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Abstract

In this paper, we consider the production possibility set with n production units such that the
following four principles that governs: inclusion observations, conceivability, immensity and
convexity. Our goal is to estimate the output of a same and new production unit with existing
production possibility and amount of input is specified. So, initially we find the interval changes of
each inputs and outputs and then partitioning each interval with fuzzy numbers. We use each of the
possible to produce with specific inputs and outputs the fuzzy if-then rules and estimate the amount of
outputs with mamdany method in fuzzy inference mechanism. In the end, we present an example of
implementation.
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1. Introduction
Data Envelopment Analysis (DEA) was
originally proposed by Charnes et al. [7] as a
method for evaluating the relative efficiency
of Decision Making Units (DMUs) performing
essentially the same task. Units use similar
multiple inputs to produce similar multiple
outputs. DEA deals with the evaluation of the
DMU

transformation process of several inputs to

performance  of performing a
several outputs. There are several ways to
evaluate the units such as CCR [7], BCC [4]
and etc. Production units are always looking
for the best output. Zadeh in [12], introduced
the concept of fuzzy number. The concept of
fuzzy numbers and arithmetic operations with
fuzzy numbers were first introduce and
investigated by Chang and Zadeh [6], and
others. Applications of fuzzy numbers for
indicating uncertain and vague information in
decision making, linguistic controllers, expert
systems, data mining, pattern recognition, etc.
were stated in recently published articles
[1,2,11]. Systems of fuzzy IF-THEN rules are
widely used in applications of fuzzy set theory,
for example in fuzzy control, identification of
dynamic systems, prediction of dynamic
systems, decision-making, etc. In this paper,
we consider the fuzzy IF-THEN rules method
for problem "Estimate output of a production
unit in production possibility set with specific
input such that in comparison with similar
units is efficient™. Some researchers worked on

the estimate output such as in [5], R.D. Banker
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present the estimating most productive scale
size using data envelopment analysis. In this
work, in section 2 we present some basic
definitions of DEA, fuzzy numbers and its
property and then inference mechanism. In
section 3, we state the the new method for
estimate output of a production unit with using
fuzzy inference mechanism with specific
input. In section 4, we present one example for
illustration of method. Conclusion is drawn in
section 5.

2. Background

We provide the contents of two topics, data
envelopment analysis (DEA) and fuzzy
mechanism.

2.1. Data envelopment analysis

DEA utilizes a technique of mathematical
programming for evaluation of n DMUs.
Suppose DMUs:
DMU,,DMU,, ..., DMU,. Let the input and

output data for DMU; be X; = (X1, ..., X))

there are n

and ¥; = (4, -, Ys; ), respectively.[3]
The set of feasible activities is called the
(PPS) and is

denoted by P with the properties: inclusion

Production Possibility Set

observations, conceivability, immensity and

convexity, where [8]

n

p= {(X,Y) Xt zZa,-x;,Yt < Ajgf} )
=

j=1
CCR model [7] for evaluate relative efficiency
of DMUj, is as follows,

min

0
n
S.t. z/ljxu < Hxl'k i = 1, ., m
j=1

(2)
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n
Z/ljyrj < 0y, r=1,..,s
j=1

/1]-20, j=1,..,n
Unit DMU, is CCR efficient if the optimal
value of the objective function in model (2)

equalsone (6" =1).

2.2 Fuzzy mechanism
There are many definitions for fuzzy numbers.
We denote set of all fuzzy numbers by F(R)

and define as follows.[9]

Definition 1. For fuzzy number A € F(R) , we

show the membership function by A(x) which

is given by
(0 X< a
Iy(x) a;<x<a,
Alx) =<1 a, <x<aj 3
1y (%) az; <x < ay
0 a, < x

Where aj,aj,az,a, € R and l,(x) is non-

decreasing and r,(x) is non-increasing and
l(a) =0,l(az) = 1L,my(az) =1
ry(ay) =0 . For any a € (0,1]; a —cut of
fuzzy numbe A isa crisp interval as

Ay = {x € RA®X) 2 a} = [A(@), A, ()] (4)
If ABeF(R) and 1 €R then (A+B), =
A, +B, and A = B, if 4;(a) = B;(a) and

and

A, (a) = B, (a) almost everywhere, a € [0,1].

