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Solving the non-linear system of third-orderboundary value problems by using He's homotopyperturbation methodR. Ezzati�, M. AqhamohamadiDepartment of Mathematics, Karaj Branch, Islamic Azad University, Karaj, Iran.Received 2 September 2009; revised 3 November 2009; accepted 27 November 2009.|||||||||||||||||||||||||||||||-AbstractIn this paper we introduce a homotopy perturbation method (HPM) to solve non-linearsystem of third-order boundary value problems. Using the HPM, it is possible to �ndthe exact solution in some cases or an approximate solution in convergent series forms.This method is a powerful devise for solving a wide variety of problems, without anydiscretization, linearizetion or small perturbations. Some examples are presented, andobtained results ensure that this method is very e�ective, simple and has less the numericalcomputation.Keywords : Non-linear third-order di�erential system; Homotopy perturbation method; Numericalmethod.||||||||||||||||||||||||||||||||{1 IntroductionThe non-linear di�erential equations are generally di�cult to solve and their exact solu-tions are di�cult to obtain, therefore, some various approximate method recently havebeen developed, such as homotopy perturbation method. HPM was developed and im-proved by J. Huan He [8, 11, 12, 13, 14]. This method has been used by many authorsto handel a wide variety of scienti�c and engineering applications to solve various func-tional equations. A homotopy is constructed with an embedding parameter p 2 [0; 1],which is considered as a "small parameter". When p = 0, the system of equation usuallyreduces to a simpli�ed form, which admits a rather simple solution. Since the variationof p changes from 0 to 1, the problem goes through to a sequence of deformity, suchthat the solution of each is closer to the previous stage of the deformity. At p = 1, theproblem takes the original form and at the end we can have the desired solution. This�Corresponding author. Email address: ezati @kiau.ac.ir351



method yields a very rapid convergence of the solution series for most cases and withonly few iterations produces accurate solutions. This new method is applied to non-linearoscillators with discontinuities by He's [15], bifurcation of non-linear problems, periodicsolution and bifurcations of delay-di�erential equations, limit cycle [16, 17, 18], heat andwave like equations [19] and non-linear wave equations [9]. The authors of [23] appliedHPM for a beam equation with non-linear boundary conditions of third order. S. Abbas-bandy applied this method for solving functional integral equations, Riccati di�erentialequation and non-linear Klein-Gordan equation, see [1, 2, 3]. Solving partial di�erentialequations and second-order singular problems by using HPM is done in [20, 21]. In [6], theauthors applied HPM to nonlinear coupled systems of reaction-di�usion equations. M. A.Noor and S. Tauseef Mohyud-Din suggested an e�cient method for fourth-order bound-ary value problems [22]. Solving the Du��ng-harmonic oscillator by using HPM is donein [4]. Recently, the authors of [24, 25] have applied HPM for solving non-linear systemof second-order boundary value problems and nonlinear integral and integro-di�erentialequations. In [5], the authors have discussed about convergence of the HPM for partialdi�erential equations.Solving a nonlinear system of third-order boundary value problems is very di�cult andrequires a series of complicate stages. In this paper we consider the following non-linearsystem of third-order ordinary di�erential equations:8>><>>: u000 + a1(x)u00 + a2(x)u0(x) + a3(x)u+ a4(x)v000 + a5(x)v00+a6(x)v0 + a7(x)v +G1(x; u; v) = f1(x);v000 + b1(x)00 + b2(x)v0(x) + b3(x)v + b4(x)u000 + b5(x)u00+b6(x)u0 + b7(x)u+G2(x; u; v) = f2(x); 0 � x � 1; (1.1)where G1 and G2 are non-linear functions in terms of u and v, ai(x) and bi(x) are givencontinuous functions,for i=1,...,7, f1 and f2 are known and also boundary conditions thatare given in examples. The rest of this paper is organized as follows. In Section 2 we de-scribe the basic formulation of HPM required for our subsequent development. In Section3 we illustrate some examples which are solved by HPM and the numerical results arecomputed by mathematica package. Conclusion of this paper is given in section 4.2 Homotopy perturbation methodIn this section, we use HPM for solving Eq. (1). As [24], we use the following transforma-tions: u1 = u; u2 = du1dx ; u3 = du2dx ; u4 = du3dx ; (2.2)v1 = v; v2 = dv1dx ; v3 = dv2dx ; v4 = dv3dx : (2.3)By using these equations, we can get the system of third-order boundary value problemEq. (1) as the system of integral equations:u1(x) = u1(0) + Z x0 u2(t)dt; (2.4)u2(x) = u2(0) + Z x0 u3(t)dt; (2.5)352

