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Exat and Numerial Solutions for NonlinearDi�erential Equation of Je�rey-Hamel FlowR. Ellahi �Department of Mathematis, Faulty of Basi and Applied Sienes IIUI, H-10 Setor, Islamabad,Pakistan.Reeived 16 February 2011; aepted 5 May 2011.|||||||||||||||||||||||||||||||-AbstratThis paper looks at the analysis of Je�ery Hamel ow. The investigation is mainly aimed todetermine an exat analyti solution for a nonlinear problem. To the best of my knowledge,no suh analysis is available in the literature whih an desribe the exat solution of theJe�rey-Hamel ow. Besides this a omparative study between the numerial and exatsolutions is presented. The e�ets of the various parameters intrinsi to the problems areanalyzed and depited via graphs.Keywords : Nonlinear problem; Exat analyti solution; Numerial solution Je�rey-Hamel ow.||||||||||||||||||||||||||||||||{1 IntrodutionThe ow between two planes whih meet at an angle was �rst analyzed by Je�ery [7℄and Hamel [6℄. Under suitable assumptions, the problem an be redued to an ordinarydi�erential equation. The inompressible visous uid ow through onvergent{divergenthannels is one of the most appliable ases in uid mehanis, ivil, environmental, me-hanial and bio-mehanial engineering. A lot of information and referenes about Je�eryHamel ow an be found in the refs. [1, 4, 5, 13, 14℄. Most sienti� problems suh asJe�ery�Hamel ows are inherently of nonlinearity. Exept a limited number of theseproblem, most of them do not have exat analytial solution. Therefore, these nonlin-ear equations have been solved either numerially [2, 15℄ or by perturbation methods[10, 11, 12℄. Very little [3, 8, 9℄ has been yet said in the regime of exat solutions fornonlinear problems. The onvergene of the solution and the large parameter are de�ien-ies of numerial and the perturbation methods respetively. We on�ne ourselves here topresent a general exat analytial solution and the omparison of numerial solution as�Email address: rahmatellahi�yahoo.om. 1



2 R. Ellahi = IJIM Vol. 3, No. 1 (2011) 1-7well. It is also worth mentioning that our exat analytial solution is not only valid forsmall but also for large values of emerging parameters.2 Problem formulationConsider the steady two-dimensional ow of an inompressible visous uid from a soureor sink at the intersetion between two rigid plane walls that the angle between them is2� as shown in Fig. 1 given below:

Fig. 1. Geometry of the problem.We assume that the veloity is only along radial diretion and depend upon r andh, i.e., V (u(r; h); 0) [10, 11℄. Using ontinuity and the Navier{Stokes equations in polaroordinates we have ��r�r (ru(r; �)) = 0; (2.1)u(r; �)�u(r; �)�r = �1� �p�r + � ��2u(r; �)�r2 + 1r �u(r; �)�r + 1r2 �2u(r; �)��2 � u(r; �)r2 � (2.2)� 1�r �p�� + 2�r2 �u(r; �)�� = 0:Equation (2.1) yields f (�) � ru(r; �): (2.3)Introduing F (�) � f(�)fmax ; � = �� (2.4)and eliminating p in Eqs. (2.2) and (2.3), we obtain the following equation for the nor-malized funtion F (�) as [11℄F 000 (�) + 2�ReF (�)F 0 (�) + 4�2F 0 (�) = 0: (2.5)The subjeted orresponding boundary onditions areF (0) = 1; F 0 (0) = 0; F (1) = 0; (2.6)in whih Re and � are the onstants. The onstant � > 0 gives a divergent hannel andfor onvergent hannel the ondition � < 0 holds:



R. Ellahi = IJIM Vol. 3, No. 1 (2011) 1-7 33 Exat solutionA �rst integral of equation (2.5) isF 00 + �ReF 2 + 4�2F = 1; (3.7)where 1 is an arbitrary onstant. Equation (3.7) has the translational symmetry in � andits order an be redued as 12 dF 02dF + �ReF 2 + 4�2F = 1: (3.8)Hene we have F 0 = �r21F � 23�ReF 3 � 4�2F 2 + 22; (3.9)where 2 is a further onstant. The boundary onditions ((2.6),b,) then require that1 + 2 = 13�Re+ 2�2: (3.10)Sine we want F 0 > 0; we omit the negative sign in (3.9). ThusZ F1 dEq21E � 23�ReE3 � 4�2E2 + 23�Re+ 4�2 � 21 = � (3.11)subjet to F (1) = 0: (3.12)is an exat solution of Je�ery Hamel ow.4 Numerial SolutionIn this setion we present the numerial solution of Je�ery Hamel ow by a so alledmethod "Shooting method". To apply shooting method on Eqs. (2.5) and (2.6), we writeour third order equation in three �rst order equationsF 0 (�) = v (�) (4.13)F 00 (�) = u (�) = v0 (�) (4.14)u0 (�) = � �2�ReF (�) v (�) + 4�2v (�)� (4.15)F (0) = 1; v (0) = 0; F (1) = 0 (4.16)and missing ondition is F 00 (0) = s or u (0) = s (4.17)Equations (4.13)-(4.17) an be di�erentiated with respet to s to obtainF �0 (�) = V (�) (4.18)F �00 (�) = U (�) = V 0 (�) (4.19)



4 R. Ellahi = IJIM Vol. 3, No. 1 (2011) 1-7U 0 (�) = � �2�Re (F � (�) v (�) + F (�) V (�)) + 4�2V (�)� (4.20)F � (0) = 0; V (0) = 0; U (0) = 1 (4.21)where F � = �F�s ; V = �v�s ; U = �u�s (4.22)and s is an initial guess and hange iteratively after eah step by Newton's formulasn+1 = sn � F (L; sn)�A�F (L;sn)�s (4.23)or here A = 0; L = 1 and �F=�s = F � then the equation issn+1 = sn � F (1; sn)F � (1; sn) (4.24)where s1is taken to be �1:5 Graphs and omparison of resultsIn order to illustrate the inuenes of Re and � on F; we have plotted the Figures 2 and3 respetively. The obtained analytial solution is ompared with numerial solution inFigures 4 and 5 respetively.

Fig. 2. Pro�les of F for various values of � when Re is �xed.
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Fig. 3. Pro�les of F for various values of Re when � is �xed.

Fig. 4. Pro�les of F for Je�ery Hamel ow in divergent hannel.

Fig. 5. Pro�les of F for Je�ery Hamel ow in onvergent hannel.
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