[24,(), A4, ()]

_ A=0 (5)
AA)e = {[AAl(aL 4, (@)

A<0

Trapezoidal fuzzy numbers are special cases of

fuzzy numbers which are denoted by FT(R)
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and for T € FT(R) its membership function is

as follows:
(0 x<a
X —aq
CIIS <a2
a — a4
T(x)=<1 a, <x<az (6)
ag — X
Az <X < a4y
a4—a3
\ 0 a4Sx

Where aj,az,az,a; € R and a —level of
fuzzy number T is as:
Te = [Ti(@), T, ()] = [a1 + (a; —ay)a, a4
—(ay — az)a] 7
Triangular fuzzy numbers are also special
cases of trapezoidal fuzzy numbers with

a, = as.

2.2.1 Inference mechanism

When we model a knowledge system, it is
often represented by the form of fuzzy rule
base. The fuzzy rule base consists of fuzzy if-
then rules. The rule base has the form of a
MIMO  (multiple
system.[10]

input multiple output)

2.2.2 Mamdani inference mechanism

We assume that we have k fuzzy control rules

of the form
Rulel: If x{in Ay1,*+,x nin A ;1 Then
y1in By, oo, ysin By
Rulek : If x{in Ay, -+, X pin A i, Then
Y 1in By, -+, ysin By,
fact: If x 1 =X1, -, Xm =Xy
consequence : yqinBy,--,ysinB;  (8)
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The firing levels of the rules, denoted by
a:j=1, ..., k are computed by

j=1,..k 9)
The individual rule outputs are obtained by
Cyw) =By W) Aay; j=1,...k,
r=1,..,s (10)
C-w,) = W) V o V Gy (W)

r=1,...,s a1y

Finally, to obtain a deterministic control
action, we employ any defuzzification strategy
[10].
2.2.3 Middle-of-Maxima defuzzification
If C is not discrete then defuzzified value of a
fuzzy set C is defined as [10]
_ Jgzdz

) G dz

where G denotes the set of maximizing

Zy (12)

element of C.

3 Estimate output of a production units
with fuzzy Inference mechanism

Suppose there are n
DMUs : DMU,,DMU,, ...,DMU,. Let the

input and output data for DMU; be X; =

(x 1j,...,xmj) and Y, = (ylj,...,ysj),
respectively.

We want to create a new similar production
unit  with  the X =

specified  input

(x4, ..., %, ) were new input should be in the
convex hull of the units input observed. For
this purpose, first we identify efficient units by
existing methods such as CCR or BCC, etc.
Let, k DMUs be effective. Then, we arranged

increasing order inputs and outputs of effecient
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units. Without loss of generality argument
suppose that x ;1 < x ;» <...< x g for i—th
input and y 4 < y,2 <...< ¥ for r—th
output.

Now we partition the interval [x;q,x;,] for
i = 1,...,mwith triangular fuzzy numbers

are as follows:

Xip — X

X1 S x < x; 13
An(X) ={x:, — x11 i i2 (13)
0 otherwise
Ay (%)
X — .xi j—
— 26D Xi(j-1) <x< Xij
Xij — Xi(j-1)
=< Xig+1) — X .
- xi-SXSxi- 5 =2,...,k_1
Xi(j+1) ~ Xij ’ G+ 2]
0 otherwise (14)
Aij ()
X = Xi(k—
(b Xigeo) < X < i
=13 Xik — Xik-1)
0 otherwise (15)
And also, we partition the
interval [y,1, v, | for r =1,...,swith
triangular fuzzy numbers are as follows:
Brl(y)
Vr2 =Y
EE— <y< (16)
=49,2 — V11 Yr1 y Vr2
0 otherwise
Brj (Y)
Y=Yr(G-1
(YTj _yr(j—l) T "
=< YrG+) — Y .
——— Y SV <Y1 =2, k=1
Yr(i+1) = Yrj Y ru+n
0 otherwise  (17)
Brj (Y)
Y = Vrik-1)
_ AL AL Vr(k-1) SY <Yk (18)
=VVrk — Yrk-1)

