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Abstract: This work studies on analytical model of the single–stage spur planetary 

gear in form of lumped–parameter model. It includes key nonlinear factors of 

planetary gear vibration such as mesh stiffness and backlash of meshing gears. The 

planetary gear set is modeled as a set of lumped masses and springs and dynamic 

model of the planetary gear set is presented. Nonlinear equations of motion are 

presented for each component and each component has three degrees of freedom in 

planar motion. We have numerically evaluated a set of linear and nonlinear equations 

to obtain natural frequencies and analysis of vibration behavior of the system under 

nonlinear factors and fixed output. In previous researches, natural frequencies of 

planetary gears were evaluated from two points of view: the first one considered fixed 

output for planetary gears and the second one consists of free rotational output. In this 

research, the influence of the output flexibility is evaluated on natural frequencies of 

the planetary gear. Meanwhile, by considering the fixed output, vibration behavior of 

the nonlinear system is investigated. Results show that the most important effect of 

the output flexibility is on the principal natural frequency. Because of chaotic 

phenomenon, vibration behavior of components in translational directions is different.  
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1 INTRODUCTION 

The single–stage spur planetary gear set consists of 

carrier, ring, sun and planets. In order to vibration 

behavior analysis of the planetary gear system, time–

varying mesh stiffness, backlash of sun–planets and 

ring–planets and output flexibility are important 

factors. Lin and Parker [1] modelled the time–varying 

mesh stiffness of the sun–planet and ring–planet 

meshes as rectangular waveforms with different contact 

ratios and mesh phasing. In order to study on a 

dynamic model of the gear pair with multi-state mesh 

and time-varying parameters, Shi et al. [2] considered 

effects of teeth separation and back–side tooth mesh. 

Sun and Ha [3] presented the nonlinear dynamics of 

a planetary gear system with time–varying mesh 

stiffness, backlash and error excitation. Several 

researchers studied on planetary gear natural 

frequencies and vibration modes. Kahraman [4-5] 

studied on planetary gear models to evaluate natural 

frequencies and vibration modes and also, he predicted 

that a dynamic load sharing factor can be used in the 

dynamic model. Ambarisha and Parker [6] showed that 

planet modes are one of three categories of planetary 

gear vibration modes and the symmetry of planetary 

gear systems and gear tooth mesh periodicity are 

sufficient to establish rules to suppress planet modes. 

Lin and Parker [7–9] studied analytically on modal 

properties of planetary gears to evaluate natural 

frequencies and vibration modes. Parker and Lin [10] 

also showed that the multiple tooth meshes in planetary 

gears have varying numbers of teeth in contact under 

operating speed, and these numbers of teeth all 

fluctuate at the same mesh frequency. Tatar et al. [11] 

created the dynamic model by using a lumped 

parameter model of the planetary gearbox and they 

assumed gears and carrier in the planetary gearbox are 

rigid. Nonlinear dynamic behavior of gears was 

examined using two models [12-13]: lumped–

parameter model and finite element model. Li et al. 

[14] established a batch module called ‘‘integration of 

finite element analysis and optimum design’’ by taking 

gear systems as testing examples. Meanwhile, a 

dynamic lumped–parameter gear model incorporating 

the effects of time–varying and asymmetric mesh 

stiffness nonlinearity, was formulated by Chen et al. 

[15] to analyze the spur gear rattle response under the 

idling condition. A nonlinear time–varying dynamic 

model for a planetary gear system and new analytical 

formula of tooth deflections have been investigated in 

[16-17]. Moreover, for some structures of planetary 

gear, gear systems and other dynamical systems, 

vibration characteristics [18-19], dynamic analysis [20–

24] and modal properties [25] have been investigated.  

This research presents the linear and nonlinear dynamic 

modelling of the planetary system to study on natural 

frequencies and vibration behaviour of the system. The 

system is considered as rotational system and in 

rotational planetary system, the degrees of freedom of 

components in translational directions are negligible 

and components of the system have freedom only in 

rotational direction. The sun gear and carrier are 

considered as input and output powers and the ring gear 

is held stationary. Fixed or floating of the sun, ring and 

carrier bearings are simulated by bearing stiffness. As 

an example, free rotation of the carrier is modeled by 

zero carrier rotational stiffness and severe resistance of 

the output against the rotation is modeled by huge 

carrier rotational stiffness. For the linear system, the 

effect of the output rigidity/flexibility on natural 

frequencies is studied. To study the effect of the output 

rigidity on natural frequencies, fixed or floating of the 

output by using its rotational stiffness is simulated to 

show the output rigidity or flexibility. The sun gear as 

an input is considered fixed or floating and for both 

cases of fixed sun and floating sun (the input power), 

natural frequencies are defined as function of the 

carrier (the output power) rotational flexibility. In order 

to study on planetary gear vibration, study on main 

sources of vibration; i.e., the mesh stiffness and 

backlash of meshing gears is necessary. Nonlinear 

equations of motion are solved by numerical 

integration method with RADAU5 algorithm (implicit 

Runge–Kutta method of order 5 (Radau IIA), [26–28]) 

