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On the edge and total GA indices of some graphs
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Abstract

The edge and total versions of geometric-arithmetic (GA) index of graphs are introduced based on
the end-vertex degrees of edges of their line and total graphs, respectively. In this paper, the edge
and total GA indices are computed for some graphs by using some results on GA index and graphs.
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Introduction

1
Asingle number that can be used to character-
ize some property of the graph of a molecule
is called a topological index for that graph. There
are numerous topological descriptors that have
found some applications in theoretical chemistry,
especially in QSPR/QSAR research [8]. The old-
est topological index which introduced by Harold
Wiener in 1947 is ordinary (vertex) version of
Wiener index [10] which is the sum of all dis-
tances between vertices of a graph. Also, the edge
versions of Wiener index which were based on dis-
tance between edges introduced by Iranmanesh et
al. in 2008 [3].
One of the most important topological indices is
the well-known branching index introduced by
Randic [7] which is defined as the sum of cer-
tain bond contributions calculated from the ver-
tex degree of the hydrogen suppressed molecular
graphs.
Motivated by the definition of Randic connectiv-
ity index based on the end-vertex degrees of edges
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in a graph connected G with the vertex set V(G)
and the edge set E(G) [2, 4], Vukicevic and Fur-
tula [9] proposed a topological index named the
geometric-arithmetic index (shortly GA) as

-

weFE(G)

u)dg(v)
+ dG(U)

where dg(u) denotes the degree of the vertex u in
G. The reader can find more information about
geometric-arithmetic index in [1, 9, 12].

In [5], the edge version of geometric-arithmetic
index introduced based on the end-vertex degrees
of edges in a line graph of G which is a graph
such that each vertex of L(G) represents an edge
of G; and two vertices of L(G) are adjacent if and
only if their corresponding edges share a common
endpoint in G, as follows

2 \Jdu)(€)die) ()

GA(G) = A (e) + dre) (f)

>

efeE(L(G))

where dp,)(e) denotes the degree of the edge e
in G.

The total version of geometric-arithmetic index
is introduced based on the end-vertex degrees of
edges in a total graph of G which is a graph such
that the vertex set of T'(G) corresponds to the
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vertices and edges of G and two vertices are ad-
jacent in T'(G) if and only if their corresponding
elements are either adjacent or incident in G as
follows

2 \/ dr(c)(x)dr)(y)
drc)(®) + drc) (y)

GAG) = >

zyeE(T(G))

where dp()(z) denotes the degree of the vertex
z in T(G), [6].

In this paper, the edge and total GA index is com-
puted for TUC,Cs(R) and TUACg[p’,q’] nan-
otubes. Also, we compute edge GA index for
subdivision graph S(G).

2 The edge and total GA for
TUC,Cs(R) and TUACq4[p’,q’]
nanotubes

We use the notations ¢ and p for the number of
rows of squares and number of squares in a row,
respectively in the TUCyCgs(R) nanotubes which
is mentioned in Figure 1 with ¢ = 4 and p = 8.
We denote TUC4Cs(R)nanotube with T(p,q). A

Figure 1: Two dimensional lattice of
TUC4Cs(R) nanotube, g = 4,p = 8..

single-wall carbon nanotube can be imagined as
graphene sheet rolled at a certain ”chiral” an-
gle with respect to a plane perpendicular to the
tube’s long axis. Tubes having chiral angle = 30°
are called ”armchair”. Armchair polyhex nan-
otube graph, that denoted by TUACg [p’,q’] ,
is a nanotube that p’ and q’ are the number of
hexagons in length and width of molecular graph,
respectively. Also, it has j rows which 1 < j < ¢/
as shown in Figure 2. In addition we denote
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TUACs [p’,q’] nanotube with T’(p’,q’). Also, due
to these notations, |E(T" (p/,¢'))| = 6p'q’ + p'.

Figure 2:

Armchair polyhex nanotube
,TUACG6]7,5], with 1 < j <5 rows.

Lemma 2.1 Let Gbe a graph, u € V(G) and e =
vz € E(G). Then we have:

dr(e)(e) = da(v) +da(z) — 2

Due to the definition of line graph, we have clearly
this result.
The edge GA index of T'(p,q) nanotube is

GA(T(p,q)) = 12pq + p(32\/§)5_84)

Consider the T'(p,q) nanotube. The number of
edges of graph T(p,q) and line graph L(T (p,q))
are 6pq — p and12pq — 4p, respectively. If we con-
sider to the edges of L(T(p,q)), there exist 2p
edges with endpoints which have degrees 3 and
3, 8p edges with endpoints which have degrees 4
and 3 and 12pg — 14p edges with endpoints which
have degree 4.

Therefore, with using the edge GA index formula
and number of edges with their degrees in L(G),
the desire result can be obtained.

The edge GA index of T/ (p/, q') nanotube is

8v6 32v3 65
) 7 + 9

Consider the T’ (p/,q') nanotube. The num-
ber of edges of graph T’ (p’,q’) and line graph
L(T' (p/,q)) are 6p'q' +p" and12p'q’ — 2p', respec-
tively. If we consider to the edges of L(T(p,q)),
there exist 4p’ edges with endpoints which have
degrees 2 and 3, 8’ edges with endpoints which
have degrees 4 and 3 and 12p'q’ — 14p’ edges with
endpoints which have degree 4.

GA(T' (p',q)) =12p'¢'+p'( + —14)
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Therefore, with using the edge GA index for-
mula and number of edges with their degrees in
L(T'(p’,q’)), the desire result can be obtained.