0 otherwise
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We consider each efficient unit observed as a
fuzzy control rules as follows for
1,..., k:

j =

Rulel : If x 1inAq1,+,x pin A1 Then

Y1in By, -+, ¥ sin By

Rulek : If x{in Ay, -+, x nin A Then

y 1i7’l Blk:' Yy sin Bsk (19)

Where A;; corresponding to i—th input of j—th
unit. And also, B,; corresponding to r—th
output of j—th unit.

Now suppose the input the new unit is as:
x1=x1,"",x, = X%,, We obtain with
Mamdanis max min method and Middle-of-

Maxima defuzzification method the outputs

ofyi=y, " ys= Vs

Proposition 1. In provided inference
method, interpolation is maintains. In other
words, if input is: x1 = X160, X = X s
then with Mamdanis max min method and
Middle-of-Maxima defuzzification method

the outputs is as y; = Yy -+, ¥ s = Y TOI

Proof. With rules (19) and fuzzy partition of
input interval and fuzzy partition of output

interval, Mamdanis max min method is as

following
j=1,...,k (20)

The individual rule outputs are obtained by

érj (WT) = BT] (WT) A 0(}-;
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j=1...,kr=1,..,s (21)
Cr(wr) = Crl(wr)v -V Crk(wr);
r=1,...,s (22)

Finally, to obtain a deterministic control action
the outputs, we employ Middle-of-Maxima

defuzzification method.

Now ifx{= X160 X = X for
t=1,...,k
With Eq. (20)

1 j=t (23)
&G = {0 IEX:
With Eq. (21) forr = 1,...,s
er (w,) = {BrB(Yrt) j : ; (24)

And with Eq. (22) forr = 1,...,s
Cr(Wr) = Crl(Wr) V.V Crk (Wr) = Brt()’rt);
(25)

Now, with Middle-of-Maxima defuzzification

r=1,...,s

methody . = y,, forr = 1,...,m.

3.1 Examples

In this section, we consider 19 DMUs with
two inputs and two outputs.(Table 1). First,
we identify efficient units by CCR model
where has come on table 2 (6 DMUs are
efficient). To implement the example we use
MATLAB software. We partition the interval
[0,216] (range of input 1) and [0,203] (range
of input 2) with triangular fuzzy numbers
regarding to Eqgs (13)-(15) are as figures 1
and 2. And also, we partition the interval
[0,5368] (range of output 1) and [0,639]
(range of output 2) with triangular fuzzy
numbers regarding to Egs (16) — (18) are as
figures 3 and 4.
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Table 1. 19 DMUs with two inputs and two outputs.

DMU input 1 input 2 output 1 output 21

1 81 87.6 5191 205

2 85 12.8 3629 0

3 56.7 55.2 3302 0

4 91 78.8 3379 8

5 216 72 5368 639

6 58 25.6 1674 0

7 112.2 8.8 2350 0

8 293.2 52 6315 414

9 186.6 0 2865 0
10 143.4 105.2 7689 66
11 108.7 127 2165 266
12 105.7 134.4 3963 315
13 235 236.8 6643 236
14 146.3 124 4611 128
15 57 203 4869 540
16 118.7 48.2 3313 16
17 58 47.4 1853 230
18 146 50.8 4578 217
19 0 91.3 0 508

Table 2. DMUs are CCR efficient.
DMU input 1 input 2 output 1 output 21

1 81 87.6 5191 205

2 85 12.8 3629 0

5 216 72 5368 639

9 186.6 0 2865 0

15 57 203 4869 540
19 0 91.3 0 508

I I r-1:=n1|.n.--=r|-u l\.lrlcl:un plots ‘plct points: | 181 I

input variatde “Input1”

