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ABSTRACT

This study is limited to study of buckling analysis of a sandwich
cylindrical shell with functionally graded face sheets and
homogenous core. High-order sandwich plate theory is improved by
considering the in-plane stresses of the core that usually are ignored
in the analysis of sandwich structures. Assume that all properties of
the face sheets and the core are temperature dependent. Strain
components are obtained by using the nonlinear Von-Karman type
relations. The equilibrium equations are derived via principle of
minimum potential energy. Analytical solution for static analysis of
simply supported sandwich conical shells with functionally graded
face sheets under axial in-plane compressive loads and in the
temperature environments is performed by using Navier’s solution.
The results show the critical dimensionless static axial loads are
affected by the configurations of the constituent materials,
compositional profile variations, temperature and the variation of
the sandwich geometry. The comparisons show that the present
results are in the good agreement with the numerical results.
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1 INTRODUCTION

D UE to the advantages of being able to withstand a severe high-temperature gradient while maintaining

structural integrity, functionally graded materials (FGMs) have been receiving much more attention in
engineering communities, especially in applications for high-temperature environment such as nuclear reactors,
space planes and chemical plants. Functionally graded materials are microscopically inhomogeneous composite
materials, in which the mechanical properties vary smoothly and continuously from one surface to the other [1].
Composition is varied with continuous changes in the volume fraction of constituent materials. These materials are
usually made from a mixture of metals and ceramics through a powder metallurgy process. The advantage of using
these materials is that they are able to withstand high temperature gradient environment while maintaining their
structural integrity. For example, the insulating tile for a re-entry space vehicle can be designed such that the outside
is a refractory (ceramic) material, and the inside a load-carrying structure made of a strong and tough metal [1]. In
recent years, functionally graded materials (FGMs) have been developed due to their excellent mechanical and
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thermal properties. Sandwich structures find an increasing use in aerospace, naval, transportation, and other
industries, which require stiff and lightweight structural components. Various theoretical models have been
developed in the recent years to discuss the static and dynamic behavior of sandwich structures. These theories
assume that the height of the core remains unchanged. A summary of classical theories can be found in the
textbooks written by Plantema [2], Allen [3], and Zenkert [4]. Javaheri and Eslami studied the stability of FG
rectangular plates under thermal loads by using the classical plate theory [5]. Zhao et al. investigated the mechanical
and thermal buckling of FG plates by using the FSDT and element free kp-Ritz method. Exponential distribution is
applied to model the variation of material properties [6]. Amir et al. studied the buckling behavior of nano
composite sandwich plates by using first order shear deformation theory. The faces are piezoelectric and the
flexoelectric effect was considered [7]. Bouderba et al. investigated the thermal buckling of FG sandwich plates with
various boundary conditions by applying FSDT. The core was homogeneous and a power law distribution was used
to show the variation of the materials [8]. Amir studied the vibration and instability of orthotropic grapheme sheet
subjected to thermo magnetic field by using FSDT. Also, orthotropic visco Pasternak foundation was considered [9].
Sepiani et al. analyzed the free vibration and buckling of FG cylindrical shell under combined forces. FG materials
were considered temperature dependent and varied with a power law distribution in the thickness direction. The
equations are obtained based on FSDT by considering the transverse shear strains and rotary inertia [10]. Amir et al.
studied the vibration of a porous rectangular plate with two piezo-electromagnetic face sheets resting on Winkler
Pasternak foundation by applying the two variables sinusoidal shear deformation plate theory and a nonlocal theory
[11]. Classical theories can often accurately determine the global response of the sandwich structure, for example,
fundamental vibration frequencies. Modern sandwich structures are usually made of two metallic or laminated
composite face sheets and a foam or low strength honeycomb core. These types of cores are flexible in all directions
while upper and lower faces of the sandwich structure exhibit different deformation patterns. These effects denoted
as localized effects cannot be accurately determined using classical sandwich theories. In order to take into account
the compressibility of the core, a high-order sandwich theory has been developed by Frostig et al. [12]. High-order
theory has successfully been used to analyze various problems of sandwich structures [13-18]. Seidi et al. by using a
high order theory studied the buckling of truncated conical sandwich shells. The material of FG face sheets and
homogenous core were temperature dependent [19]. Cylindrical shells are widely used in many engineering fields
such as aerospace, chemical, civil, mechanical, naval, and nuclear. A predominant failure mode of axially
compressed thin cylindrical shells is axial buckling, and this problem has been studied for more than a century [20—
33]. For example, Winterstetter and Schmidt [23] have conducted a comprehensive experimental and numerical
investigation of the buckling of a steel cylindrical shell under combined loading. Kim and Kim [24] used the
commercial finite element code ABAQUS to analyze the effect of geometric imperfections on the buckling of
axially compressed cylindrical shells and tanks. Pinna and Ronalds [25] have studied numerically the buckling and
post-buckling of cylindrical shells with one end pinned and the other free, and computed the collapse and bifurcation
loads. Eslami [27, 28] employed the Wan-Donnell and Koiter shell theories to investigate buckling deformations of
isotropic and orthotropic laminated cylindrical shells subjected to mechanical and thermal loads. Mushtari and
Sachenkov [29] investigated the buckling behavior of cylindrical and conical shells under external pressure. Lopatin
and Morozov [30] presented an approximate analytical solution for the buckling problem of a composite sandwich
cylindrical shell subjected to a uniform external lateral pressure. Malinowski et al. [31] analyzed the buckling and
post-buckling problems of an elastic seven-layered cylindrical shell under uniformly distributed pressure. The
buckling problems of functionally graded cylindrical shells are solved by a number of authors. For example, Shen
[32, 33] used the perturbation method to analyze the thermal post-buckling of axially loaded and pressure-loaded
cylindrical shells made of functionally graded materials. Li and Batra [34] studied the buckling of a simply-
supported three-layer cylindrical shell under the axial compressive load. The inner and outer layers of the shell are
comprised of the same homogeneous and isotropic material, and the middle layer is made of a functionally graded
material. Sofiyev [35] discussed the vibration and buckling of sandwich cylindrical shells covered by different types
of coatings, such as functionally graded, metal and ceramic coatings, and subjected to a uniform hydrostatic
pressure. Shahsiah and Eslami [36] investigated thermal buckling behavior of functionally graded cylindrical shell
based on improved Donnell equations. Woo et al. [37] provided an analytical solution for the post buckling behavior
of moderately thick plates and shallow shells made of functionally graded materials under edge compressive loads
and a temperature field. Ravikiran and Ganesan [38] studied linear thermal buckling and free vibration of
functionally graded cylindrical shells with clamped—clamped boundary conditions based on temperature-dependent
material properties.