Lemma 2.2 (6) Let Gbe a graph, u € V(G) and
e =vz € E(G). Then we have:

dry(e) = dye(e) +2 = dg(v) + dg(z) and
drq)(u) = 2dg(u).

The total GA index of T'(p,q) nanotube is
GAT(p,q)) =

V6 25 330
30pq — 27]? + 8;0(? + T + T)

Consider the T(p,q) nanotube. The number
of edges of graph T(p,q), line graph L(T (p,q))
and total graph T'(T (p, q)) are 6pq — p,12pq — 4p
and 30pq — 7p, respectively. If we consider to the
edges of T(p,q) in T(T (p,q)), there exist 4p edges
with endpoints which have degrees 4 and 6, and
6pq — 5p edges with endpoints which have degree
6.

If we consider to the edges of L(T (p,q)) in
T(T (p,q)), there exist 8p edges with endpoints
which have degrees 5 and 6, 2p edges with end-
points which have degrees 5 and 5 and 12pg — 14p

edges with endpoints which have degree 6.

If we consider to the edges of T'(T (p, q)) that are
not the edges of T(p,q) and L(T (p,q)), there ex-
ist 4p edges with endpoints which have degrees
4 and 5, 4p edges with endpoints which have de-
grees 5 and 6, 8p edges with endpoints which have
degrees 6 and 5 and 12pg — 10p edges with end-
points which have degree 6. Therefore, the desire
result can be obtained.  The total GA index of
T’ (p’,q') nanotube is

4
GAt(T/ (p/,q/)) — 30p/q1_23p/+8p/(@+£+@

5 9 11)

Consider the T’ (p’,q’) nanotube. The num-
ber of edges of graph T'(p/,q’), line graph
L(T'(p',q)) and total graph T(T'(p’,q')) are
6p'q + p', 12p'q — 2p' and 30p'q’ + p’, respec-
tively. If we consider to the edges of T/ (p’,q’) in
T(T' (p',q’)), there exist 2p’ edges with endpoints
which have degrees 4 and 4, 4p’ edges with end-
points which have degrees 4 and 6, and 6p’q’ — 5p’
edges with endpoints which have degree 6.

If we consider to the edges of L(T'(p/,q')) in
T(T (p',q’)), there exist 4p’ edges with end-
points which have degrees 4 and 5, 8p’ edges
with endpoints which have degrees 5 and 6 and
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12p'q' — 14p’ edges with endpoints which have de-
gree 6.

If we consider to the edges of T(T' (p’,q’)) that
are not the edges of TV (p’,q') and L(T’ (p',q’)),
there exist 4p’ edges with endpoints which have
degrees 4 and 4, 4p’ edges with endpoints which
have degrees 4 and 5, 4p’ edges with endpoints
which have degrees 6 and 5 and 12p’¢’ —10p’ edges
with endpoints which have degree 6. Therefore,
the desire result can be obtained.

3 The edge GA for subdivision
graphs

Firstly, we restate the subdivision graph which
constructed from a graph G.

Suppose G = (V, E) is a connected graph with
the vertex set V(G) and the edge set E(G). Give
an edge e = (u,v), let V(e) = {u,v}. The sub-
division graph S(G) which is related graphs to
graph G have been defined as follows (See [11]):
Subdivision Graph: S(G) is the graph ob-
tained from G by replacing each of its edge by
a path of length two, or equivalently, by insert-
ing an additional vertex into each edge of G. See

Figure 3 (c).
Given G = (V,E), where |E(G)| C ( V(QG) )
we may define another set that we use:

EV(G) :={{e,v}|e € E(G),V(G) sveV(e)}

We can write the subdivision operator above as
follows:

$() = (Ve) | JB@G). BV(G))

(a) Original Graph &
(¢) Subdivision S((7)

Figure 3: The subdivision operator S(G).
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Theorem 3.1 Let G be a graph with n vertices
and m edges. Then we have:

GA(S(G)) = 22 Z

ueV(G)

LO

+dG

According to the formula of GA index and the
structure of S(G), we have

dg(u)da(v)
da(u) + da(v)

GAS@G) = )

weE(S(G))

Z 2\/d(;(u)2

weE(S(Q)) 2+ da(u)
Also |E(S(G))| = X uev(q) da(u), then
da(u)2
GASG) = ), S 5=
weE(S(Q)) 2+ dG(u)

Theorem 3.2 Let G be a graph with n vertices
and m edges. Then we have:

GA(S5(G)) =

> ( dGé“) ) + GA(G)

ueV(G)

Due to the structure of S(G), the number of edges
of L(S(G)) is 3 X uev(a) (da(w)?.

If we take two adjacent edges e = uvand f = wz
in S(G) as the vertices of an edge in L(S(G))
that two disjoint vertices u and ware in V( G), the
drey(e)dpa (f) will be dg(u)dg(w)

dL(G)( )+dray (f) dg(u)+dg(w) -
In addition, the number of these pair of edges in

S(G) is equal to |E(G)|. Then if we name the set
of these pair of edges with A then we have

quantity
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For remaining pair of edges ¢/ = v/v'and [/ = u'z’
in S(G) as the endpoints of edges in L(S(G)) that
only the vertex v’ is in V(G), we have

2\/dL(G)(€)dL(G)(f)

e nep A€ e (f)

2 dg(u)d(;(u) _
2 o) +dg(w)

which B is the set of pair of edges (€', f')in
L(5(G)).
If we look an vertex v of G in S(G), the number of

D .. d
elements of B which is common in vis c(v)

Therefore |B| = ZuEV(G) ( dGQ(U) )
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