . It is to be noticed from Figs. 2(a)-2(b)

and Figs. 3(a) to 3(b) that in the case of TPL model the variations are higher as compared to DPL, GN-IIL, LS and
CTE.

18 18
o L6 ——TPL 16 —TPL
2 1 ---DPL Qg --=-DPL
=11} - N
g 12 ~ h=2.0 GN-I1L E GN-III 20
=1 =%
g \ \‘ o— — LS g
£ ' | TE s !
o ~---oCTE o
208 \\ \ 2 08
3 06 | N V2N z 06 I
) 6 \ il T 0
RNV A g s
g 04 \ i 2 04
SRV VARN G E /
S 02 Yo Z N S 5 i
- A ~ e _ -l z
0 T T T T T T T S— 0
5004 3 -2 1 0 1 2 3 4 5 5 1 3 2 -l 0 1 2 3 | 5
grading index (o) grading index (o)
(a) (b)
Fig.2

Comparison of thermoelastic damping (Q ') against grading index («) between theories of thermoelasticity at #=2.0 for (a)

thermally insulated (b) isothermal boundaries.
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Fig.3
Comparison of thermoelastic damping (Q ') against grading index () between theories of thermoelasticity at % = 4.0 for (a)

thermally insulated (b) isothermal boundaries.

Fig. 4(a) and Fig. 5(a) have been between thermoelastic damping and mode number for
a=-15, 0.0, 1.5 with the comparison of local to nonlocal elastic materials at #=2.0, 4.0 for thermally

insulated boundaries. Fig. 4(a) and Fig. 5(a) depict that the variation of damping at & =—1.5, 0.0 for both the local

as well as nonlocal cases show higher variations initially, and as m increases, the vibrations achieve maximum
amplitude at m =4.0 and m =2.0and go on decreasing with sinusoidal behavior. The thermoelastic damping for

the comparison of local and nonlocal cases at a =1.5, the vibrations show larger variations and with a further
increase in the mode number (), the vibrations go on decreasing with sinusoidal behavior. It has been noticed from
Fig. 5(a) that for ¢=0.0,1.5
Fig. 5(b) have been presented for thermoelastic damping (Q 71) against m for different values of grading index with
a comparison of nonlocal to local elastic materials with thickness 7 =2.0, 4.0 for isothermal boundary conditions.

the variations achieves maximum variations between 4.0 <m <6.0. Fig. 4(b) and
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Fig. 4(b) and Fig. 5(b) represent the variation of thermoelastic damping at ¢ =—1.5, 0.0, =1.5 for nonlocal and

local cases, the figures show low variations initially, and as the value of mode number increase, the variations
acquired more or less amplitudes at m =2.0, 4.0, 5.0, 7.0, further go on decreasing. It has been observed from

the Figs. 4(a)-4(b) and Figs. 5(a)-5(b) that the variations are slightly larger for the nonlocal case in contrast to local
case.

2
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g=-15 ===0= 00 -===- a= 15
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b 16

g (07
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08
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1 2 3 4 5 6 7 8 9 10 0
mode number (m) 1 2 3 4 5 6 7 8 9 10
mode number (m)
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(b)

Fig.4
Comparison between nonlocal and local thermoelastic damping (Q ') against mode number (m) for different values of
grading index (@) at 7#=2.0 for (a) thermally insulated (b) isothermal boundaries.
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Fig.5

Comparison between nonlocal and local thermoelastic damping (Q ') against mode number (m) for different values of
grading index (o) at 7#=4.0 for (a) thermally insulated (b) isothermal boundaries.

Figs. 6(a)-6(b) have been presented for homogenous material & =0.0 when 7 = 2.0 by considering the thermally
insulated and isothermal boundaries. It is revealed from Fig. 6(a) that the behavior of frequency shift
(Qshift ) displays high vibrations for the nonlocal case in comparison to the local elastic case. It is also observed that
variations are high initially and with an increase in values of m, it decreases up to m =3.0, increases slightly
between 4.0<m <5.0, and further go on decreasing. The Fig. 6 (b) depicts that for the TPL case, the variation
increases, achieve peak value at m =7.0 and then go on decreasing. For the cases of DPL and GN-III, the
maximum amplitude of variation has been observed at m =5.0 and goes on decreasing as the value of m increases.
Figs. 7(a) and 7(b) have been represented for inhomogeneous material « =2.5 when thickness%=2.0 . It is

revealed from Fig. 7(a), that for all generalized theories TPL, DPL, and GN-III, a variation of frequency shift shows
the peak value between 5.0 <m <7.0 for the both nonlocal and local elastic materials. Fig. 7(b) depicts that the
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variations are low when m =1, achieve maximum variation when 6.0 <m <8.0for TPL case, sinusoidal behavior

for DPL and GN-III; and the vibrations began to decrease as the value of m increases. In a comparison of the above
figures, the variations of frequency shift follow the inequality €Q;p, >Qpp > Qg for Fig. 6 and follow the

inequality Qpp; <Qpp <Qgy_yy for Fig. 7. These inequalities clearly depict the impact of in-homogeneity for
both nonlocal as well as local elastic materials.