But, there are no studies in the open literature on the buckling analysis of sandwich cylindrical shells with FG
face sheets and temperature-dependent properties. In this study, a new improved high-order theory is presented for
axial and thermal overall buckling analysis of sandwich cylindrical shells with FG face sheets and homogenous core.
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First-order shear deformation plate theory is used for the face sheets and cubic functions are assumed for the
transverse and in-plane displacements of the core. Strain components are calculated by use of nonlinear von Karméan
relations. Continuity conditions of transverse shear stresses at the interface as well as the condition of zero
transverse shear stresses on the upper and lower surface of the cylinder are satisfied. Also, transverse flexibility of
the core and consequently the core transverse normal strain and stress are considered. The equation of motion and
boundary conditions are derived via principle of minimum potential energy. Analytical solution for static analysis of
sandwich cylinders with simply-supported boundary conditions under axial in-plane compressive loads is presented
using Navier’s solution.

2 STRUCTURE AND MATERIAL

A sandwich cylinder with functionally graded face sheets is considered under axial loads, see Fig. 1. &, and h, are

the thicknesses of the outer and inner FG face sheets, respectively, and R indicate the radius of the cylinder. The face
sheets material are assumed to be functionally graded and the core is assumed as homogeneous material with

thickness of /1, . The properties of the FG face sheets, p (z ; T ) , such as Young’s modulus, Poisson’s ratio, thermal

expansion coefficient and the density of FG face sheets, are introduced by power-law function as:
P(z,,T)=g(z)P.T)+[1-gE )P, T) . j=(0.i)

g(zo){—h"/z_za ] , g(zi>=[—hf/ifzf] M

0 i

where P/(T') and P/ (T') are the materials properties of the ceramic and metal, respectively. And they are
expressed as a function of temperature as [39]

Plor P} =C,(C.T " +14+CT +C,T* +CT”) ©)

where T is temperature and is expressed in Kelvin; C,C_,C,,C,,C, are the coefficients and are unique to the
constituent materials [40].
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L Fig.1

2 T € Two-dimensional view of sandwich cylinder with axial in-

—— h -— plane compressive load.

