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Abstract
In this paper, the researcher proposes a modi�ed new method to rank L-R fuzzy numbers.
The modi�ed method uses a defuzzi�cation of parametrically represented fuzzy numbers
that have been studied in [20]. This parameterized defuzzi�cation can be used as a crisp
approximation with respect to a fuzzy quantity. In this article, the researcher uses this
defuzzi�cation for ordering fuzzy numbers. The modi�ed method can e�ectively rank
various fuzzy numbers and their images and overcome the shortcomings of the previous
techniques. This study also uses some comparative examples to illustrate the advantages
of the proposed method.
Keywords : Ranking, Fuzzy number, L-R type, Defuzzi�cation, Weighted averaging.
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1 Introduction

Since Dubios and Prade [12] introduced the relevant concepts of fuzzy numbers, many
researchers proposed the related methods or applications for ranking fuzzy numbers. For
instance, Bortolan and Degani [4] reviewed some methods to rank fuzzy numbers in 1985,
Chen and Hwang [5] proposed fuzzy multiple attribute decision making in 1992, Choobineh
and Li [6] proposed an index for ordering fuzzy numbers in 1993, Dias [11] ranked alter-
natives by ordering fuzzy numbers in 1993, Requena et al. [21] utilized arti�cial neural
networks for the automatic ranking of fuzzy numbers in 1994, Fortemps and Roubens [13]
presented ranking and defuzzi�cation methods based on area compensation in 1996, and
Raj and Kumar [22] investigated maximizing and minimizing sets to rank fuzzy alterna-
tives with fuzzy weights in 1999. However, Chu and Lee-Kwang [7] argued that some
of the above-mentioned methods are di�cult to implement on grounds of computational
complexity, and others are counterintuitive or not discriminating enough. They also ob-
served that many methods yield di�erent outcomes on the same problem. Chu and Tsao's
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method [10] originated from the concepts of Lee and Li [17] and Cheng [8]. In 1988,
Lee and Li proposed the comparison of fuzzy numbers, for which they considered mean
and standard deviation values for fuzzy numbers based on the uniform and proportional
probability distributions. Then, Cheng proposed the coe�cient of variance (CV index) in
1999 to improve Lee and Li's method based on two comments presented as follows.

(a) The mean and standard deviation values cannot be the sole basis to compare two
fuzzy numbers.

(b) It is di�cult to rank fuzzy numbers, as higher mean value is associated with higher
spread or lower mean value is associated with lower spread.

Although, Cheng overcame the problems from these comments and also proposed a new
distance index to improve the method proposed by Murakami et al. [8], Chu and Tsao still
believed that Cheng's method contained some shortcomings. For instance, they illustrated
a ranking example shown as below. For the two triangular fuzzy numbers in their example,
A = (0:9; 1; 1:1) and B = (1:2; 2; 3), intuitively, A should be smaller than B. However, A
is bigger than B on the basis of the CV index.
To overcome these above problems, Chu and Tsao proposed a method to rank fuzzy
numbers with an area between their centroid and original points. The method can avoid
the problems Chu and Tsao mentioned; however, the researchers found other problems in
their method. But, this method is unreasonable for some fuzzy numbers.
Having reviewed the previous methods, this article proposes here a method to use the
concept of weighted averaging based on levels, so as to �nd the order of L-R fuzzy numbers.
This method can distinguish the alternatives clearly. The main point of this article is that,
the weighted averaging can be used as a crisp approximation of a fuzzy number. Therefore,
by means of this difuzzi�cation, this article aims to present a new method for ranking
fuzzy numbers. In addition to its ranking features, this method removes the ambiguities
resulting and overcomes the shortcomings from the comparison of previous rankings. In
this work, the researcher obtains a crisp approximation with respect to a fuzzy quantity,
then de�nes a method for ordering fuzzy numbers.
The paper is organized as follows: In Section 2, we recall some fundamental results on
fuzzy numbers. In Section 3, a crisp approximation of a fuzzy number is obtained. Als, n
te same section, some theorems and remarks are proposed and illustrated, and a method
for ranking L-R fuzzy numbers is provided. Discussion and comparison of this work and
other methods are carried out in Section 4. The paper ends with conclusions in Section 5.

