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Abstract

Data Envelopment Analysis (DEA) is a non-parametric mathematical programming technique
widely used for evaluating the relative efficiency of homogeneous decision-making units
(DMUs) that use multiple inputs to produce multiple outputs. The DMUs may consist of
several sub-processes that interact and perform various operations. The conventional DEA
treats DMUs as "black boxes" and internal structure of the DMU is not taken into
consideration. The Network DEA (NDEA) methods are capable of reflecting accurately the
DMUSs’ internal structure and considered the DMU as a network of interconnected sub-units.
On the other hand, many real-world applications face with uncertain data which the optimal
solutions of models may even become infeasible and the ranking of DMUs can be invalid.
Robust DEA (RDEA) is the last uncertain DEA approach that is applied for performance
assessment of DMUSs in the presence of uncertain data.

In this study we propose a new Robust Network DEA (RNDEA) model. We calculate the
efficiency of this model by considering a series of intermediate measures and robust
constraints. We present a case study in the dairy industry with three series stages to exhibit
the efficacy of the approach and demonstrate the applicability of the proposed model.
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1. Introduction

Data Envelopment Analysis (DEA), a non-
parametric Linear Programming (LP)
based method developed by Charnes et al.
(1978) for relative efficiency measurement
of Decision-Making Units (DMUs), is a
generalization of the Farrell’s (1957)
single-input  single-output  technical
efficiency measure to the multiple-input
multiple-output situations [1,2]. DEA
gives relational performance efficiency by
using a ratio of the weighted sum of
outputs to the weighted sum of inputs and
operations it with a mathematical
programming. Unlike parametric methods,
DEA does not require an explicit
functional form relating inputs and
outputs. This method for efficiency
measurement is known as DEA constant
returns to scale (CRS model), with an
assumption that all firms are operating at
an optimal scale. Later Banker et al. (2004)
extended DEA to include Variable Returns
to Scale (VRS) [3].

However, DEA has been widely accepted
as a qualified methodology to estimate the
efficiency of a system, but in many real-
life cases, DMUs have network internal
structure and are composed of several —
divisions that related to each other.
Individual divisions have their inputs and
outputs respectively. An intermediate
output from one division becomes an
intermediate input for another division
[4-6]. Traditional DEA models look
DMUs as "black box" that consume a set
of inputs to produce a set of outputs which
may result in inaccurate efficiency score
[7].

To open the “black box” and get greater
insight into the production process, the
Network DEA (NDEA) model is
generalized to analyze the network
structure of systems by researchers, such
as [4,6,8,9,], first introduced network
DEA model, which was improved and
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extended by other researchers. Lewis and
Sexton (2004) propose a network DEA
model for multistage system which is an
extension of the two-stage DEA model [9].
Their studies solve a DEA model for each
node independently. Tone and Tsutsui
(2009) propose a network slacks-based
measure model (NSBM) to -evaluate
efficiency when inputs and outputs might
change no proportionally [10].

The literature on Network DEA has
increased substantially in the last few
years, both as regards to theoretical
aspects. For systems composed of two
processes connected in series, Kao and
Hwang (2008) developed a DEA model to
measure the efficiencies of the system and
component processes at the same time. An
interesting finding is that the efficiency of
the system is the product of those of the
two processes [11]. Their model can be
extended to more than two processes. Kao
(2014) reviews studies on network DEA
by examining the models used and the
structures of the network system of the
problem being studied. This review
highlights some directions for future
studies from the methodological point of
view, and is inspirational for exploring
new areas of application from the
empirical point of view [12]. Tsihrintzis et
al. (2019) described the underlying notions
of network DEA methods and their
advantages over the classical DEA ones.
They also conducted a critical review of
the state-of-the art methods in the field and
provided a thorough categorization of a
great volume of network DEA literature in
a unified manner [12,13].

One of the most important issues
associated with DEA is the uncertainty
associated with data. Since the resulted
problem formulation of DEA technique is
in form of linear programming, when all
input data are subject to uncertainty, it is
practically impossible to use old fashion
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methods to handle uncertainty. Soyster
(1973) introduced robust optimization to
handle uncertainty. He investigated a very
simple approach to robust optimization. In
this approach the column vectors of the
constraint were assumed to belong to
ellipsoidal uncertainty sets [14]. Peykani
et al. (2020) reviewed the milestone
approaches for handling uncertainty in
data envelopment analysis (DEA). This
paper presents the detailed classifications
of robust data envelopment analysis
(RDEA). RDEA is appropriate for
measuring the efficiencies of decision-
making units (DMUSs) in the presence of
the data and distributional uncertainties.
This paper reviews scenario-based and
uncertainty set of DEA models. It covers
73 studies from 2008 to 2019. The paper
concludes with suggestions about the
guidelines for future researches in the field
of RDEA [15].

In this paper, we propose a new robust
optimization formulation for Network
DEA. Our suggested robust Network DEA
model is based on Soyster approach and
Kao and Hwang (2008) model. We first
illustrate Network DEA model presented
by Kao and Hwang in section 2. In section
3, robust DEA with uncertain data
proposed by Soyster are discussed. Our
Robust Network DEA (RNDEA) models
present in section 4. In section 5, we give
a numerical example and compare with
solutions of three-stage fuzzy DEA model.

2. Multi-stage Data Envelopment
Analysis

Let introduce the following basic notation:
jeJd ={1..,n}: The index set of the n
DMUs.
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ke{l..n}: Denotes the index of

evaluated DMU.

Xj = (Xij,i =1,..., m): The vector of first

stage external inputs used by DMU;.

Z}=(zy,d=1..,D;it=1..,h-1):

The vector of stage-t intermediate outputs
produced by DMU,.

YJ. = (yrj r=1..., S) : The vector of latest
stage final outputs produced by DMU;.
v=(v,i=1..,m):  The vector of

weights for the first stage external inputs
in Kao et al. model.

w'=(wy,d =..,D;t=1..,h-1): The

vector of weights for stage-t intermediate
outputs in Kao et al. model.

u=(u,r=>1..,s): The

weights for the latest stage final outputs in
Kao et al. model.