3 FORMULATION

In the present paper, the first shear deformation theory is adopted for the face sheets:

u,(s,0,z,)=uq, (s,0)+z 9/ (s.0)
v, (s,0,z,)=v,, (s,9)+zj% (S,H) ,J =(0,i)

(3)
w,(s,0,z,)=w,, (5,6’)
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where u,,v, and w, are displacements of mid-surface along the s, 6 and z direction and ¢’ and ¢, are rotations

of the normal to the mid-surface along # and s axis, respectively. The core layer is much thicker and softer than the

face sheets. Thus, the displacement fields for the core are assumed as a cubic pattern for the in-plane and vertical
displacement components [41]:

5,0)+ z.2 +uy(s,0)z,°

c

u,(s,0,z, )=u,(s,0)+u,(s,0)z, +u,(s,0)z >
v (5,60,z,)=v,(s,0)+v,(5,0)z, +v,(s,0)z,” +v,(s,0)z° 4)
w, (5,0, )=w,(s,0)+w,(s,0)z, +w,(s,0)z,.> +w,(s,0)z°

c

where u, and v, (k=0, 1, 2, 3) are the unknowns of the in-plane displacement components of the core and w, (k=0,

1, 2, 3) are the unknowns of its vertical displacements, respectively. In this model, there are twenty eight unknowns:
ten displacement unknowns for both face sheets, twelve displacement unknowns for the core, and six Lagrange
multipliers.

In the present model, assumed core is perfectly bonded to the face sheets. Hence, there are three interface
displacements in each face sheet-core interface, which can be obtained as follows:

u,(z,=h[2)=u(z, =—h/2), v,(z,=h,[2)=v (z. ==h.[2), w,=w_(z. =—h_/[2), )
u (z,=h[2)=u,(z, ==h,[2),v (z, =h.[2)=v,(z, ==h, [2),w_ (z. =h. [2)=w,

The nonlinear von Karman strain-displacement relations for the face sheets (=0 , i) can be defined as:
J J 1 2 AT
‘c"ss _u()/',s +Zj¢s,s +Ew,i,s _a.f J

1 . 1
— j )
500_:(‘)0],0"'2]-(00,0 +Wj)+2—2Wj’0 a; AT,

-
el =—a,AT, Jj =(0,i)

i1 j ;o] (6)
Vio —;(uoj,g +zjgosﬂ)+v0j,s +Zj¢9,s +;Wj‘ij,H

i — o) +w

}/sz qos 7S

;1 j j
Ve _; W0 Ve —Z,;P ) TP
In addition, the nonlinear von Karman strain-displacement relations for the core can be expressed as:

TR + 24 sl g
gss _MO,S ul,szc MZ,SZC u3,szc ZWO,S ac c

c 1 2 3 2 3 1 2
Egp :—[v0€+vlgzc +V,02. 1V, 2, +(w0+wlz£ W,z +w iz, )]+—2 W, — AT,

AL : ' : ,

& =w, +2w,z, +3w.z,’ —a AT, o
V., =(u1-|-2u22(_ -I—3u32L,2) (w AWz, +Wstc Wz, )

1
c 2 3 2 3 2
Ve. —;[wo’g TW g2, W2 AW ,Z, —(vo vz, v,z vz, )]+v1 +2,z +3,z,

1
c 2 3
Vso _;[MO,H +”1,92c +u2,92c +u3,928 +w 0’SW 0’9]+V0s +v, z +v, Z +V z

1s“¢ 2s5%c 3SL‘

For determination of stress resultants for each FG face sheet (j=0 , i) constitutive equations are as follows:
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sts 4, 4, 0 gs(;’_) B, B, 0 5;31/') NsTsj

Nge =4, Ay 0 gé‘g} + B, B, 0 g;gj - Né%

Vol Lo o agllen) Lo o mlen] | o

M) B, B, 0 5:3) D, D, 0 gs(sl/') M

Még =B, B, 0 51(92} +| Dy, Dy 0 ‘9;2/ - MHT{; ®)
M), 0 0 Bg|ley, 0 0 Dyll&y, 0

Qs(jo) T 21, O 7s(z0j) 7 |By O 7s(z1j) L
(T2l o ATzl o s STOY
0y, ss | | Yoy ss | | Yoz