2 Basic De�nitions and Notations

De�nition 2.1. Let X be a universe set. A fuzzy set A of X is de�ned by a membership
function �A(x)! [0; 1], where �A(x), 8x 2 X, indicates the degree of x in A.

De�nition 2.2. A fuzzy subset A of universe set X is normal i� supx2X �A(x) = 1,
where X is the universe set.

De�nition 2.3. A fuzzy subset A of universe set X is convex i� �A(�x + (1 � �)y) �
(�A(x) ^ �A(y)), 8x; y 2 X; 8� 2 [0; 1].

In this article symbols ^ and _ denotes the minimum and maximum operators, re-
spectively.

164

164 R. Saneifard / IJIM Vol. 1, No. 2 (2009) 163-173

IJIM JOURNAL
Text Box



De�nition 2.4. A fuzzy set A is a fuzzy number i� A is normal and convex on X.

De�nition 2.5. For fuzzy set A the support function is de�ned as follows:

supp(A) = fxj�A(x) > 0g;
where fxj�A(x) > 0g is the closure of set fxj�A(x) > 0g:
De�nition 2.6. A L-R fuzzy number A = (m;n; �; �)LR; m � n, is de�ned as follows:

�A(x) =

8<: L(m�x� ); �1 < x < m;
1; m � x � n;
R(x�n� ) n < x < +1;

where � and � are the left-hand and right-hand spreads. In the closed interval [m;n], the
membership function is equal to 1. L(m�x� ) and R(x�n� ) are non-increasing functions with
L(0) = 1 and R(0) = 1, respectively. Usually, for convenience, they are denoted as �AL(x)
and �AR(x), respectively. It should be pointed out that when L(m�x� ) and R(x�n� ) are
linear functions and m < n, fuzzy number A denotes a trapezoidal fuzzy number. When
L(m�x� ) and R(x�n� ) are linear functions and m = n, fuzzy number A denotes a triangular
fuzzy number.

This de�nition is very general and allows quanti�cation of quite di�erent types of
information; for instance, if A is supposed to be a real crisp number for m 2 <,

A = (m;m; 0; 0)LR; 8L; 8R
If A is a crisp interval,

A = (a; b; 0; 0)LR; 8L; 8R
and if A is a trapezoidal fuzzy number, L(x) = R(x) = max(0; 1� x) is implied.

3 New Approach for Ranking Fuzzy Numbers

In this section, the researcher will propose the ranking of fuzzy numbers associated with
defuzzi�cation of parametrically represented fuzzy numbers.
Let F denotes the space of L-R fuzzy numbers, then, this article, it will be assumed that
the fuzzy number A 2 F is represented by the following representation:

A =
[

�2[0;1]

(�;A�) (3.1)

where
8� 2 [0; 1] : A� = [LA(�); RA(�)] � (�1;1) (3.2)

Here, L : [0; 1] ! (�1;1) is a monotonically non-decreasing function and R : [0; 1] !
(�1;1) is a monotonically non-increasing left-continuous function. The functions L(:)
and R(:) express the left and right sides of a fuzzy number, respectively. In other words ,

L(�) = ��1" (�); R(�) = ��1# (�); (3.3)
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where L(�) = ��1" (�) and R(�) = ��1# (�) denote quasi-inverse functions of the increasing
and decreasing parts of the membership functions �(t), respectively. As a result, the
decomposition representation of the fuzzy number A, called the L-R representation, has
the following form:

A =
[

�2(0;1]

(�; [LA(�); RA(�)]):

De�nition 3.1. [20]. The following value constitutes the weighted averaging based on
levels representative, of the fuzzy number A:

I(A) =
Z 1

0
(cLLA(�) + cRRA(�))p(�)d�; (3.4)

where the parameters cL and cR denote the "optimism/pessimism" coe�cient in con-
ducting operations on fuzzy numbers. The function p(�) is the distribution function of
the importance of the level sets. The latter satis�es the conditions

cL � 0; cR � 0; cL + cR = 1;

and

p : [0; 1]! E+;
Z 1

0
p(�)d� = 1:

The function p(�) is also called the weighted averaging parameter. In actual applications,
function p(�) can be chosen according to the actual situation. In this article, the author
assumes that

p(�) = (k + 1)�k; (3.5)

where k > 0 is a parameter.