A'=(A,j=1..mt=1..h):  The

vector of weights for DMU; in stage t in
Chen et al. model.

E, : The overall efficiency of DMU k.

vector of

to have the same multiplier no matter how
it is used while the former allows a factor
to have different multipliers when it is
used in different places. An interesting
result of the relational model is that the
system efficiency is the product of the two
process efficiencies. Figure 1 is a pictorial
expression of the series system with two-
stage.
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Figure 1. Two- stage series system

2.1 Two-stage DEA model by Kao
and Hwang (2008)

The system efficiency of DMU k is
calculated by the input orientation model
from the series system of Kao and Hwang:

Kao and Hwang presented an input
orientation model for calculating the
system efficiency of DMU k. this model
had an additional system constraint, by
removing the additional system constraint
in this model, the following reduced two-
step model is obtained:

The efficiency score of model (1) is
between zeroand one (0 < E, <1).DMU
k is efficient under this model if and only

if its efficiency score be equal to one. The
dual of model (1) is as follow
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E, =mind (2)
st Y A <%, i=1..m
=1

n

Y (4 -4 )z 20, d=1..D
=1
DAY, = Y r=1..,s
=
A>0, =12 j=1..n

Chen et al (2010) shown that entirely
efficiency scores of Kao and Hwang can't
indicate the amount of input reductions or
output increases in inefficient DMUs [16].
They represented a two-stage approach,
which determined the DEA frontier or
DEA projection for inefficient DMU under
the framework of Kao and Hwang that
expressed as
(3)

E, =miné

st D A <O%, i=1..m
j=1
Z;,i}zgjzz;j, d=1..D
J:

n

> Alzg <7y, d=1..,D

i1
DAY=V, r=L..s
j=1
2,20, t=1,2, j=1,...,n
Z: >0, t=1,2, d =1,...,D.

dj
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2.2 A Multi-Stage DEA Model by
Kao and Hwang (2008)

Consider a series system of h processes.
As in the preceding section, let x; and Y,
be defined as the inputs and outputs of the
system, respectively. Denote z as the

d™ intermediate product, d =1,...,D, of
process t, t = 1,..,h-1, for DMUj. The
intermediate products of process t are the
outputs of process t as well as the inputs of

process t + 1. Note that the intermediate
products of the last process h are the
outputs of the system. The number of
intermediate products, D, can be different
for each process. Here, it is assumed that
they are the same for all processes just for
simplification of notation. Figure 2 is a
pictorial expression of the series system.

*s || Stage zg' Stage | Zq Stage Vi o
i=1..m 1 d=1..D d=L..D t r=1...8
Figure 2. Multi- stage series system
Denote W, as the multiplier, or the EXNPPA —ming (5)

importance, associated with the d"

intermediate product of process t. As in the
previous section, after removing the
useless system constraint, the system
efficiency of DMU K is calculated by the
following model generalized of model (1).

EkK_NDEA = maxiuryrk (4)
r=1
st. ivixik =1, i=1..,m
. ZV.X., <0, j=1...n

j=1..,n
t WI lztlgol

» ?MU iM
5

g/

h-1
U Yy — de 24" <0, j=1,
d=1

N

r=.

u >0,v,>0, r=1..,s, i=1...m
w, >0, d=1..D, t=1..,h-1.
Dual of the above model can be

represented as follow.
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St A% <O, i=1..m
=t

n d=1..,D,
S(a-a 0 {7
j:]_ Ty ey
DAY 2 Yy, r=L..s

=

A20,j=1..,n, t=1..,h-1

Azizi and Kazemi Matin (2010) developed
two-stage model of Chen et al (2010) to a
multi-stage network model as follow [17].
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ECthDEA — min P (6)

s.t. :Z;‘/Ijlxij <OX%,,i=1..m
j=

> A7y =7y, d=1..,D, t=1..,h-1
j=1

> Atz <73,d=1..,D, t=1..,h-1

j=1
Zﬂ]hy” 2 yrk1 r :1!'--13
j=1

A >0, j=1...n t=1..,h-1
7! >0, d=1..D,t=1..h-1,

2.3 Robust DEA with Soyster
formulation

Soyster (1973) consider the following
nominal linear optimal problem [14]:

max cx (7)
S.t.

Ax<b

I<x<u.

In above formulation, assume that only
elements of matrix A:[ﬁij] are

uncertain. Without losing the generality,
suppose object function C don't be
uncertain while we can use maximize
object z, and add constraint z—cx <0 and

so included this constraintin Ax <b [18].

He introduced the mxm matrix A as
A=(a,a,,..,a,). Foreach j, he defined

the column &; whose i" component is
equal tod (ei‘KJ—)zsupajeKJ a;. The

auxiliary linear programming to (7) will be
denoted LP (AT) as follows:
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LP(A): maxcx (8)
s.t.

Ax <b

x>0.

Soyster showed that the optimal solution
to LP (AT) is also the optimal solution to

(7).

2.4 DEA Counterpart Based on
Soyster Approach

Model (1) with uncertain outputs,
Yo =Yg +m ¥y ¥y 2005 €[-11]
, will be as follow:

E, =max w
St VX, =1
i=1

W_zuryrk _zurnr)l/(Yrk < O'V’]r); € [_1’1]
r=1 r=1

Zuryrj +Zur77r);9rj _Zvixij < 0’
r=1 r=1 i=1

| =l,...,n,V77r3; € [—1,1]
v,u >0, i=1..m, r=1..,s
By using the Soyster robustness method,

E, =max w

s.t. ivixik =1
i=1

W—Zsluryrk+ sup (_Zslurnrykyrklgo’
r=1

r]!ke[—l,l] r=1
s s
Zuryrj + sup (Zurnr\]{yﬂ'j
r=1 e -1\ r=1
m
> V% <0, j=1...n
i=1

v,u=>0 i=1...m r=1..5

ri i
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In the first constraint we have

sup (_zurﬂiyrka_ min (zurquyrkj
r]ryke[fl,l] r=1 [ 11]