to study on vibration behaviour of the system by 

considering time–varying mesh stiffness, backlash of 

meshing gears and fixed output. 

2 MODELING OF THE PLANETARY GEAR 

DYNAMIC  

Fig. 1 shows two–dimensional (2D) lumped–parameter 

model of the planetary gear system.  

Each element such as carrier (𝑐), ring (𝑟), sun (𝑠), 𝐽 

planets is assumed to have rigid behavior, i.e., lumped 

parameter system. Sun and carrier are connected to the 

input and output shaft respectively; the external torque 

is applied to the input shaft (𝜏𝑠) and the ring gear is 

held stationary. Mass and moment of inertia of bearings 

are: 𝑚𝑖 and 𝐼𝑖  for 𝑖 = 𝑐, 𝑟, 𝑠, 𝑗 and 𝑗 = 1, 2, … , 𝐽. The 

base radius for bearings of the carrier, ring, sun and 

planets is shown by 𝑟𝑖 , 𝑖 = 𝑐, 𝑟, 𝑠, 𝑗. For the carrier 

bearing 𝑟 is the radius of the circle passing through the 

center of planets. For translational stiffness of bearings 

(𝐾𝑖𝑥 , 𝐾𝑖𝑦 , 𝑖 = 𝑐, 𝑟, 𝑠 ), bearings are modeled by springs 

in 𝑥 and 𝑦 directions. Rotational stiffness of bearings 

(𝐾𝑖𝑢 , 𝑖 = 𝑐, 𝑟, 𝑠) is modeled by springs in rotational 

direction of 𝑢 where 𝑢𝑖 = 𝑟𝑖𝜃𝑖, 𝑖 = 𝑐, 𝑟, 𝑠 and 𝜃 is the 

rotation of components. Stiffness for planet bearings is 

shown by 𝐾𝑗  and translational and rotational 

coordinates of the carrier, ring and sun are: 𝑥𝑖 , 𝑦𝑖 and 𝑢𝑖 

https://www.sciencedirect.com/topics/engineering/planetary-gear
https://www.sciencedirect.com/topics/engineering/lumped-parameter
https://www.sciencedirect.com/topics/engineering/lumped-parameter
https://www.sciencedirect.com/topics/physics-and-astronomy/finite-element-model
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where 𝑖 = 𝑐, 𝑟, 𝑠. The radial and tangential coordinates 

are: 𝜉𝑗 and 𝜂𝑗 (translational coordinates of the planet 

center) and rotational coordinate of planets is: 𝑢𝑗 = 𝑟𝑗𝜃𝑗 

and 𝜃𝑗 is the rotation of planets. The circumferential jth 

planet location is identified by time–varying angle of 

Ω𝑗(𝑡). The circumferential jth planet location depends 

on the unit vector’s rotation (i-unit vector) and measure 

counter–clockwise from the first planet, so that Ω1 = 0. 

Each element has three degrees of freedom in planar 

motion: two translations and one rotation, so the system 

has 3(𝐽 + 3) degrees of freedom where 𝐽 is number of 

planets.  

 

 
Fig. 1 Lumped parameter model of the planetary gear and 

system coordinates. 

2.1. Equations of Motion  

Ring– jth planet and sun– jth planet meshes are shown in 

“Fig. 2”. As an example, in “Fig. 2”, mesh stiffness 

between ring and  jth planet (𝑘𝑟𝑗(𝑡)) acting along the 

line of action.  

Static transmission error of the ring– jth planet (𝑒𝑟𝑗(𝑡)) 

is included as dynamic excitation at the mesh spring. In 

the present model, flexibilities of the gear teeth and 

gear bodies are simulated by springs (reciprocal actions 

of gear mesh modeled as springs). Variation of tooth 

contact conditions results the periodically time–varying 

stiffness of meshing gears along the line of action. 