Theorem 3.1. [20] Suppose A = (m;n; �; �)LR is a L-R trapezoidal fuzzy number with
distribution of the function of the importance of the degrees having the form of relation
(3.4). Then the following formula is valid for weighted averaging:

I(A) = cR
�
� � k + 1

k + 2
(� � �)

�
+ cR

�
m+

k + 1
k + 2

(n�m)
�
: (3.6)

Since this article aims to approximate a fuzzy number by a scalar value, the researcher
has to use an operator I : F ! < which transforms fuzzy numbers into family of real line.
Operator I is a crisp approximation operator. Thus, since any parameterized defuzzi�ca-
tion can be used as a crisp approximation of a fuzzy number, the resulting value is used
to rank the fuzzy numbers. Thus, I(A) is used to rank fuzzy numbers. The larger I(A),
the larger the fuzzy number.

De�nition 3.2. For any two L-R fuzzy numbers A and B, the ranking order by I(:) is
determined based on the following rules:

I(A) > I(B) if and only if A � B,

I(A) < I(B) if and only if A � B,

I(A) = I(B) if and only if A � B.
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Then, this article formulates the order � and � as A � B if and only if A � B or
A � B, and A � B if and only if A � B or A � B.

Remark 3.1. If inf supp(A) � 0, then I(A) � 0.

Remark 3.2. If sup supp(A) � 0, then I(A) � 0.

Remark 3.3. For two arbitrary L-R fuzzy numbers, A and B, this article assume

I(A+B) = I(A) + I(B):

This work considers the following reasonable axioms that Wang and Kerre [23] pro-
posed for ranking fuzzy quantities.
Let I be an ordering method, S the set of fuzzy quantities for which the method I can be
applied, and A a �nite subset of S. The statement "two elements A and B in A satisfy
that A has a higher ranking than B when I is applied to the fuzzy quantities in A" will be
written as "A � B by I on A" , "A � B by I on A", and "A � B by I on A" are similarly
interpreted. [23], The axioms as the reasonable properties of ordering fuzzy quantities for
an ordering approach I are as follows:

A-1 For an arbitrary �nite subset A of S and A 2A; A � A.

A-2 For an arbitrary �nite subset A of S and (A;B) 2 A2; A � B and B � A by I on
A, this method should assume A � B.

A-3 For an arbitrary �nite subset A of S and (A;B;C) 2 A3; A � B and B � C by I
on A, this method should assume A � C.

A-4 For an arbitrary �nite subset A of S and (A;B) 2 A2; inf supp(A)>sup supp(B),
this method should assume A � B.

A0-4 For an arbitrary �nite subset A of S and (A;B) 2 A2; inf supp(A)>sup supp(B),
this method should assume A � B.

A-5 Let S , S0 be two arbitrary �nite sets of fuzzy quantities in which I can be applied and
A , B are in S \S0 . This method obtains the ranking order A � B on S0 i� A � B
on S.

A-6 Let A, B, A + C and B + C be elements of S. If A � B by I on A;B, then
A+ C � B + C.

A0-6 Let A, B, A + C and B + C be elements of S. If A � B by I on A;B, then
A+ C � B + C.

Theorem 3.2. The function I has the properties (A� 1); (A� 2); :::; (A0 � 6).

Proof. It is easy to verify that the properties (A � 1); (A � 2); :::; (A � 5) hold. For
the proof of (A � 6), this article considers the fuzzy numbers A, B and C. Let A � B,
then from relation (3.4), there is

I(A) � I(B);

by adding I(C),
I(A) + I(C) � I(B) + I(C);
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and by Remark (3 -3),
I(A+ C) � I(B + C):

Therefore
A+ C � B + C:

by which the proof is complete. Similarly (A0- 6) holds.

Remark 3.4. If A � B, then �A � �B.

Hence, this approach can imply the ranking order of the images of the fuzzy numbers.

4 Numerical Examples

In this section, four numerical examples are used to illustrate the proposed approach to
ranking L-R fuzzy numbers. Now, the author compares the proposed method with those
in [4, 6, 9, 10]. Throughout this section it is assumed that p(�) = 2� (k = 1), and the
"optimism/pessimism" coe�cient is 0.5.