Since y, >0,9, >0 and 7} €[-11],

(Zurnmymj:_zurYW :
r=1

So, its robust counterpart constraint is

S S
E, =D UYq+ DUV, <O0. For the
r=1 r=1

same reason in the second constraint, the
robust counterpart constraint be obtained

S S m
Zuryrk +ZurYW _Zvixij <0.
r=1 r=1 i=1

As a result, the Soyster Robust DEA
model (SRDEA) with uncertainty in
outputs is as follows:

then m|n
% €[-11]

max E,
s.t.: Zvixik =1

E, Zu Yo +Zu ¥, <0

r=1

ZU er +ZU yrk ZVI ij <0! J =1,

u >0

ri =i

v i=1...m r=1..,s

3. Robust Network DEA (RNDEA)

We assume that the input data, X

definite value, but
intermediate products, z

joarea

the wvalues of
! and finished

ij
products, Y;, are subject to uncertainty
data, that's mean

y' = yrj +77r¥yrj' yrj 2 O'nr)j, € [_1'1]

Zdj - Zdj +77;Jtztt:u’ Zdj 0’77§J' < [_1’1]
r=1..s, j=1..,n, t=1..,h

One should note that ¥, and 2;1- are a

percentage of Y, and z:,j , respectively.
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Then we have ¥, <Y, and Z <z, so

=1..,h-17, >0,andy, >0

In the following, at the first, we produce
Robust Network DEA models for two-
stage systems and then develop those to
multi-stage systems.

3.1 Two-stage robust network DEA
model

Consider two-stage system (Figure 1)

WhereX”,I =1,..,m, and Yo r=1...,s
are inputs and final outputs and
z4,d =1,..., D, as intermediate products,
are the output value of the first stage and
input values of second stage for
DMU,,j =1,..,n

3.1.1 Two-stage robust model

based on Kao and Hwang (model (1))

In this case, by replacing assumptions (*)
in model (1), it’s uncertain two-stage DEA
model is as following:

max E, (9)
s.t. ivixikzl

i-1
B, = DU Yy — 2 U9 <0

r=1 r=1
D D -
S wzly + > w2y - Zle”<o j=1..n
d=1 d=1
s s b

uryr,+Zur77”yrJ Zwlzdl Z"Vﬁ’ld,zd,ﬁo
r= = =

j=1..,n

As the previous section, the counterpart
relation for second constraint is equal to

s s
Ek _Zuryrj +Zuryrj <0.
r=1 r=1

same reason, the robust counterpart
constraint for third constraint is equal to

de dJ+de p ZV x; <0,and

For the
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as a result the robust counterpart DEA
model for model (9), Based on Soyster
approach, is as follows:

max E, (10)
st Y vx =1

i=1
E Zuryrk+zuryrkso

r=1 r=1
D D m
D Wizg 4 Y WiZg — D vix; <0, j=1..,n
d=1 d=1 i=1
S S . D 1 D N
DUY,+ D U = D Wzg + D w2y <0,
r=1 r=1 d=1 d=1

j=1..,n

u,v, W >0,r=1..,s, i=1..,md=1..D
3.1.2 Two-stage robust model

based on dual of Kao and Hwang
(model (2))

According model (2), with replacement
uncertain data presented in (*), uncertain
model is obtained as follows:

E, =miné (11)

st. ani}xuﬁexik' i=1..m
=)

Zn:(/l}"ﬁtjz)(zéj+77§jfﬁj)20, d=1....D

1]
N

]

M;

ﬂ' (yrj +77r);9rj)2(yrk +77r)l,<yrk)’r:1""’s

Il
iN

i

A

[y

>0 t=1,2,  j=1..n

By the Soyster method, the robust
counterpart model could write as follow.
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E,=mind

DA% < 6%, i=1..,m
j=1

n

(ﬂ}—/if)zﬁjz sup]( Z/Ilndj J
j=1

j=1 g <[-11

(ZAZ% jj, d=1..D

+ sup
ndje[ 11]

lezyrj 2 yrk + SUp (Ur);yrk)
j=1

nieel-11]

+ Sup Z//LGr]yer ""’S
7],’1{ e[—l,l] =1

2,20

t=1,2, j=1

In second constraint, with the assumption
that 2;20,24 >0,

sup ( z&lnjjiéjj Z/l}ifﬁ and

miel-L\j=t =

sup {Z/Izndj ‘de Zﬂzzdj , and so
j=1

g L\ i<

¢ 1 1 ¢ 201
Z( ) g _2/1] g +Z/112d1
=L =L
or

n n

1 2 1 1 2\l

24 =47 )zg =2 (4 + 47 )2 0.
=1 =1
Similarly, in third constraint,
sup (‘Z’If”r?yrj)zzﬂjzyrj we
U e N j=1

n n
have D A2y 2y, +¥, + 2 A7V, .
-1 -1

Then, the counterpart robust linear model
of model (11) will be as follows:
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Ek =miné@ (12)
i’ﬁxij < 0%, i=1..m
=1

Zn:(ﬂ}—ﬂf)(zij_zéj)zo d=1..D

j=1

n ) n 5

Z/IJ er _Zﬂ'] yr] 2 yrk + yrkvr :11-'-;8
=t j=1

220, =12,  j=l..n

3.1.3 Two-stage robust model
based on Chen et al. (model (3))

As one can see, in model (3), by
replacing the given uncertain values of
problem and applying Soyster method,
the robust model of uncertain two-
stage model can be written as follows:

(13)

E, =mind

n
st Y A < 0%, i=1..,m
=1

n
1,1 =1
> A7y =Ty + sup [

j=1 g <[-11]

[212’751 231 j = de d :1 ..... D

Zﬂ,}n;ﬁ]} d=1,..,D

j=1

n
2,1
Zﬂj Zy+ sup

qéj e[,]_ 1]

zﬂ yr] 2 yrk+ SUp T]rkyrk

nel-11]

sm o)
2,73 20, j=1..n,
because of
have

> z;j

j=1

For second constraint,
/IIZO,ZAjj >0, we

su A2y |= max
ns,‘e[evu{ lel i d’J [-“1[

= ZM Zgi

n
andso > Az lellzdJ 7, .
j=1
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In third constraint, for the same reason
n
2 Al 2 Al
sup [Z’l 77dZJ dJJ 2/1131 '
g -\ j=1 j=1
Then its robust counterpart constraint is

n
equal to Y A7z +Zﬂ.2 i <7y
=i

In a similar way of previous model, the
counterpart robust model based Soyster
approach for model (13) is obtained as
follows.