Figure 1: Partition of interv
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962




M. Adabitabar firozja, et al /IJDEA Vol.4, No.2, (2016). 957-965

00 -

150 |-

200 -

280 - |

200 -

[50 -

S00 1= 0

S50 |-

plot points: |

Mambarship function plots

AL4 A2 23 AIAZG A2 T

(] 20 40 [ B0 100 120 140 1650 180 200

inpul varisbile ool

1 I'_I'll:l 2I'_I'll:l EI'_I'IU S00 (=] EI'_I'IU 7I'_I'll:l EI'_I'IU
Figure 2: Partition of interval [0, 203] for input 2 with triangular fuzzy numbers.

00

150

=200

250

=[O0

B[S0

=200

B Riemisership function plots plot poirts: 181 | =

BEis B1a a1z B1S6  BTE)3

o i e 0 200 -
g vmrabie "oubptl”

S50

100 =200 =200 200 500 B0 Foao B0

Figure 3: Partition of interval [0, 5368] for output 1 with triangular fuzzy numbers.
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We consider each efficient unit observed as a For example, Approximation output to several
fuzzy control rule as figure 5 with partitions of units with specific inputs is shown in Table 3.

inputs and outputs.

1 T T | | T T
L Cinput i A1) and dnou2 s AZ1) then (output] s 5171 Moutput2 is 5213 (1) | -
I 2o Cinpartd s AA2) and (INEUES i AZD) then (outpat] 15 B1ZMoutpat? i B22 B24) (13 B
T Cinpart is A0 3) and (inpuAa? s AZ3) then (outpul] s B1 3K eautput? is B23) (1)
4.0 (inpat? s A14 ) and (Ipue? s AZ4 ) then (outpat is B14 output? is B22 BE245 (1)
zob| | |5 01 Ginputd 1 £15) and (e s AZS) then foutput] s B1SHoutput is B25) (13 L
G f Ginpat is A1 6 and (inpua2 s AZE) then (output] is B1 6K catput is B2E) (1)
el ||
o ar Then M
mputi is npat2 s outputl is
. T -
=] aas a2z B14 1 5
A11 laz3 {512 | |
A12 |a [B15 |
e o | RECR ey iEI'I 1 B
a3 il | F%-5 B13 o
[ not ot [ ot
=T Connection Vvelght |
L 1or |
i @ and 1 | [ Crelete rule ] Acid rule I Changs rule I <= I =
=k I Ready | | Hel | close |[H
I I I I — E—
200 400 BOD BT WAoo price
Figure 5: Fuzzy control rules
Table 3. Approximation output with known input.
Input 1 Input 2 Outnput 1 Outnput 2
x1=90 x,=20 y1 = 3.65e + 003 Yy, = 9.58
x1:200 xZ:80 V= 5.34e + 003 Vv, = 613
x1=118 x,=42.8 y; = 3.76e + 003 y, = 51.1
x,=69 x,=180 y, ~ 4.62e + 003 y, ~ 559
w4 i J f ] -
N ] | o | -
ol - e . T 4 |
+ | h | l v | .
i — =1 =
o AN Al L A | ™
. N J ..I | -
| | A -
OO -
s T ] ll"lﬂ'! [ 1 I | imn | rite | dewen ] ue || |
Moo ot loowt one ruls o i rulon I e t [ s I
L S ¥ . T T =

acc EEs i o o Tans

Figure 6: Approximation outputs with x; = 200 and x, = 80.
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4 Conclusions

In this paper, we consider the production
possibility set with n production units such
that the following four principles that govern:
inclusion observations, conceivability,
immensity and convexity. We proposed a
method for estimate the output of a same and
new production unit with existing production
possibility and amount of input is specified.
We in Proposition 1. Prove that in this
inference method, interpolation is maintains.
In the end, we present an example of

implementation.
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