2.4 2.4
nonlocal TPL ===DPLy === GN-III
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] ) .l‘
L oys v - o 15
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o' R 23
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mode number (m) mode number (m)
(a) (b)
Fig.6

Comparison between nonlocal and local frequency shift (€2, ) against mode number (m) for TPL, DPL and GN-III at
7=2.0,2=0.0 for (a) thermally insulated (b) isothermal boundaries.
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Fig.7
Comparison between nonlocal and local frequency shift (€2, ) against mode number (m) for TPL, DPL and GN-III at

7=2.0, a=2.5 for (a) thermally insulated (b) isothermal boundaries.

Because of the change in thermal boundary conditions, the frequency shift is derived as
QBshg‘/'t = ‘((QZ[ )(ins) _(QZI )(iso) )/(QZ[ )(iso)

conditions and (Q% ), stands for the natural frequencies for isothermal boundary conditions. Frequency shift

, here (€ ), represents the frequencies for thermally insulated

have been presented in Figs. 8(a)-8(b) for thermally insulated to isothermal boundaries as a function of m (mode
number) for theories of generalized thermoelasticity i.e. TPL, DPL, GN-III. This is to be observed from Fig. 8(a)
(illustrated for homogenous case i.e. =2.0, o =0.0) that the vibrations are high initially for all the generalized

theories, achieve maximum variation when m =3.0 and m =5.0 , further the vibrations began to decrease. It is
observed from Fig. 8(b) (illustrated for inhomogeneous case, i.e.7=2.0, @ =2.5) that the vibrations are low
initially when m =1 for all the theories, achieve low peaks at m =3.0 and high peak at m = 6.0 for all models i.e.

TPL, DPL, GN-III; therefore, as the values of m increases, the variation of vibrations began to decrease. It has been
observed from Figs. 8(a) and 8(b) that the variations in Fig. 8(a) obeys the inequality 7PL > DPL >GN —1III and also
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the variations of peaks at m =6.0 in Fig. 8(b) obeys the trends of inequality GN — 11l >DPL >TPL because of the

inhomogeneity.
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Comparison between nonlocal and local thermally insulated to isothermal frequency shift (QB ;) against mode number

(m) for TPL, DPL, GN-III at (a) homogenous material i.e. # = 2.0, & =0.0 . (b) in~homogenous material i.e. 7 =2.0,  =2.5 .

6 CONCLUSIONS

The inhomogeneous visco thermoelastic nonlocal elastic hollow spheres in radial direction have been studied in the
reference of TPL model of generalized thermoelasticity. Based on the non-locality effect, the Frobenius method has
been considered to solve the differential equations. Frequency equations have been solved for stress-free boundary
conditions to check the behavior of frequencies for the local and nonlocal elastic materials. Some general concluding
remarks and remedies have been listed as below:

1. The Frobenius method for the models of generalized thermoelasticity i.e. TPL, DPL, GN-III, LS and CTE
in nonlocal elasticity has been effectively applied to investigate axisymmetric vibrations of generalized
three-phase-lag model of visco thermoelastic spheres.

2. The TPL model has been inferred for thermoelastic, nonlocal elastic and viscoelastic spheres.

3. Frequency shift and the thermoelastic damping linked to quality factor can be monitored with the grading
index to improve the signals of quality of the modes of vibrations.

4. With the facilitation of inhomogeneity parameter i.e. grading index, the loss of energy may be optimized.

5. The thermal relaxation times for generalized theories of thermoelasticity and thermoelastic coupling
parameters have important effects on the characteristics and vibrations, like frequency shift and damping.

6. This is to be noticed from the behavior of every graphical figure that the variations are maximum for the
extreme negative value of grading index and minimum for the extreme positive value of grading index.
Hence obey the trends of inequality for & €(—3.5>1.5>0.0>1.5> 3.5) which pointed out inhomogeneity
effect for local and nonlocal elastic materials.

APPENDIX
A (s, +b" +1) B (s; +b" +2)
Dl )y=—-d ~ 7 plgy=— "/ 7 7
120s;) G, IR 21055) G, @) (A.1)
. i0 ‘ A*(sj +k +1+b*)
Ghi(s;)=—= > > , Gials; )= > 3 >
50{(sj vk +2)P%—n } (s; +k +2) —n
) . (k =1,2,3,..). (A2)
. -B (sj +k +2+b ) . Q*szq ’
Goi(s;)= Gy(s;)=

(s, +k +2)> (@)’ (s, +k +2)% —(@")*’
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