E, =ming (14)
s.t. 2,1 Xy <OX, i =1..,m
> Az z,lj 14 >74, d=1..D
j=1

D Az +Z/1jzijj <7;, d=1..,D
j=1 j=1

Z/ljzyrj _Z/ljzy\rj 2y, +Ya, r=>1...s

/lt_1>0t 12,d=1.

dk =

.D,j=1..n.

3.2  Multi-stage robust network
DEA model

Consider the h-stage series system as
depicted in Fig.2. Denote x; as the i"

input to the first stage. Here, at each stage
t (t=1..,h-1), zy, intermediate

products, indicates the values of output of
t stage that becomes input to (t+1) stage.
Also y . represents output of final stage.

In fact, y i is considered as final product.

3.2.1 Multi-stage robust model
based on Kao and Hwang model
(model (4))

On the base of relations (*) and the Soyster
method by using the methods mentioned in
the previous subsection, non-linear robust
model of model (4) is the following:
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e W S B - Sy
X =1
;VIXII(

Ek+zuryrk + sup (_Zurniyrkjgo’ -
= e[~ r= S

, T S U+ D09, - ZW“ s
ZwlzdJ + sup [Z\Nlnl“lj rDl =t

d=1 nyel-1] ,j=1,...,n Z =1,.. n

—Zv,xIJ <0, o=t )

u,v, =0, r=1...,5s, 1=1..m

D 25 W >0, d=1..,D, t=1..h
Suidy s s (Swins, | ;

d=1 ngel-11]

D D 3.2.2 Multi-stage robust model
‘dZWd Zy +”l§:[1|?1 dZWd Tt j 0 based on dual of Kao and Hwang
j=1..nt=2,..h-1 model (model (5))

According model (5), replacing uncertain
. data equations in (*) and with Soyster
UV. 4+ su u whizh-t assumptions the uncertain model is
; & q”g[el][z 'U”y”] Z ¢ obtained as follows.
sup (_de s Zz,ﬂ_o i-1 E, =min® (17)
ng el-1] o :
U,V >0, r=1..s, i=1..,m st JZ:;/IJ"‘ijS‘gxik’ 1=1..m
w, >0, d=1..D, t=1..h-1 )

. : _ — 2" )7y + su Anta!
By implying a method similar to the ;( ) T e [EI]EZ il ‘”j
method used in robust two-stage
model, robust counterpart model of > sup (Zﬂ‘” ZZ"‘J'
model (15) is written as follows: LR REIE]

d=1..,D,t=2,.,h-1
EK*RNDEA = max Ek (16) 1 ’ ’ [EERT]
Sty =1, Zﬂ“yn Yot SUP (739 )
i=1 me[-11]
s s ,r:].,...,S
Ek _Zuryrk +Zur9rk < 0’ + SUp —Zirﬂzf/”
r=1 r=1 nézj e-11] =

D D

D Wizg + D W2, 2,20, j=1..,n, t=2..h

d=1 d=1

) Similar to method used in model (12),
ZV. ;<0,j=1..,n counterpart robust model will be obtained
as follows
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EdK—RNDEA — mII’] 0

(19)

n
LY A% <OX,, i=1..,m
j=1

zn:(z;—ﬂ}“)(z;j ~124)>0
j=1

d=1..,D , t=2,..,h-1

n

> A (Y = 95)2 Vi + o 1=100S

i1

A; 20,

3.2.3 Multi-stage robust model
based on Chen et al. model (model
(6))

In the similar way, by substituting given
uncertain variables in (*) and based on

Soyster method, the model (6) would be as
follow:

E,=ming (29)
lelxij <Ox,, i=1..m
j=1
n Azt >
; jodj dk d:].,. D

t=1,...
+ sup ( 21‘775}2;]J
ngel-1\ ja
> A"z + sup (Zﬂ‘”ngifnjs%k
= rel-1a]

d=1..,D,t=1..,h-1

Z;L“y” > Yyt sup (79 )

77rk [ ll]
+ sup

( Z/I“n”y”} oS
’7dJE[ 11]

2,74 20, j=1,
d=1..D,t=1..h

With a similar way used in model (14),
robust model will be obtained as follows:
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ECh—RNDEA

=miné (20)

s.t.Z}t}xij <Ox,, i=1..m

2/1‘( 52427

d=1,...,

S A (2 +2y) <,
j=1

d=1..,
zﬂjh(yrj _S\/rj)2 yrk +)7,k, r=1,...,5

D,t=1...,h

D,t=1..h-1

D,t=1..h-1

/v 78 20, j=1,..,nd=1,..,

4. The feasibility of the counterpart
model and their equivalence

In this section, first, we prove that robust
counterpart models are equivalent with
their uncertain Kao and Hwang multi-
stage model. For this purpose, we prove
that model (15) and model (16) are
equivalent. Next, we show that models are
feasible. For this we define an interval
efficiency score for them.