Example 4.1. Consider the following sets (see Yao and Wu [25]).
Set 1: A = (0:5; 0:5; 0:1; 0:5)LR, B = (0:7; 0:7; 0:3; 0:3)LR, C = (0:9; 0:9; 0:5; 0:1)LR.
Set 2: A = (0:4; 0:7; 0:4; 0:1)LR, B = (0:5; 0:5; 0:3; 0:4)LR, C = (0:6; 0:6; 0:5; 0:2)LR.
Set 3: A = (0:5; 0:5; 0:2; 0:2)LR, B = (0:5; 0:8; 0:2; 0:1)LR, C = (0:5; 0:5; 0:2; 0:4)LR.

By the approach in this paper, the ranking index values of set 1 can be obtained as
I(A) = 0:3666, I(B) = 0:5 and I(C) = 0:6333. Then, the ranking order of the fuzzy
numbers is A � B � C. As for set 2, the ranking index values are I(A) = 0:4500,
I(B) = 0:4166 and I(C) = 0:5000. The ranking order is B � A � C. As for set 3, the
ranking index values are I(A) = 0:3500, I(B) = 0:4333 and I(C) = 0:3833. The ranking
order is A � C � B. Based on the analysis results from [1, 2, 3], the computation results
using our approach and other ones are given in Table 1. Our computation procedure is
simpler than that of others. In set 2, by the approach proposed in [25], the ranking order
is A � B � C. By the CV index approach, the ranking order is B � C � A. By Fig. 2,
it is easy to see that neither of those methods is consistent with human intuition.

0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 1.1
0

0.2

0.4

0.6

0.8

1

A AB BC C

Fig. 1. Set 1.
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Table 1
Comparative results of example 4.1

Method Fuzzy number Set1 Set2 Set3
Sign Distance method with p=1 A 1.2000 0.0950 1.0000

B 1.4000 1.0500 1.2500
C 1.6000 1.0500 1.1000

Results A � B � C A � B � C A � C � B
Sign Distance method with p=2 A 0.8869 0.7853 0.7257

B 1.0194 0.7958 0.9416
C 1.1605 0.8386 0.8165

Results A � B � C A � B � C A � C � B
Distance Minimization A 0.6 0.475 0.5000

B 0.7 0.525 0.6250
C 0.9 0.525 0.5500

Results A � B � C A � B � C A � C � B
Choobineh and Li A 0.3333 0.5000 0.3330

B 0.5000 0.5833 0.4146
C 0.6670 0.6111 0.5417

Results A � B � C A � B � C A � B � C
Chu and Tsao A 0.2990 0.2440 0.2500

B 0.3500 0.2624 0.3152
C 0.3993 0.2619 0.2747

Results A � B � C A � C � B A � C � B
Yao and Wu A 0.6000 0.4750 0.5000

B 0.7000 0.5250 0.6250
C 0.8000 0.5250 0.5500

Results A � B � C A � B � C A � C � B
Cheng distance A 0.7900 0.7106 0.7071

B 0.8602 0.7256 0.8037
C 0.9268 0.7241 0.7458

Results A � B � C A � C � B A � C � B
Cheng CV uniform A 0.0272 0.0693 0.0133

distribution B 0.0214 0.0385 0.0304
C 0.0225 0.0433 0.2750

Results B � C � A B � C � A A � C � B
Cheng CV proportional A 0.1830 0.0471 0.0080

distribution B 0.0128 0.0236 0.0234
C 0.0137 0.0255 0.0173

Results B � C � A B � C � A A � C � B

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

A A

B B

C C

Fig. 2. Set 2.
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Fig. 3. Set 3.