352 R. Ezzati, M. Aqhamohamadi / IJIM Vol. 1, No. 4 (2009) 351-363

IJIM JOURNAL
Text Box



u3(x) = A+ Z x0 u4(t)dt; (2.6)u4 + a1(x)u3 + a2(x)u2 + a3(x)u1 + a4(x)v4 + a5(x)v3 + a6(x)v2 + a7(x)v1+G1(x; u1; v1) = f1(x); (2.7)v1(x) = v1(0) + Z x0 v2(t)dt; (2.8)v2(x) = v2(0) + Z x0 v3(t)dt; (2.9)v3(x) = B + Z x0 v4(t)dt; (2.10)v4 + b1(x)v3 + b2(x)v2 + b3(x)v1 + b4(x)u4 + b5(x)u3 + b6(x)u2 + b7(x)u1+G2(x; u1; v1) = f2(x); (2.11)where A;B are constants which we must obtain them through of the example. Clearly,we can eliminate v4 fromEq. (7) by the combination of Eq. (7) and Eq. (11). Therefore wetake u4 = K1(x; u1; u2; u3; v1; v2; v3). Similarly, we can obtain v4 = K2(x; u1; u2; u3; v1; v2; v3)which is described. Thus Eqs. (4)-(11) can be written as follows:u1(x) = u1(0) + Z x0 u2(t)dt; (2.12)u2(x) = u2(0) + Z x0 u3(t)dt; (2.13)u3(x) = A+ Z xo K1(t; u1; u2; u3; v1; v2; v3)dt; (2.14)v1(x) = v1(0) + Z x0 v2(t)dt; (2.15)v2(x) = v2(0) + Z x0 v3(t)dt; (2.16)v3(x) = B + Z x0 K2(t; u1; u2; u3; v1; v2; v3)dt: (2.17)Also we can rewrite Eqs. (12)-(17) as follows:8>>>>>><>>>>>>:
L1(u1; u2; u3; v1; v2; v3) = u1(x)� u1(0)� R x0 u2(t)dt;L2(u1; u2; u3; v1; v2; v3) = u2(x)� u2(0)� R x0 u3(t)dt;L3(u1; u2; u3; v1; v2; v3) = u3(x)�A� R x0 K1(t; x; u1; u2; u3; v1; v2; v3)dt;L4(u1; u2; u3; v1; v2; v3) = v1(x)� v1(0)� R x0 v2(t)dt;L5(u1; u2; u3; v1; v2; v3) = v2(x)� v2(0)� R x0 v3(t)dt;L6(u1; u2; u3; v1; v2; v3) = v3(x)�B � R x0 K2(t; x; u1; u2; u3; v1; v2; v3)dt: (2.18)Then L(u1; u2; u3; v1; v2; v3) = 26666664 L1(u1; u2; u3; v1; v2; u1; v3)L2(u1; u2; u3; v1; v2; u1; v3)L3(u1; u2; u3; v1; v2; u1; v3)L4(u1; u2; u3; v1; v2; u1; v3)L5(u1; u2; u3; v1; v2; u1; v3)L6(u1; u2; u3; v1; v2; u1; v3)