2 2
m_7 o 7
er —5355794 +

ED55722' , J=(0,i)

2
It should be noted that 1;—2is the shear correction factor of FSDT. In addition, the strain components for a

sandwich cylinder are defined as:

+L, 2
U, +—w. .
0/,s K J
) e m o,
gss' &g ’
5/ s5j
ol )1 1 2 o _ 1
Eop; (=1 " Woj0TW,; )T =W, > V0 (= S ZY)
) r 2r m
Eso; 1 E0; 1 . . (9)
J J
g0 TV o TTW W0 — @0t Py
r r r

w. +q@’ 0
ol [E)

ONE j ’ O R a7/
Yoz :(Wj,e Vo, )+§0§ Veosj TH

Also, N7 N§,M7 and M, are the thermal stress resultants and A;,,B}, and D} ,(k,l =1,2,6) are the
stiffness matrices components that for the outer and the inner face sheets are as follows:

E (z;,T;)
1-v,(z,.T})

S8

2

NI =N = | @z, T)AT, dz, , j=(0,i)
h/
2
"y

z,.E (z,,T))

o, (z, ,THAT . dz. , j=(0,i
il_uj(zj’Tj) ./(./ J) JTed J=( )

A5 (44

Blfl - szz :I% A i “
Dl,:' Dzj 7}17/ 1_(‘9/' (Z/’T/ ))2 jz j
11 2 ’ Z; (10)

A, :

B]‘j _jhé 4 (Z/’T/)XEJ' (Zf ’Tf) z, ¢dz
12 - h./ ’ ! j

DLl 7 1_(‘91 (Zf T )) z;

A, B E (z T) :

B l_ 21 J\“i>"J z . vdz .

DZ I 2(1+8,(z,.7,)) Z}_ j
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where E (zj. T ),19/. (zj ,Tj) and «; (zj,Tj ), j =(o,i) are the modulus of elasticity, Poisson‘s ratio and the
thermal expansion coefficient of the FG face sheets, respectively, and introduced by power-law function of FGMs.
"o" and "i" refer to the outer and inner face sheet layers, respectively. In addition, twenty-three stress resultants of

the core are defined as:

=
5

'._.,N‘

[ c c c _ 2 3)\,.cC
{QSZ7MQlSZ’MQZSZ’MQ3SZ}_ (1’Zc’zc ’Zc )Tszdzc

e ‘03' N‘oj

c c c c _ 2 3),.¢C
{Qez’Msz’Mozez’ QSGZ}_ (1’Zc’zc L )Tezdzc

N

—_— ‘Ak

{Re.ME M= [ (Lz,.2.)okdz,

h,
2
hC
i (a1
c c ¢ c 2 3)\.,.¢c
s0? 150! 250 30 f 15c1%c 1 %c s6“c
{Q5 M 10 MG : }—I(lzz z.%)ti,dz
hC
2
he
2
2,3
{RSC’M scl'M :Z’M :3} = I (1’Zc ’Zc ’Zc )G(s:sdzc
hC
2
hC
2
2,3
{R;’M gl'M ;Z’M ;3} = j (1’2(:’2(: ’Zc )G((;edzc
hC
2
4 GOVERNING EQUATIONS
The governing equations are derived through the principle of minimum potential energy:
U+ =0 (12)

where U is the total strain energy, V is the total potential energy and o denotes the variation operator. The total
potential energy is equals to:

L2rx
v =—J.J.(n;’5u00 +n!du,, )rdbds (13)
00
where u_ ,u, are mid-plane displacements of the outer and inner face sheets in the longitudinal direction,

respectively. n! and n| are the in-plane external loads of the outer and inner face sheets, respectively. In addition,

the first variation of the total strain energy is as follows:
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oU

0 0 0 o 0 0 0 o 0 0
j (O-Ss 06, + 04y 08y + T/ Oy + T, Oy, +7,. 07, )dV
V()

i i i i i i i i i i
+ J.(Gss 5gss + 0-6'9 5899 + Ts& 5;/56 + Z-sz 5}/52 + 7’-9: 57(92 VV

v

i

+ [ (72 0+, O + 0% 855 +0%, 5+, Oy +75, 575y ) AV
Vo (14)