Example 4.2. Consider fuzzy numbers A = (2; 2; 1; 3)LR, and the general number, B = (2; 2; 1; 2),
shown in Fig. (4). The membership function of A is de�ned by

�A(x) =

8<: x� 1 when x 2 [1; 2];
5�x

3 when x 2 [2; 4];
0 otherwise:

The membership function of B is de�ned by

�B(x) =

8><>:
p

1� (x� 2)2 when x 2 [1; 2];q
1� 1

4 (x� 2)2 when x 2 [2; 4];
0 otherwise:

In Liou and Wang's ranking method [16], di�erent rankings are produced for the same problem when
applying di�erent indices of optimism. In the Sign Distance method with p = 1, dp(A;A0) = 5,
dp(B;A0) = 4:78, and with p = 2, dp(A;A0) = 3:9157, dp(B;A0) = 3:8045, the ranking order
A � B is obtained. In Chu and Tsao's ranking method, there is S(A) = 1:2445 and S(B) = 1:1821,
therefore, A � B. By using this new approach, there is I(A) = 1:8333 and I(B) = 1:66. Thus,
the ranking order is A � B, too. Also, the result of the Distance Minimization method was similar
to our method. Obviously, this method can also rank fuzzy numbers other than triangular and
trapezoidal ones. Compared to Liou and Wang's method, and along with Chu and Tsao's method
our method produces a simpler ranking result.

1 1.5 2 2.5 3 3.5 4 4.5 5
0

0.5

1

1.5

A A

B B

Fig. 4.
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Example 4.3. The two triangular fuzzy numbers A = (3; 3; 2; 2)LR and B = (3; 3; 1; 1)LR shown
in Fig. 5 taken from [10].

Through the proposed approach in this paper, the ranking index values can be obtained as
I(A) = 2:5 and I(B) = 2. Then, the ranking order of fuzzy numbers is A � B. Because fuzzy
numbers A and B have the same mode and symmetric spread, most of the existing approaches
fail in ranking them appropriately. For instance, in [1], di�erent ranking orders are obtained
when di�erent index values (p) are taken. When p = 1 and p = 2, the ranking order of fuzzy
numbers is A � B and A � B, respectively. Meanwhile, using the approaches in [2, 10, 25, 24],
the ranking order is the same, i.e., A � B. Nevertheless, inconsistent results are produced when
the distance index and the CV index of Cheng's approach [8] are respectively used. Moreover,
the ranking order obtained by Wang's approach [24] is A � B. Additionally, by the approaches
provided in [18, 19], di�erent ranking orders are obtained when di�erent indices of optimism are
taken. However, decision makers prefer the result A � B intuitionally.

0.5 1 1.5 2 2.5 3 3.5 4 4.5 5 5.5
0

0.5

1

1.5

A AB B

Fig. 5.

Example 4.4. Consider the three fuzzy numbers A = (2; 2; 1; 3)LR, B = (3; 3; 3; 1)LR and C =
(2:5; 2:5; 0:5; 0:5)LR (see Fig. 6).

By using this new approach, I(A) = 1:8333, I(B) = 2:6666 and I(C) = 1:5. Hence, the rank-
ing order is C � A � B too. Obviously, the results obtained by "Sign distance" and "Distance
Minimization" methods are unreasonable. To compare with some of the other methods in [23], the
reader can refer to Table 2.

Furthermore, in the aforesaid example I(�A) = �1:8333, I(�B) = �2:6666 and I(�C) =
�1:5, consequently the ranking order of the images of three fuzzy number is �B � �A � �C.
Clearly, this proposed method has consistency in ranking fuzzy numbers and their images, which
could not be guaranteed by the CV index method.
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1
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B BA A

C C

Fig. 6.

Table 2
Comparative results of example 4.4

Fuzzy New approach Sign distance Sign distance Distance Chu and Tsao
number p=1 p=2 Minimization

A 1.8333 5 3.9157 2.5 0.7407
B 2.6666 5 3.9157 2.5 0.7407
C 1.5000 5 3.5590 2.5 0.75

Results C � A � B C � A � B C � A � B C � A � B A � B � C

All the above examples show that the results of this new method are reasonable results. This
method can overcome the shortcoming of other methods.

5 Conclusion
The fuzzy number defuzzi�cation method with weighted averaging based on levels has been

proposed in [20]. This parameterized defuzzi�cation can be used as a crisp approximation with
respect to a fuzzy quantity. In this article, the researcher used this for ordering L-R fuzzy numbers.
The modi�ed method e�ectively ranked various fuzzy numbers and their images and overcame the
shortcomings which are found in the other techniques. The examples given in this paper illustrated
that the proposed approach has distinctive characteristics. Additionally, the proposed approach
provides decision makers with a new alternative to rank fuzzy numbers.
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