Springs elements have a clearance that represents the 

backlash of meshing gears by 2𝑏𝑟  and 2𝑏𝑠. 

 
Fig. 2 Dynamic model of meshes for the ring, sun and jth 

planet. 
 

𝑘𝑟𝑗(𝑡) and 𝑘𝑠𝑗(𝑡) are mesh stiffness of the ring– jth 

planet and sun– jth planet. By using the model of “Fig. 

3”, the mesh stiffness of meshing gears is considered 

[1].  

 

 
(a) 

 
(b) 

Fig. 3 Mesh stiffness model of the: (a) sun– jth planet and 

(b) ring– jth planet. 
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In “Fig. 3”, the stiffness of one and two pair of teeth is 

available (𝑘1 and 𝑘2, respectively) and for meshing 

gears the mesh phasing is ∆𝑠𝑗= Ω𝑗𝑄𝑠/2𝜋 and ∆𝑟𝑗=

Ω𝑗𝑄𝑟/2𝜋 where 𝑄 is the tooth number of gears. By 

considering contact ratio between the sun– jth planet 

and the ring– jth as 𝐶𝑠𝑗 and 𝐶𝑟𝑗, the mesh stiffness of 

them is obtained as “Eq. (1)”.  
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Where, 𝑙 is an integer. Note that, because of mesh 

phasing relationships [10], mesh stiffness of the sun– jth 

planet (𝑗 = 2,3, … ) is function of: 1. mesh stiffness of 

the sun–first planet and 2. relative phase between the 

sun– jth planet (𝑗 = 2,3, …) and the sun–first planet. 

This is similar for mesh stiffness of the ring– jth planet 

(𝑗 = 2,3, … ). In this study all the sun– jth planet and the 

ring– jth planet meshes are in phase with each other. 

 The basic dynamical equilibrium equations contain 

3(𝐽 + 3) nonlinear ordinary differential equations. By 

using Newton’s second law, equations of motion for 

the ring gear in 𝑥, 𝑦 and 𝑢 directions are obtained as 

“Eqs. (2-4)”: 
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In “Eqs. (2-4)”, 𝑥 and 𝑦 are the translational and 𝑢 is 

the rotational degrees of freedom of the system. 𝛼𝑟𝑗(𝑡) 

is the pressure angle of the ring– jth planet and the 

backlash is modeled as function of 𝐵𝑟  under the 

tolerance with domain of 2𝑏𝑟  (see, “Fig. 2”). Moreover, 

𝐵𝑟𝑥 , 𝐵𝑟𝑦 and 𝐵𝑟𝑢 are the piecewise–linear movement 

functions for mesh of the ring– jth planet, and they are 

defined as “Eq. (5)” [16]: 
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Similarly, equations of motion for the sun gear, carrier 

and  jth planet in 𝑥, 𝑦 and 𝑢 directions are obtained as 

“Eqs. (6-19)”: 

2.1.2. Sun gear Equations 
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In “Eq. (8)”, 𝜏𝑠 is the input torque applied on sun gear 

and: 

 

,
sin( )

{ 0, }

,
sin( )

s

j s s s

j sj

sx s s

s

j s s s

j sj

b
x x b

B b

b
x x b





   
 

  

    
 

 

,
cos( )

{ 0, }

,
cos( )

s

j s s s

j sj

sy s s

s

j s s s

j sj

b
y y b

B b

b
y y b





   
 

  

    
 

 

(9) 



39                                  Ali Shahabi et al. 

  

,

{ 0, }

,

s j s s s

su s s

s j s s s

u u b b

B b

u u b b

   

  

    
 

[( )sin( )s j s j sjx x        

( )cos( ) ( )]j s j sj s jy y u u      

2.1.3. Carrier Equations 
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2.1.4.  jth Planet Equations 
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In “Eqs. (2-15)”, 𝛿 is compressions of the elastic 

elements (springs) and defined as “Eqs. (16-19)”: 
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). ).cos (   sin (  sj j sj s j sj sy x          

  sin  cos. .   sj s j jj j s j su u e t        
(16) 

2.1.6. Ring– jth Planet Bearings Mesh 

cos (  ). sin (  ) .rj j rj r j rj ry x          

  sin  cos. .   rj r j jj j r j ru u e t        
(17) 

2.1.7  jth Planet Bearing Radial 

sin . cos .j cjjr c jy x     
 (18) 

2.1.8  jth Planet Bearing Tangential 

cos  . sin .jt j c j c j cx uy      
 (19) 

 

Equations of motion for the system in the matrix form 

can be written as “Eq. (20)”: 
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Where, 𝐌 is the inertia matrix, 𝐊𝑏 is the diagonal 

support stiffness matrix, 𝐊𝑚(𝑡) is the symmetric 

stiffness matrix from coupling between components 

and 𝛕(𝑡) is the external torque applied on the sun gear. 