37777775 = 0: (2.19)353
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Now if we de�ne:F (u1; u2; u3; v1; v2; v3) = 26666664 F1(u1; u2; u3; v1; v2; v3)F2(u1; u2; u3; v1; v2; v3)F3(u1; u2; u3; v1; v2; v3)F4(u1; u2; u3; v1; v2; v3)F5(u1; u2; u3; v1; v2; v3)F6(u1; u2; u3; v1; v2; v3)
37777775 = 26666664 u1 � u1(0)u2 � u2(0)u3 �Av1 � v1(0)v2 � v2(0)v3 �B

37777775 (2.20)and H(u1; u2; u3; v1; v2; v3; p) = 26666664 H1(u1; u2; u3; v1; v2; v3; p)H2(u1; u2; u3; v1; v2; v3; p)H3(u1; u2; u3; v1; v2; v3; p)H4(u1; u2; u3; v1; v2; v3; p)H5(u1; u2; u3; v1; v2; v3; p)H6(u1; u2; u3; v1; v2; v3; p)
37777775 ; (2.21)then we can give homotopy H(u1; u2; u3; v1; v2; v3; p) as follows:H(u1; u2; u3; v1; v2; v3; p) = (1�p)F(u1; u2; u3; v1; v2; v3)+pL(u1; u2; u3; v1; v2; v3): (2.22)If p = 0 we get H(u1; u2; u3; v1; v2; v3; 0) = F(u1; u2; u3; v1; v2; v3)and if p = 1, we haveH(u1; u2; u3; v1; v2; v3; 1) = L(u1; u2; u3; v1; v2; v3):The embedding parameter p monotonically increases form 0 to 1 as the trivialproblemF(u1; u2; u3; v1; v2; v3) = 0 continuously deforms to the original problemL(u1; u2; u3; v1; v2; v3) =0.The HPM uses the embedding parameter p as an expanding parameter to obtain:ui = ui0 + pui1 + p2ui2 + p3ui3 + � � � ; i = 1; 2; 3; (2.23)vi = vi0 + pvi1 + p2vi2 + p3vi3 + � � � ; i = 1; 2; 3: (2.24)When p monotonically increases to 1, the exact solutions of Eq. (1) with their boundaryconditions can be obtained:Ui = limp�!1ui = ui0 + ui1 + ui2 + ui3 + � � � ; i = 1; 2; 3; (2.25)Vi = limp�!1 vi = vi0 + vi1 + vi2 + vi3 + � � � ; i = 1; 2; 3: (2.26)Now we write Eq. (22) as follows:Hi(u1; u2; u3; v1; v2; v3; p) = (1� p)Fi(u1; u2; u3; v1; v2; v3)+pLi(u1; u2; u3; v1; v2; v3); i = 1; 2; 3; 4; 5; 6: (2.27)354
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We know that series of (23) and (24) are convergent in most cases and the rate of conver-gence depends on L(u1; u2; u3; v1; v2; v3) [10]. Substituting Eq. (18), Eq. (20), Eq. (23)and Eq. (24) in Eq. (27) we have:(1� p)(u1(x)� u1(0)) + p(u1(x)� Z x0 u2(t)dt) = 0;(1� p)(u2(x)� u2(0)) + p(u2(x)� u2(0)� Z x0 u3(t)dt) = 0;(1� p)(u4(x)�A� Z x0 k1(t; u1; u2; u3; v1; v2; v3)dt) = 0;(1� p)(v1(x)� v1(0)) + p(v1(x)� Z x0 v2(t)dt) = 0;(1� p)(v2(x)� v2(0)) + p(v2(x)� v2(0)� Z x0 v3(t)dt) = 0;(1� p)(v4(x)�B � Z x0 k2(t; u1; u2; u3; v1; v2; v3)dt) = 0:Now if we compare the coe�cient of like powers of p, we obtain:
p0 : 8>>>>>><>>>>>>:

u10 = u1(0);u20 = u2(0);u30 = A;v10 = v1(0);v20 = v2(0);v30 = B; (2.28)
p1 :

8>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>:
u11 = R x0 u20(t)dt;u21 = R x0 u30(t)dt;u31 = R x0 @k1@p jp=0 dt;v11 = R x0 v20(t)dt;v21 = R x0 v30(t)dt;v31 = R x0 @k2@p jp=0 dt;