4.1  Equivalence of models
Let u’v’andw® for r=1...,s,
i=1...m,d=1...,.Dand t=1...h

be arbitrary feasible solution for uncertain

model (15). Now  we have

22U (Yau + 7Y )SO or
r=1

for

s s
0 0.y
_Zuryrk _Zuranrk <0
r=1 r=1

each 17} €[-11], then for 7%, = -1, we

will have
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s s
0 0.y g
Ek _zur Yix _Zurnrkyrk
r=1 r=1
: 0 ° 0
= Ek _Zur Y +Zur Yo
r=1 r=1

S S

And so E, =D uly, +>uly, <0.
r=1 r=1

For the third constraint, let be njjz =1,

D D m
10,1 101
then Ewd g + E W'z - E Vix; <0.
d=1 d=1 i=1

At the same way, for the fourth constraint
D D D
0t t0__tz 5t (t-1)0t-1
de Zg; +2Wd Mg _de Z;
d=1 d=1 d=1
D t-1)0  (t-1
=y iyl <o.
d=1

Supposery =115 ™"

D D D
t0 ot 10 5t (t-1)0,t-1
W'z, +ZWd 2y —de z
d=1 d=1 d=1

D
(t-1)0 5t-1
+> w2 <.
d=1

In the final constraint, assuming that
(h-1)z

y _ _
ng =Lng ~ =-1,s0

: : > (h1)0h1
Zuryrj +Zuryrj _de Zdj
r=1 r=1 d=1

D
(h-1)0 5h-1
+ > wy P <o,

=-1,s0

d=1
Then wu?l,v) andw’are feasible
solutions for counterpart model (16).
On the other hand,  suppose
ulv?andw}° for r=1...,s,

I =1...m,d=1...,Dandt =1...h
be arbitrary feasible solution for
counterpart model (16). In second
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constraint, E, —iuf(yrk _yrk)g(),
r=1

because of -1<n!,

(Vu —ym)ﬁ(y,k +T7,¥<Y,k) and then

E, _zu?(yrk +77rykyrk) <E _Zu?(yrk _9rk)go'
r=1 r=1

In  third have
c 10,1 S 101 <

dDwzg + > w7g =D v, x; <0.
d=1 d=1 i=1

then

constraint, we

Since g <1 ,
1 1z 1 1 A1
(za +m 25 ) <(2§ +25)

3 10,1 C 10,1 1 .
DWzg + D Wiy Zy — D Vi, <0
d=1 d=1 i=1

D m
or ZW&O (Zdj +775jZZAdj )_Z:ViXij <0.
d=1 i=1
In the next constraint
D D
ZWEO (Zéj + 231 )_ ZWSH)O (Z;j’1 — 2;171) <0,
d=1 a1

while 75 <1 and -1<n{™, so

and so

t tz pt t At

(zg +ms 2y ) <(z4 +23) and
t-1 ~t-1 t-1 tz pt-1

(25" 25" ) < (2 +n525"), as a

d=1
S (t-1)0 1 1
- t— tz 5t
2wy (2t +g2gt) <0.
d=1
Finally, like previous, one can see if

D D
dz:;ur (yrj + yrj ) - dz:;Wr(jhil)o (Zgj_1 - 2:11_1) <0,

because 7% <1 and —1<7{™"

result

, then

dzDéur (yrj +739, )— dZD;mé“’l)O (zl'}j’l + 77(5;"1)22;]71) <0.
According to the previous section, one
can see that u’yv?andw/)® for
r=1...s,i=1..m,d=1...,.D
andt =1,...h are feasible solution for
uncertain model (15).
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4.2

In this research, we assume that output and
intermediate values are unknown exactly
but lie in bounded intervals, namely

Yi=Y;ty,; (r=2L..s, j=1..,n
) ad 7, =2z,+7,(d=1..,D,
j =1,...,n) where the upper and lower
bounds of intervals are positive constants.
If some of the data are in other forms of
imprecise data, e.g., ordinal data or ratio
bounded data, we can use the technique in

Zhu (2003) to convert them into interval
bounded data firstly.

Interval Efficiency

We note that under robust data, robust
model of Kao and Hwang and robust
model of dual of Kao and Hwang model
are no longer equivalent and dual models.
In fact, the efficiency score obtained from
robust of Kao and Hwang model is always
lesser than that from robust of dual of Kao
and Hwang model. This is due to the fact
that

maxE _<maxE
Yrj € Y~ 9rj Yt yrj Yrj
AT e{z;j — 14,25 +24 Zj
<mind< min @
Yij yrj €| Yij ’)A/rj Y Jryrj
Zdj Zyje zéj—iéj,z;ﬁi;j

When imprecise data is considered in
network DEA approach, the optimal
efficiency scores become to interval data
too, where the multiplier-type model
yields the lower efficiency bound, and the
envelopment-type models yields the upper
efficiency bound.

5. Numerical Example

This section is provided to show the right
approach and compare the results of
models with a numerical example has used
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it. The proposed Robust NDEA models
were coded using LINGO 14.0 software.
The codes of proposed mathematical
models were executed on a laptop with
Core i7 and Windows 8.1.

5.1  Three stage DEA example

Khalili-damghani and taghavifard (2012)
used a fuzzy three stage DEA model for
evaluating performance efficiency for a set
of 40 dairy supply chain [20]. We use the
conceptual model (Figure 5) and data used
in that research and convert the fuzzy data
to robust data for run the models suggested
in our research. The Upper and Lower
bound of data presented in Table 1 and

table2. We ConsiderX, :(XiL +X7 )/2

and X, =(XiU —xiL)/Z. The upper and

lower bounds of data have been
represented in Table 1 and Table 2,
respectively.