Vector of general coordinates of the system is 

considered as “Eq. (21)”: 
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In order to evaluate natural frequencies, the associated 

eigenvalue problem of “Eq. (21)” is obtained as “Eq. 

(22)”:  
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Where, 𝜔𝑖 , , 𝑖 = 1, … ,3(3 + 𝐽) are natural frequencies 

and 𝛗𝑖 are vector of vibration modes. Vibration modes 

are classified into three types of translational, rotational 

and planet modes [7].  

3 NUMERICAL RESULTS 

To evaluate natural frequencies of the rotational 

system, parameters of “Table 1” and 𝑘1 = 3 × 108N/m 

and 𝑘2 = 7 × 108N/m are considered.  

 
Table 1 Numerical parameters of the planetary gear set 

 Carrier Ring Sun Planet 

I/r2 (kg) 6.29 3 0.39 0.61 

Mass (kg) 5.43 2.35 0.4 0.66 

Base dia. 

(mm) 
176.8 275 77.4 100.3 

Translational 

stiffnesses 

(N/m) 

108 108 108 108 

Rotational 

stiffness 

(N/m) 

0 109 0 — 

Number of 

teeth 
— 100 28 36 

Torque (N.m) — — 1100 — 

 Sun – 𝑗th planet Ring – 𝑗th planet 

Pressure 

angle 

(degree) 

24.6 24.6 

Contact ratio 1.48 1.642 

 

Validation of natural frequencies (𝜔𝑖 , 𝑖 = 1, … , [3(𝐽 +
3)]) with three equally spaced planets (Ω𝑗 =

2𝜋(𝑗 − 1)/𝐽: Ω1 = 0, Ω2 = 120, Ω3 = 240 degrees, 18 

degrees of freedom) are tabulated in “Table 2” by 

considering 𝐾𝑠𝑥 , 𝐾𝑠𝑦 = 1 × 108 N/m as like as Ref. [7]. 

By considering output rotation (floating carrier), “Table 

2” presents natural frequencies of the rotational system.  
Table 2 Natural frequencies of the rotational system for this 

study and Ref. [7] 
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Natural frequency 

(Hz) 
Vibration 

mode 
Three equally 

spaced planets 

and rotational 

system of this 

study 

𝜔1 = 0 Rotational 

𝜔2, 𝜔3 = 743.5 

𝜔4, 𝜔5 = 1102.9 

Translational 
Translational 

Three equally 

spaced planets 

and rotational 

system of Ref. [7] 

𝜔1 = 0 Rotational 

𝜔2, 𝜔3 = 743.2 

𝜔4, 𝜔5 = 1102.4 

Translational 
Translational 

 

For rotational systems, when 𝐾𝑐𝑢 is almost zero it 

means that the carrier (system output) is free to rotate 

and rigid body motion appears, see Ref. [7]. Moreover, 

large 𝐾𝑐𝑢 represents almost fixed output for the 

planetary gear system, so for this manner none of 

natural frequencies of the system are not zero and rigid 

body motion does not appear. When output of the 

system is fixed, the system is locked and vibration will 

be occurred. Meanwhile, small 𝐾𝑠 represents floating 

sun and large 𝐾𝑠 leads to fixed sun gear. Because of 

input rotation, the bearing rotational stiffness of the sun 

gear (𝐾𝑠𝑢) for fixed and floating sun gear leads to the 

zero and ring gear is held stationary. Fig. 4 shows 

typical vibration modes for the rotational system with 

three equally spaced planets. 

 

  

(a): Rotational mode:  
𝜔6 =1476.5 Hz 

(b): Planet mode:  
𝜔 = — 

 
(c) Translational mode:  

𝜔2 = 743.5 Hz 

Fig. 4 Types of vibration modes of the system with three 

equally spaced planets (0, 120 and 240 degrees). 

Equilibrium and deflected positions are shown by 

dashed and solid lines. Note that, planet mode is 

appeared on the system, when numbers of planets are 

four or more than four [7]. 