(2.29)

355
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pn :
8>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>:

u1n = R x0 u2;n�1(t)dt;u2n = R x0 u3;n�1(t)dt;u3n = 1n! R xo @nk1@pn jp=0 dt;v1n = R x0 v2;n�1(t)dt; n = 2; 3; � � � :v2n = R x0 v3;n�1(t)dt;v3n = 1n! R @nk2@pn jp=0 dt:
(2.30)

Combination of all terms of Eqs. (28)-(30) gives the solution of the problem. Finally usingthe boundary conditions u1(1) and v1(1) we can obtain A and B.3 ApplicationsIn this section, we explain the application of the presented method in this paper by solvingtwo examples. Throughout this section, we assume thatUn(x) = nXk=0 u1k(x)and Vn(x) = nXk=0 v1k(x):Example 3.1. Consider the non-linear system of third-order boundary value problem:( u000(x) + 2u0(x) + xv(x) = x5 � x3 � 18x2 + 12x� 18;v000(x) + u00(x)v00(x)6 = �18x3 + 6x2 + 27x � 1; 0 � x � 1; (3.31)with boundary conditions:u(1) = v(1) = 0; u(0) = v(0) = 0; u0(0) = v0(0) = 0:The exact solutions of this problem are u(x) = 3x2 � 3x3 and v(x) = x4 � x2. Using thetransformations (2) and (3), we can rewrite Eq. (31) as8>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>:
u1 = R x0 u2(t)dt;u2 = R x0 u3(t)dt;u3 = A+ R x0 [t5 � t3 � 18t2 + 12t� 18� 2u0(t)� tv(t)]dt;v1 = R x0 v2(t)dt;v2 = R x0 v3(t)dt;v3 = B + R x0 [�18t3 + 6t2 + 27t� 1� u00(t)v00(t)6 ]dt:356
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Comparing the coe�cient of like powers of p we have:p0 : 8>>>>>><>>>>>>:
u10 = 0;u20 = 0;u30 = A;v10 = 0;v20 = 0;v30 = B:

p1 :
8>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>:

u11 = R x0 u20(t)dt = 0;u21 = R x0 u30(t)dt = Ax;u31 = R x0 [t5 � t3 � 18t2 + 12t� 18]dt = x66 � x44 � 6x3 + 6x2 � 18x;v11 = R x0 v20(t)dt = 0;v21 = R x0 v30(t)dt = Bx;v31 = R x0 [�18t3 + 6t2 + 27t� 1� u3(t)v3(t)6 ]dt = �9x42 + 2x3 + 27x22 � (1 + AB6 )x
p2 :

8>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>:
u12 = R x0 u21(t)dt = x2A2 ;u22 = R x0 u31(t)dt = x742 � x520 � 3x42 � 2x3 � 9x2;u32 = R x0 [�2u21(t)� tv11(t)]dt = �Ax2;v12 = R x0 v21(t)dt = x2B2 ;v22 = R x0 v31(t)dt = �9x510 + x42 + 9x32 � (1 + AB6 )x22 ;v32 = R x0 [�16 (u30(t)v31(t) + u31(t)v30(t))]dt = 16((�9A10 � B20 )x5 + (A2 � 3B2 )x4+(9A2 � 2)x3 � (A+ BA26 + 9B)x2 + Bx742 ):

pn+1 :
8>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>:

u1;n+1 = R x0 u2n(t)dt;u2;n+1 = R x0 u3n(t)dt;u3;n+1 = R x0 [�2u2n(t)� tv1n(t))]dt;v1;n+1 = R x0 v2n(t)dt;v2;n+1 = R x0 v3n(t)dt;v3;n+1 = R x0 [�16 Pni=0(u3r(t)v3;n�r(t))]dt:
n = 1; 2; 3; � � � :