[ZSO (uu (za =h, /2)_% (zc =—h, /2))+/1gu (vu (20 =h, /2)—vc (zC =—h, /2))

w,—w, (z, ==h [2))+ A, (u (z, =h. [2)-u, (z, ==h, [2))
a2 J2) v, (2, == D) (o (2. = 2) -, )]s

i

where o’ and o), (j=o, i) are the in-plane normal stresses and ¢/ and &}, (j=o, i) are the in-plane normal strains of

the outer and inner face sheets; of

ss 2

Opp-Ep and & are the in-plane normal stresses and strains of the core,
respectively; 7/, and y/, (j=o, i, ¢) are the in-plane shear stresses and strains in the face sheets and the core; o,
and & are the normal stress and normal strain in the vertical direction of the core; 7, and y. are the vertical

shear stress and vertical shear strain in the core; V., and V', are the volume of outer and inner face sheets and

core

the core, respectively; A,

4y; and A, (j=o, i) are six Lagrange multipliers for compatibility conditions at the outer
and inner face sheet-core interfaces. By using the Eqgs. (12, 13, 14) and after some algebraic manipulation, the
twenty eight equations of equilibrium are calculated as follows:

Five equations for the outer FG face sheet:

o o o __
rN,\x\' ) +NS0,0 - rﬂ“.\'(} + mx - O

o 3 0) —
Ngoo+1N o, +Qp, cos B—ri, =0

(0) (0) —
—N oy +10 +0, +N (w,)—rA, =0
0 A (15)
o o o __

rMss,s +M59,€_rQso _r/lso 7_0
M o M o _ (0) a _ ﬂ hu _ O

00,0 TTM 54 0o tOs — ¥4, 7 =

Five equations for the inner FG face sheet:

i i i _
rNss,s +Nst9,9 +rﬂ'si +ms - O
i i (0) —
Ngoo+N (o, +Qy +1 4y =0
i 0) (0) —
_N;B +’Qsi,s +Q9i,9 +N (Wi )+r/lzi =0

(16)

I/Mxl.v,s +M.vl€,6 - rQs(iO) - rﬂ'si ?’ = 0

i i (0) Q)] i
Mgy +1My  —1Qy" +Qy" —1 4y, > =0

Twelve equations for the core:
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c c p—
rR.v,s +QS€,9 +rﬂ's0 —V)p“. - 0

h h
_rQ +rMsls+Mélsn9€ ﬂ’so_c_rlsi_czo
2 2
h’ h’
2rMélsz +rM:2s +M52399+rﬂ’s0 :'. _rﬂsi ; :0
3 h 3
_3rM(()2\z +I”M +M53<00 r/lm - é
Qq. + Ry +105, + =7 Ay (17)

ngz ngz +M9] 0 Mle@,s —}"lgo 7_}’/1& ? =0

2 2
Mg, =20M Gy + Mgy g +1M (0 +T A, h4 —ri, h4 =0
h’ h’
M sy —3rM (. +M§3’8+FM5330YS—rﬂgo?—r/lgi é =0
105 +Qp. o Ry +N (W, )+7r A, —rd, =0
) h, h,
rMéb“+Méw P "R =M, —rA, —=-ri, 2
h’ h’
rMé2Y V+M529 P -2rM M ,, £ . ; =0
h’ h’

c c c c -
rMQ3sz,s+MQ30z,9_3erz_M93_r o o 2i =0
8 8

and six compatibility conditions corresponding to perfect bonding:

h LB R
U, +7§0S —u0+u17—u27+u3 g =0
h h, hc2 hc3
Voo T 5 -, V0+V17_VzT+V3 3 =0
h2 h’
W, —W,tw, —-w,—+w,—=0
2 4 8
f 5 ; 4 (18)
u0+u17"+u2j+u3?—um +?‘ =0
h 2 3 h )
v0+vlj+vzj+v3?—v0 +?’(p; =0
h? h’
Wotw, —+w, —4+w,—-w, =0

where N (w,),N (w,) and N (w_) are defined in Appendix A.