For the rotational system, the sensitivity of first four 

natural frequencies to the output flexibility; i.e., carrier 

rotational stiffness (𝐾𝑐𝑢) with parameters of “Table 1”, 

is shown in “Figs. 5 and 6” for both cases of fixed and 

floating sun gear. 

 

 
(a) 

 
(b) 

Fig. 5 The effect of the output flexibility on first four 

natural frequencies for the planetary gear system with fixed 

sun gear. 

 

Fig. 5(a) for the case of fixed sun (𝐾𝑠𝑥 , 𝐾𝑠𝑦 → ∞), 

shows that for small values of 𝐾𝑐𝑢, less than 105 N/m, 

the first natural frequency is almost zero; i.e., the 

system is semi–definite and rigid body motion appears. 

For large values of 𝐾𝑐𝑢, more than 109 N/m, the first 

natural frequency remains constant at 766 Hz. By 

variation of the output flexibility ( 𝐾𝑐𝑢), the second 

natural frequency remains constant at 766 Hz. In “Fig. 

5(b)”, the third natural frequency increases from 766 

Hz to 1150 Hz and varies about 50% and the forth 

natural frequency remains constant at 1226 Hz. In “Fig. 

6(a)”, for the case of floating sun gear (𝐾𝑠𝑥 , 𝐾𝑠𝑦 → 0), 

for small values of 𝐾𝑐𝑢 (less than 105 N/m), the first 

natural frequency is almost zero, so the system is semi–

definite and the rigid body motion appears. When 𝐾𝑐𝑢 

increases from 109 N/m to 1020 N/m, the first natural 

frequency varies more than 99% and remains 

unchangeable at 478Hz. Besides, the second natural 

frequency remains constant at 478 Hz. In “Fig. 6(b)”, 
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the third natural frequency increases from 478 Hz to 

850 Hz; i.e., varies about 77% and the forth natural 

frequency remains unchangeable at 850 Hz.   

For both cases of fixed sun gear and floating sun gear, 

the output flexibility has a sensible effect on the first 

natural frequency. When rotational stiffness of the 

carrier is zero, the system possesses rigid body motion 

and the first natural frequency is zero. 

 

 
(a) 

 
(b) 

Fig. 6 The effect of the output flexibility at first for 

natural frequencies for the planetary gear system with floating 

sun gear. 

 

For the nonlinear rotational system with fixed output, 

the mesh stiffness and backlash of meshing gears (𝑏𝑠 =
𝑏𝑟 = 1.5 𝑚𝑚) are considered. By using numerical 

integration method with RADAU5 algorithm (implicit 

Runge-Kutta method of order 5 (Radau IIA) [26-28], 

vibration behavior of the sun gear and first planet is 

obtained by numerical integration method and 

parameters of “Table 1” and shown in “Figs. 7 and 8”. 

Study on the bifurcation phenomenon is one of the 

appropriate strategies to examine the instability in 

dynamical systems. Figure 7 shows that bifurcation 

diagrams of sun gear in 𝑥 and 𝑦 directions are different 

because of chaotic phenomenon. Meanwhile, Poincaré 

maps of sun gear are displayed in “Fig. 8”. According 

to results, at range of 2500 Hz, the oscillation is 

occurred with double frequency of the excitation. Jump 

phenomenon is occurred nearly at frequency of 1300 

Hz. Chaotic is available on the system up to frequency 

of 3000 Hz.  

 

 
(a) 

 
(b) 

Fig. 7 Bifurcation diagrams of: (a): sun center 𝑥 

translation and, (b): sun center 𝑦 translation. 

 

 
(a) 
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(b) 

Fig. 8 Poincaré maps of the sun gear in: (a): 750 Hz and, 

(b): 1350 Hz. 

4 SUMMARY AND CONCLUSIONS 

In this study, linear and nonlinear dynamics of the 

single–stage spur planetary gear are developed and 

vibration behavior and natural frequencies of the 

system are analyzed. Linear and nonlinear systems are 

considered and equations of motion are solved 

numerically to study on the influence of the output 

flexibility on natural frequencies and vibration behavior 

of the system under nonlinear factors and fixed output. 

For first four natural frequencies, results of the linear 

system show that the most important effect of the 

output flexibility for the system is on the principal 

natural frequency. According to results of the nonlinear 

system under time– varying mesh stiffness, backlash of 

meshing gears and fixed output, vibration behaviors of 

components in translational directions are different 

because of chaotic phenomena.  
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