As [24], we can compute A and B using boundary conditions u1(1) = v1(1) = 0 in Un(x)and Vn(x). For instance, with n = 8 we have A = �2:70958 and B = �5:08784. In Tables1 and 2 the absolute errors jUn(x) � u(x)j and jVn(x) � v(x)j are calculated for di�erentvalues of n and x. 357
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Table 1Absolute error jUn(x) � u(x)j in example 1.x n=4 n=8 n=10 n=120:1 0.00608633 0.00111688 0.00881573 8.7425�10�80:2 0.0229477 0.00435769 0.033324 0.00003410820:3 0.0466485 0.00940003 0.0680392 0.00007358120:4 0.0714291 0.0157194 0.0104831 0.000123210:5 0.534215 0.602429 0.490702 0.6248220:6 0.0988013 0.0288978 0.147537 0.0002315370:7 0.0916183 0.0331111 0.138212 0.00002755070:8 0.068867 0.0327119 0.104873 0.0002928010:9 0.0349456 0.0237291 0.0534512 0.000239684Table 2Absolute error jVn(x) � v(x)j in example 1.x n=4 n=8 n=10 n=120:1 0.00480988 0.000758348 0.00881573 0.00001341690:2 0.0171815 0.0029441 0.033324 0.00005223460:3 0.0319383 0.00626768 0.0680392 0.00011202240:4 0.053283 0.106233 0.104831 0.09618540:5 0.0440397 0.0141966 0.490702 0.2000262210:6 0.0332988 0.0174643 0.147537 0.0003307750:7 0.0124618 0.0193376 0.138212 0.0003780340:8 0.0106721 0.018885 0.104873 0.0003862270:9 0.0217865 0.141057 0.0534512 0.000311011We compare numerical solutions U10(x) and V10(x) with exact solutions in Figs. 1-2.
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Fig. 1. Numerical solution (� � � ) U10(x) and exact solution (���) u(x) of example 1.
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Fig.2. Numerical solution (� � � ) V10(x) and exact solution (���) v(x) of example 1.Example 3.2. Consider the non-linear system:� u000(x)� 4v00 + u00v0 = f1(x);v000(x) + 4v0(x)� u00(x) + u0v00 = f2(x); 0 � x � 1; (3.32)where u(0) = v(0) = 0, u(1) = v(1) = 1, u0(0) = v0(0) = 0, f1(x) = 36x4 andf2(x) = 12x4 + 6. The exact solutions of this problem are u(x) = x4 and v(x) = x3.By the same manipulation as in previous example, we obtain:
p0 : 8>>>>>><>>>>>>:

u10 = 0;u20 = 0;u30 = A;v10 = 0;v20 = 0;v30 = B:p1 : 8>>>>>>><>>>>>>>:
u11 = R x0 u20(t)dt = 0;u21 = R x0 u30(t)dt = Ax;u31 = R x0 [f1(t) + 4v30(t)� u30(t)v20(t)]dt = 36x55 + 4Bx;v11 = R x0 v20(t)dt = 0;v21 = R x0 v30(t)dt = Bx;v31 = R x0 [f2(t)� 4v20(t) + u30(t)� u20(t)v30(t)]dt = 12x55 + (6 +A)x:

p2 :
8>>>>>>>>>>>><>>>>>>>>>>>>:

u12 = R x0 u21(t)dt = Ax22 ;u22 = R x0 u31(t)dt = 6x65 + 2Bx2;u32 = R x0 [4v31(t)� (u30(t)v21(t) + u31(t)v20(t))]dt= 8x65 + (12 + 2A� AB2 )x2;v12 = R x0 v21(t)dt = x2B2 ;v22 = R x0 v31(t)dt = 2x65 + 3x2 + Ax22 ;v32 = R x0 [�4v21(t) + u31(t)� (u20(t)v31(t) + u21(t)v30(t))]dt= 6x65 � ABx22 : 359