At the first, the problem is solved without
considering any uncertainty in data by a
three-stage network DEA model based on
K-NDEA model (model 4) and results
illustrated in third column in Table 3.
Running K-RNDEA model (model 16),
DK-RNDEA model (model 18) and CH-
RNDEA model (model 20) yielded lower
and upper bounds of efficiency scores for
all DMUs. The result has been represented
in second, fourth and fifth columns in
Table 3. In Figure 4 the result of K-NDEA
model (blue line), K-RNDEA model
(orange line), DK-RNDEA model (yellow
line) and CH-RNDEA model (gray line)
have been plotted. As one can see from
Table 3 and Figure 4, K-RNDEA model
create a lower bound and DK-RNDEA and
CH-RNDEA models give upper bounds
for K-NDEA model that the first is a better
upper bound.
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Figure 3. A three-stage Network System
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Figure 5. Chart of comparison TSFDEA and TS-SRDEA results

Simply, it is seen from Table 3 and Figure
4 that the K-RNDEA model is a lower
bound and DK-RNDEA and CH-RNDEA
models are the upper bounds for the
efficiency scores of the K-NDEA model.
Clearly seen that the upper bound obtained
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by the DK-RNDEA model than the value
of the CH-RNDEA model is more
accurate. Therefore, we can use the results
of K-RNDEA model and DK-RNDEA
model to define an efficiency interval for
efficiency scores of DMUs.
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5.2 Comparison of RNDEA
models with TSFDEA models

Khalili-Damghani and Taghavifard (2012)
solved this problem by using a three-stage
fuzzy DEA model (TSFDEA) and
calculated its lower and upper bound
values of efficiency scores. The Table 4
shows the upper and lower bound values
calculated by TSFDEA (column 5, 6) and
the efficiency scores calculated by our
three-stage  Soyster  robust DEA
(K-RNDEA, DK-RNDEA)  models
(column 3, 4) [20].

It can be seen from Table 4 and Figure 5,
al mostly, the upper bound obtained from
DK-RNDEA for efficiency interval is
more accurate than the TSFDEA model.
On the other hand, the lower bound
obtained from K-RNDEA for efficiency
interval is less accurate than the TSFDEA
model, al mostly.

To compare the accuracy of the values
obtained from TSFDEA models and
RNDEA models, the Mean squared error
method has been used. For this purpose,
square values for the results of the models
are given in columns 7 to 10 of Table 4.
The Mean squared error of the upper and
lower bound values in our proposed
RNDEA model is 0.116742 and for the
TSFDEA model is 0.181763. Also, the
total length of the intervals obtained by the
proposed method is equal to 17.42910008
and the total length of the intervals
obtained by the TSFDEA method is equal
to 18.781213. Therefore, it seems that the
proposed method in this article is more
accurate. Of course, more experiments
need to be done for certainty.

6. Conclusion

Performance efficiency of most of real
systems cannot be evaluated with
conventional DEA models, because of
complicated structure and uncertain data.
In this paper a brief review of some of
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series network models are presented. Then
some Network DEA models are presented
which can be used for efficiency
evaluation of all the series Network
structures that produce uncertain products.
We use Soyster approach to overcome
uncertainty. A set of Robust NDEA
models have been proposed for assessing
relative efficiency score of overall of
multi-level serial processes.

A numerical example used to illustrate the
approaches. The proposed approaches
were applied in assessment of efficiency of
a three-stage model of top-forty Iranian
dairy supply chains. Three linear crisp
DEA model were produced for each DMU.
The results are acceptable and reliable.
The results were promising and
computations were straightforward. More
formally, the proposed approach can be
utilized to distinguish the relative
efficiency scores of overall and sub-
processes of a complicated process. So, the
proposed approach can be assumed as a
proper framework for handling multi-stage
processes mixed with uncertainty in
several areas of management and
engineering.
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Table 1. The upper bounds of inputs, intermediate measures, and outputs [20]