5 SIMPLY-SUPPORTED BOUNDARY CONDITIONS

In this section, assumed the outer and the inner face sheets are simply-supported and the vertical displacements
through the depth of the core at the edges of the sandwich cylinder are prevented, see Fig. 2. A Navier’s solution
method with twenty-eight trigonometric Fourier series, which satisfies the boundary conditions, is established. The

Fourier series can be expressed as:
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uO/ Cui
@ U3 NC mr
S o= 7 tcos| —s |cos(nf , j=o0,i , K=0,123
MK I;HZ::‘ CuK L ( ) j
/14'/' Cls/'
Vo, C,
o | LL|Chil . (mz ). . . (19)
= sin| —s |[sin(n@ , j=0,i ,K=0,1273
vK ;HZ:; CVK L ( ) ]
)“9, C/wj
\ C

wj

i sin(mTﬂsjcos(nH) , j=o0,i ,K=0,123

3
L‘

S
=
I
M=
Mz
a 0O

~
3
I

Q)
~

Z]
where C ..C..C ij,CWj,
Fourier series. In addition, m and n are the wave numbers and M and N are the number of terms in the Fourier series.
After substitution of the Fourier series, Eqs. (19), into the equilibrium equations, Egs. (15)— (18), along with the
stress resultants of the functionally graded face sheets, and the high-order stress resultants of the core, the problem
can be expressed in matrix form as:

i 2ChsChis CisCi»CoisC oy ,C oy and € are the twenty-eight unknown constants of the

[L]ic}={F} (20)

where {C} vector contains twenty-eight unknown constants and components of [L] matrix are not presented here

for the sake of brevity, but nonzero components of {F} vector are shown in Eq. (21). Eq. (27) is solved for {C} by
using MATLAB software, and the twenty-eight unknown constants are obtained.

F(1)=-R.n} ,F(3)=-N,, ,F(4)=-R.n! ,F(6)=-Ng ,F(16)=-R",

) 21
F(17) =R M F(18)=—2RM —M] F(19)=3RM ] ~M]
where R M, M M T are the thermal stresses resultants of the core and are defined as:
R 1 22)
22
M J.h/z E,(TL,).OCL,(TC)ATL z J
M ~he 12 1-v (T.) z2 e
M 2

Fig.2
Three-dimensional view of sandwich cylinder with simply-
supported boundary conditions.
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6 NUMERICAL RESULTS AND VALIDATION

In this section, the numerical results of sandwich cylinders with FG face sheets are calculated for two types of
ceramic and metal combinations as defined in Table 1. The material properties C in the FG face sheets can be
expressed as a function of temperature as Eq. (2). Table 2, shows the temperature-dependent properties of
constituent materials of Si3N4, Ni, ZrO2 and Ti—-6Al-4V defined by five constants for third-order function of
temperature that is introduced by Eq. (2), [41]. In two examples defined in Table 1, the outer surfaces of the FG face
sheets are assumed to be ceramic rich (Si3N4 or ZrO2) and the FG face sheets in the face sheet-core interfaces are
assumed to be pure metal (Ni or Ti—6A1-4V). In addition, numerical examples are simulated by ABAQUS software
for validation of the present approach in special cases.

Table 1
Two examples of sandwich cylinder.
FG face sheets core
Typel Silicon nitride/Nickel Stainless steel
Type II Zirconia/Titanium Titanium
Table 2
Temperature-dependent properties of constituent materials of the FG face sheets [30].
Si3N4 7r02
E v P E v P
o 348.4323 x 107 0.24 2370 24427 x 10 0.2832 3000
C 0 0 0 0 0 0
¢ -3.0697386 x 107 0 0 -1.371x 107 1.133x 10 0
& 2.160186 % 107 0 0 1.214x 10 0 0
& -8.946165x 10™"" 0 0 -3.681 x 107 0 0
Ni Ti-6Al-4V

o 223.95x 10 0.31 8900 122.56 x 10° 0.2884 4420
€ 0 0 0 0 0 0
¢ 2.794x 10 0 0 -4.586x 10 1.122x 10 0
¢ -3.998 x 10 0 0 0 0
) 0 0 0 0 0

The critical dimensionless axial loads are shown in Table 3, for various temperatures. Table 3, shows this
variation in a uniform temperature distribution for simply supported symmetric sandwich cylinders and for different
power law indices, "N". The results are calculated by present formulations and also calculated by ABAQUS finite
element code and then they are compared together. “H” is the total thickness of the sandwich cylinder, and the
critical dimensionless axial load is defined as:

_ 0
Ncr - E H (23)

where E_ is Young’s modulus of the homogeneous ceramic. As depicted in Table 3., while the temperature is

increased, the critical dimensionless axial loads are decreased. Because, according to Eq. (2), increasing of the
temperature, causes decreasing in the strength of the material. To clarify this phenomenon, the effect of temperature
on the Young's modulus of ceramic and metal is indicated in Table 4. With increasing the temperature, elasticity
modulus of metal and ceramic are decreased, but due to the microstructural reasons, decreasing the elasticity
modulus of metal is more. Therefore, increasing the temperature reduces the mechanical properties, and it is one of
the most important reasons in decreasing the critical dimensionless axial loads in high temperatures.
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Table 3
Variation of critical dimensionless static axial load for type I and type II sandwich cylinders with different 7 and N

(R 300,810, =105 =2).
H R

N, x10°
T (K) Type I — _ Type II _ _
N=0 N=1 N=2 N=3 N=0 N=1 N=2 N=3
300 2.143 1.991 1.897 1.983 1.692 1.563 1.495 1.547
ABAQUS 2.098 1.861 1.803 2.052 1.675 1.552 1.368 1.419
Discrepancy (%) 2.14 6.98 5.21 3.36 1.01 0.708 9.283 9.02
400 2.012 1.890 1.798 1.860 1.547 1.465 1.423 1.460
ABAQUS 1.896 1.711 1.624 1.692 1.479 1.321 1.278 1.326
Discrepancy (%) 6.11 10.46 10.71 9.92 4.59 10.9 11.34 10.10
500 1.887 1.784 1.703 1.771 1.465 1.390 1.323 1.381
ABAQUS 1.802 1.705 1.616 1.677 1.413 1.310 1.198 1.302
Discrepancy (%) 4.71 4.63 5.38 5.60 3.68 6.10 10.43 6.06
Table 4
Effect of temperature variation on the Young modulus in metal and ceramics.
T Silicon Nitride Zirconium dioxide
300 K 322.27 (GPa) 168.06 (GPa)
1500 K 252.14 (Gpa) 105.68 (GPa)
Change 21.76% 37.11%

Critical dimensionless axial loads in Table 5, are calculated in different core thickness-to-face sheet thickness
ratio &,/ h, for different property distributions of the FG face sheets and also for two types of sandwich cylinders,

type I and type II. In various indices, "N", raising the core thickness-to-face sheet thickness ratio causes the critical
dimensionless axial loads decrease. Because, with increasing A_/h, ratio, the thickness of the core will be bigger
and so the structure will be weaker.

Table 5
Variation of critical dimensionless static axial load for type I and type II sandwich cylinders with different 4 /h, and N

(R _300L-2)
H R

N, x10°
h./h, Typel Type Il
N=0 N=1 N=2 N=3 N=0 N=1 N=2 N=3
5 2.579 2.245 2.037 2.153 1.796 1.610 1.513 1.593
ABAQUS 2412 2.073 1.814 2.017 1.726 1.565 1.486 1.552
10 2317 2.055 2.001 2.069 1.735 1.551 1.507 1.548
ABAQUS 2.226 1.955 1.758 1.901 1.675 1.492 1.478 1.522
15 2.125 1.957 1.935 1.980 1.689 1.505 1.491 1.504
ABAQUS 1.984 1.860 1.749 1.841 1.633 1.468 1.456 1.486

Tables 3 and 5 indicate with changing the property distribution of the FG face sheets from linear to quadratic; the
critical dimensionless axial load N is decreased, because, more percent of the face sheets materials changes to

metal and stiffness structure is lower and so the critical dimensionless axial load is decreased. But, N, is increased

with changing the property distribution of the FG face sheets from quadratic to cubic distribution. Because, more
percent of the face sheet materials changes to ceramic and stiffness structure is higher and so the critical
dimensionless axial load is increased.

Also, the constituents of type I is stronger than type II and their young modulus are bigger than type II so the
critical dimensionless axial loads of type I sandwich cylinder are generally bigger than the critical dimensionless
axial loads of type II.

In Table 6., variation of critical dimensionless static axial load for type I and type II sandwich cylinders with
different compositional profiles N and different ratio R /H are presented. They are calculated numerically (by
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ABAQUS) and analytically (by present formulation). When the ratio R /H is increased, the value of the critical
dimensionless static axial load is decreased. Furthermore, Tables 3, 4 and 6 indicate that the numerical results and
the analytical results are in a good agreement.