R. Ezzati, M. Aqhamohamadi / IJIM Vol. 1, No. 4 (2009) 351-363 359

IJIM JOURNAL
Text Box



pn+1 : 8>>>>>><>>>>>>:
u1;n+1 = R x0 u2n(t)dt;u2;n+1 = R x0 u3n(t)dt;u3;n+1 = R x0 [4v3n(t)� v2n(t)]dt;v1;n+1 = R x0 v2n(t)dt;v2;n+1 = R x0 v3n(t)dt;v3;n+1 = R x0 [u3n(t)� 4v2n(t)]dt: n = 1; 2; � � � :In Tables 3 and 4 the absolute errors jUn(x)� u(x)j and jVn(x)� v(x)j are calculated fordi�erent values of n and x.Table 3Absolute error jUn(x) � u(x)j in example 2.x n=4 n=8 n=10 n=120:1 0.0153857 0.029996 0.0000847296 8.7425�10�80:2 0.0571451 0.103101 0.000328555 0.001083990:3 0.116909 0.197837 0.00219904 0.004714420:4 0.184052 0.2966 0.0063004 0.01148280:5 0.245982 0.384298 0.0133507 0.02188650:6 0.288685 0.44673 0.0230742 0.0359860:7 0.297618 0.468067 0.0341012 0.06876920:8 0.259037 0.426808 0.0426808 0.07665270:9 0.161837 0.289366 0.0377946 0.0620685Table 4Absolute error jVn(x) � v(x)j in example 2.x n=4 n=8 n=10 n=120:1 0.00545714 0.0366141 0.00126765 0.0006738060:2 0.0196564 0.139956 0.00503541 0.002823260:3 0.0393304 0.298852 0.0112292 0.006611920:4 0.0611635 0.500794 0.0196771 0.01210450:5 0.0816964 0.729633 0.0299394 0.01912090:6 0.0971432 0.958728 0.0409858 0.02695970:7 0.103094 0.133708 0.0509034 0.03393060:8 0.00832658 0.06651 0.156693 0.06577750:9 0.0629259 0.88407 0.0431735 0.0288236Here we present U10(x) and V10(x) as approximation of exact solutions u(x) and v(x),respectively. For comparing numerical and exact solutions, see Figs. 3-4.
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Fig. 3. Numerical solution (� � � ) U10(x) and exact solution (���) u(x) of example 2.
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Fig. 4. Numerical solution (� � � ) V10(x) and exact solution (���) v(x) of example 2.4 ConclusionWe illustrated that the homotopy perturbation method can be used successfully for solvingthe system of third-order boundary value problems. Also this method can be used forsolving the problem without any requirment for discretizing the variables. Therefore, thismethod is very e�ective for �nding an accurate approximation of the exact solution.References[1] S. Abbasbandy, Application of He's homotopy perturbation method to functionalintegral equation, Chaos, Solitons and Fractals 31 (2007) 1243-1247.[2] S. Abbasbandy, Numerical solutions of nonlinear Klein-Gordon equation by varia-tional iteration method, Internat. J. Numer. Meth. Engrg. 70 (2007) 876-881.[3] S. Abbasbandy, A new application of He's variational iteration method for quadraticRiccati di�erential equation by using Adomian's polynomials, J. Comput. Appl. Math.207 (2007) 59-63.[4] A. Belendez, A. Hernandez, T. Belendez, E. Fernandez, M. L. Alvarez, C. Neipp, Ap-plication of He's homotopy perturbation method to the Du�ng harmonic oscillator,Int. J. Nonlinear Sci. Numer. Simul. 8 (2007) 79-88.[5] J. Biazar, H. Ghazvini, Convergent of the homotopy perturbation method for partialdi�erential equations, Nonlinear Analysis: Real Word Application 10 (2009) 2633-2640.[6] D. Gangi and A. Sadigi, Application of He's Homotopy-perturbation method to non-linear coupled systems of reaction-di�usion equations, International Jornal of Non-linear Sciences and Numerical Simulation 7 (2006) 411-418.[7] M.Ghanbani, Numerical solutation of fuzzy initial value problems under generalizeddi�erentiability by HPM, International Journal of Industrial Mathematics 1 (1) (2009)19-39. 361
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