Gl xs[ x|z zr ze] 2z zp 22 ze v v [ e ve
D1 0.8 0.6 0.6 0.5 0.4 0.7 0.3 0.7 0.9 0.7 0.3 0.5 0.9 0.5 0.4 0.8
D2 | 098 | 08 0.6 0.9 0.9 0.3 0.9 0.6 0.7 0.8 0.4 0.7 0.4 0.9 0.8 0.4
D3 0.5 0.5 0.6 0.7 074 | 04 0.8 0.9 0.7 0.9 0.9 0.5 0.4 0.4 0.4 0.4
D4 0.7 0.9 0.5 0.7 0.3 1 0.7 033 | 0.7 0.3 0.53 0.9 0.4 0.7 0.7 0.63
D5 0.5 0.3 0.4 0.85 | 0.46 1 0.9 06 | 0.74 0.3 0.3 0.67 0.7 0.7 0.96 0.6
D6 0.6 0.5 0.8 0.5 0.63 | 0.63 03 | 064 | 03 0.5 0.9 0.4 0.6 0.9 0.8 0.6
D7 0.8 06 | 0.74 | 0.98 0.6 0.6 0.5 0.3 0.7 0.8 0.9 0.9 0.7 0.5 04 | 0.63
D8 0.4 0.96 0.9 0.5 0.7 0.7 0.7 0.6 | 0.84 0.5 0.24 0.73 0.84 1 1 0.4
D9 | 0.94 1 0.94 0.5 0.5 095 | 083 | 05 | 0.42 0.7 0.7 0.3 0.5 0.4 0.3 0.5
D10 | 09 | 087 | 0.6 0.6 0.4 0.8 0.5 0.8 0.7 0.9 0.73 0.34 0.8 0.6 0.6 0.8
D11 | 0.6 0.6 0.4 0.7 0.9 0.98 0.7 | 093 | 06 0.8 0.7 0.6 0.5 06 | 095 | 0.42
D12 | 0.8 0.6 1 0.5 0.76 | 0.6 0.7 0.3 | 0.86 0.9 0.83 0.65 0.9 0.7 0.6 0.9
D13 | 04 0.7 0.9 0.9 0.7 0.7 0.9 0.9 0.4 0.85 0.4 0.7 04 1 1 0.4
D14 1 064 | 0.7 0.4 0.96 | 0.56 03 | 053 | 09 0.8 1 0.42 0.7 08 | 075 | 07
D15 | 0.4 0.4 0.6 0.94 0.4 0.4 0.3 0.3 | 063 | 0.74 0.6 0.4 0.6 0.7 0.6 0.6
D16 | 095 | 0.7 0.4 0.6 0.3 0.3 0.5 0.9 0.4 0.5 0.5 0.7 0.7 0.6 0.5 0.6
D17 | 05 04 | 0.95 0.3 0.67 0.6 0.8 0.8 0.9 0.8 0.6 0.5 0.5 0.7 0.6 0.5
D18 | 0.7 0.8 0.7 0.6 054 | 04 075 | 04 | 073 | 0.73 0.6 0.9 0.9 0.5 05 | 0.85
D19 | 098 | 04 | 0.84 0.6 0.4 0.4 0.6 0.6 0.3 0.4 1 0.83 0.8 05 | 094 | 08
D20 | 0.7 0.7 0.6 0.7 0.7 0.66 0.9 0.4 0.4 1 0.87 0.7 0.5 083 | 05 0.8
D21 | 0.7 0.7 | 0.86 0.5 094 | 097 | 053 | 0.75 | 0.9 0.75 0.3 0.85 0.9 0.4 09 | 0.84
D22 | 08 | 098 | 0.6 0.9 0.9 0.3 09 | 056 | 0.7 0.8 04 0.7 093 | 0.7 | 023 | 09
D23 | 05 0.5 0.6 0.7 074 | 04 0.8 0.9 0.7 0.89 0.9 0.41 0.7 0.6 0.7 | 0.83
D24 | 0.7 0.9 0.5 0.7 0.3 1 0.7 | 053 | 0.62 0.3 0.63 0.9 0.7 0.7 | 063 | 0.7
D25 | 05 03 | 094 | 095 | 0.48 1 0.9 0.6 | 0.54 0.3 0.3 0.87 0.9 084 | 0.9 0.7
D26 | 0.6 0.6 0.7 0.5 0.86 | 0.63 0.3 0.6 0.3 05 0.9 04 0.74 | 05 0.5 0.9
D27 | 097 | 0.6 0.5 0.98 0.6 0.6 0.5 0.3 0.6 0.7 0.87 0.9 1 08 | 092 | 0.84
D28 | 04 | 096 | 0.9 0.6 0.7 0.7 0.7 0.6 0.4 0.5 0.74 0.83 0.4 0.5 0.4 1
D29 | 0.4 1 0.4 0.6 0.5 095 | 083 | 053 | 0.4 0.6 0.6 0.3 0.6 09 | 0.65 | 0.63
D30 | 0.9 0.7 0.7 0.6 0.32 0.8 0.5 0.8 0.7 0.9 0.4 0.36 0.6 0.4 0.6 0.6
D31 | 0.7 0.7 0.4 0.97 0.9 0.98 0.7 | 023 | 06 0.8 0.7 0.66 0.7 0.7 | 064 | 06
D32 | 0.98 | 0.76 1 0.5 086 | 0.6 0.7 03 | 0.76 | 0.81 | 0.86 0.5 1 0.6 09 | 0.56
D33 | 05 0.7 0.9 0.8 0.7 0.7 0.9 0.9 0.4 0.5 0.4 0.6 087 | 0.76 | 0.8 1
D34 1 094 | 0.7 0.4 0.96 | 0.96 03 | 053 | 09 0.7 1 04 0.7 0.4 0.7 0.8
D35 | 031 | 04 0.6 0.4 0.4 04 0.3 | 0.75 | 0.64 0.4 0.64 0.4 0.6 09 | 075 | 07
D36 | 05 0.8 0.4 0.6 0.3 0.3 0.5 0.9 0.4 0.5 0.5 0.7 0.7 0.8 0.6 0.6
D37 | 05 | 041 | 0.95 0.4 064 | 0.6 0.8 0.8 0.9 0.8 0.5 0.5 084 | 0.6 0.4 0.7
D38 | 0.7 0.8 0.7 0.6 0.42 04 085 | 04 | 073 | 0.83 | 0.69 0.9 05 0.7 0.4 05
D39 | 0.9 04 | 074 | 0.85 0.4 04 0.6 0.6 0.3 0.4 1 0.63 0.6 05 05 | 042
D40 | 0.7 0.7 0.6 0.7 0.66 | 0.64 0.9 0.4 0.4 1 0.8 0.7 0.7 0.6 0.5 0.6
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XU XY XY Xy zulzul zu zu z2 22| 22 Z2] Y Y2y Yy
D1 0.6 0.5 0.5 0.3 0.3 0.6 0.2 0.6 0.7 0.6 0.2 0.4 0.7 0.3 0.3 0.7
D2 0.7 0.7 0.4 0.8 0.7 0.2 0.8 0.4 0.5 0.6 0.2 0.5 0.2 0.7 0.7 0.2
D3 04 0.3 0.5 0.6 0.3 0.3 0.7 0.7 0.5 0.8 0.7 0.3 0.2 0.2 0.2 0.2
D4 0.6 0.8 0.3 0.5 0.2 0.8 0.6 0.2 0.5 0.2 0.2 0.7 0.2 0.5 0.5 0.2
D5 0.3 0.2 0.3 0.4 0.3 0.8 0.8 0.4 0.3 0.2 0.2 0.6 0.5 0.5 0.5 0.5
D6 0.4 0.4 0.6 0.3 0.5 0.2 0.2 0.5 0.2 0.4 0.7 0.3 0.4 0.7 0.7 0.4
D7 0.6 0.4 0.3 0.7 0.5 0.5 0.4 0.2 0.5 0.6 0.7 0.7 0.5 0.3 0.3 0.5
D8 0.2 0.5 0.7 0.4 0.6 0.5 0.5 0.4 0.3 0.4 0.2 0.12 | 03 0.8 0.8 0.3
D9 0.3 0.8 0.2 0.4 0.4 0.4 0.2 0.4 0.3 0.5 0.5 0.2 0.3 0.2 0.2 0.3
D10 0.8 0.6 0.5 0.4 0.2 0.6 0.4 0.6 0.5 0.7 0.2 0.2 0.6 0.4 0.4 0.6
D11 0.5 0.5 0.2 0.6 0.7 0.7 0.6 0.2 0.4 0.6 0.5 0.5 03 | 04 | 04 | 03
D12 0.7 0.4 0.8 0.4 0.5 0.5 0.6 0.2 0.5 0.7 0.7 0.4 0.7 0.5 0.5 0.7
D13 0.3 0.5 0.7 0.7 0.5 0.5 0.8 0.7 0.3 0.4 0.3 0.5 02 ( 08 | 08 | 0.2
D14 0.8 0.3 0.6 0.2 0.5 0.5 0.2 0.2 0.7 0.6 0.8 0.3 05 | 06 | 06 | 05
D15 0.2 0.3 0.5 0.3 0.3 0.3 0.2 0.2 0.5 0.3 0.5 0.3 04 | 05 | 05 | 04
D16 0.4 0.6 0.2 0.5 0.2 0.2 04 0.7 0.3 04 04 0.3 0.5 0.4 0.4 0.5
D17 04 0.3 04 0.2 0.5 0.5 0.6 0.7 0.7 0.6 0.4 0.3 03 [ 05 | 05 | 03
D18 0.5 0.7 0.5 0.4 0.3 0.3 04 0.3 0.2 0.2 0.5 0.7 07 ( 03 | 03 | 07
D19 0.7 0.2 0.3 04 0.3 0.3 0.5 0.5 0.2 0.3 0.8 0.2 06 | 03 | 0.3 | 0.6
D20 0.6 0.5 0.4 0.6 0.5 0.5 0.7 0.2 0.2 0.8 0.6 0.5 03 | 02 | 03 | 0.6
D21 0.6 0.5 0.5 0.3 0.3 0.6 0.2 0.6 0.7 0.6 0.2 04 07 | 02 | 0.7 | 03
D22 0.7 0.7 04 0.8 0.7 0.2 0.8 04 0.5 0.6 0.2 0.5 0.2 0.5 0.2 0.7
D23 0.4 0.3 0.5 0.6 0.3 0.3 0.7 0.7 0.5 0.8 0.7 0.3 05 | 04 | 05 | 0.2
D24 0.6 0.8 0.3 0.5 0.2 0.8 0.6 0.2 0.5 0.2 0.2 0.7 05 | 05 | 05 | 05
D25 0.3 0.2 0.3 04 0.3 0.8 0.8 04 0.3 0.2 0.1 0.6 07 | 03 | 0.7 | 05
D26 04 04 0.6 0.3 0.5 0.2 0.2 0.5 0.2 04 0.7 0.3 03 | 03| 03| 07
D27 0.6 04 0.3 0.7 0.5 0.5 0.4 0.2 0.5 0.6 0.7 0.7 08 | 06 | 08 | 0.3
D28 0.2 0.5 0.7 04 0.6 0.5 0.5 0.4 0.3 04 026 | 011 | 02 | 03 | 0.2 | 0.8
D29 0.3 0.8 0.2 04 0.4 0.4 0.2 04 0.3 0.5 0.5 0.2 0.4 0.7 0.4 0.2
D30 0.8 0.6 0.5 0.4 0.2 0.6 04 0.6 0.5 0.7 0.2 0.2 04 0.2 0.4 0.4
D31 0.5 0.5 0.2 0.6 0.7 0.7 0.6 0.2 0.4 0.6 0.5 0.5 05 | 05| 05 | 04
D32 0.7 04 0.8 0.4 0.5 0.5 0.6 0.2 0.5 0.7 0.7 04 08 | 04 | 08 | 05
D33 0.3 0.5 0.7 0.7 0.5 0.5 0.8 0.7 0.3 04 0.3 0.5 06 [ 05 | 06 | 0.8
D34 0.8 0.3 0.6 0.2 0.5 0.5 0.2 0.2 0.7 0.6 0.8 0.3 05 | 03 | 05| 0.6
D35 0.2 0.3 0.5 0.3 0.3 0.3 0.2 0.2 0.5 0.3 0.5 0.3 04 | 0.7 | 04 | 05
D36 04 0.6 0.2 0.5 0.2 0.2 04 0.7 0.3 04 04 0.6 05 | 06 | 05 | 04
D37 04 0.3 04 0.2 0.5 0.5 0.6 0.7 0.7 0.6 0.4 0.3 03 | 04 | 03| 05
D38 0.5 0.7 0.5 04 0.3 0.3 04 0.3 0.2 0.2 0.5 0.7 03 | 05| 03] 03
D39 0.7 0.2 0.3 04 0.3 0.3 0.5 0.5 0.2 0.3 0.8 0.2 04 | 04 | 04 | 03
D40 0.6 0.5 04 0.6 0.5 0.5 0.7 0.2 0.2 0.8 0.6 0.5 05 |04 | 04 | 04
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Table 3. Efficiency scores for three stage sample