In order to simulating the structure in Abaqus software, the thickness of the FG face sheets is divided into 20
layers. Then, isotropic mechanical properties are assumed for each layer which is gradually change from pure metal
on one surface to the pure ceramic on the other surface according to the FG power law distribution.

Table 6

Variation of critical dimensionless static axial load for type I and type II sandwich cylinders with different 7 and N

L
(h/hy =10,2-=2).

N, x10°

R Typel Type Il

H N=0 N=1 N=2 N=3 N=0 N=1 N=2 N=3

200 2.721 2.553 2.467 2.596 2.423 1.914 1.337 1.910
ABAQUS 2.486 2.219 2.100 2.189 2.202 1.663 1.164 1.658

400 1.425 1.273 1.231 1.270 1.321 0.962 0.928 0.957
ABAQUS 1.254 1.146 1.002 1.078 1.032 0.899 0.805 0.825

600 0.935 0.850 0.819 0.844 7.312 0.639 0.618 0.641
ABAQUS 0.895 0.781 0.753 0.756 6.985 0.556 0.551 0.531

In Figs. 3(a) and 4(a), the variations of the critical dimensionless axial loads are depicted with length to radius
ratios for type I and type II, respectively. Furthermore, in Figs.3 (b) and 4(b), the variations of the critical
dimensionless axial loads are depicted with wave number changing for type I and type II, respectively. All these
figures are plotted for four values of power law indices, N=0, 0.2, 1, 2. In Figs. 3 and 4, with increasing the length to
radius ratios and with increasing the wave number, the critical dimensionless axial loads are decreased. In addition,
Figs. 3 and 4 depict that in a constant temperature, the critical dimensionless axial loads are decreased with
increasing the power law index from N=0 to N=2. Because, with increasing the power-law index from N=0 to N=2,
the properties of the FG face sheets are near to metal properties and the strength of the structure is decreased.

——Typel N=0
s Typel N=0.2
— —TypelN=1

BN — Typel N=0
12 W e Typel N=0.2
AN - - =Typel N=1

— TypelN=2

—-- Typel N=2

Critical dimensionless axlal load
o
&

Critical dimensionless axial load
2
s

e
4

e

R Wave Number

(b)

Fig.3
a) Variation of critical dimensionless axial load via L/R for various power law indices (Type I). b) Variation of critical
dimensionless axial load via wave numbers for various power law indices (Type I).
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a) Variation of critical dimensionless axial load via L/R for various power law indices (Type II). b) Variation of critical
dimensionless axial load via wave numbers for various power law indices (Type II).

7 CONCLUSION

The buckling of sandwich cylinders with functionally graded face sheets subjected to axial compressive load is

studied. The temperature dependent material properties of FG face sheets are varied by power-law distribution along

the thickness. The results show the critical dimensionless static axial loads are affected by the configurations of the
constituent materials, compositional profile variations, temperature and the variation of the sandwich geometry.
Based on the results obtained, the important results are as follows. When the ratio R /H is increased, the critical
dimensionless static axial loads are decreased. In addition, for all cases, when the property distribution changes

linearly and cubic, the values of critical dimensionless static axial load are nearly the same. When temperature 7 and

core thickness-to-face sheet thickness ratio #_/h, are increased, the value of critical dimensionless axial load is

decreased. With increasing the L/R ratio, value of critical dimensionless axial load is decreased. And finally, by
increasing the wave number, the critical dimensionless axial loads are decreased.

APPENDIX A

N (w,),N (w,) and N (w_) are defined as follows:

N(w,)=Nlm, . Jj=(.ic)

(A.1)

And N o N . and R ¢ are the parts of total external load, N o, Which are exerted to the outer face sheet, inner face

sheet and the core along s direction, respectively.

\7 0 7 i Sc \7
Nsx +N.YS +Rx - _NO

(A.2)

In this analysis, uniform state of strain for the face sheets and the core is assumed. With this assumption and a

little simplification, we can write:

N: N

SS

hE, hE,

o

hE.

(A3)

where E, is the elasticity modulus of the core; and E, and E, are the equilibrium elasticity modulus in the outer

and inner face sheet, respectively, that are defined as:
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F o= F o= (A4)

Hence, with use of Egs. (A.2) and (A.3), the external in-plane loads exerted to the face sheets and the core along
s direction can be calculated as:

_ h
_ N, E
hE +hE +hE | (A.5)
[ o 1 1 c c hE
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