K-RNDEA K-NDEA DK-RNDEA CH-RNDEA
D1 0.15544 0.51110 0.59553 0.59553
D2 0.08049 0.26079 0.34244 0.34244
D3 0.04502 0.20451 0.32648 0.32648
D4 0.07842 0.29629 0.45968 0.45968
D5 0.15620 0.56706 0.77022 0.77022
D6 0.11880 0.41157 0.49821 0.49821
D7 0.08567 0.30066 0.40595 0.40595
D8 0.08567 0.52659 0.77417 0.77417
D9 0.06151 0.23635 0.33358 0.33358
D10 0.11826 0.39739 0.50930 0.50930
D11 0.07293 0.31998 0.52054 0.52054
D12 0.11636 0.38202 0.47954 0.47954
D13 0.14569 0.50001 0.50448 0.50448
D14 0.12901 0.44361 0.57234 0.57234
D15 0.13647 0.49390 0.66604 0.66604
D16 0.11751 0.41110 0.54479 0.54479
D17 0.10502 0.36896 0.46018 0.46018
D18 0.13255 0.43594 0.52028 0.52028
D19 0.15273 0.50740 0.71324 0.71324
D20 0.08447 0.29594 0.48614 0.48614
D21 0.11934 0.46716 0.55249 0.55249
D22 0.08604 0.28570 0.45350 0.45350
D23 0.09572 0.39680 0.58229 0.58229
D24 0.10072 0.36134 0.49722 0.49722
D25 0.18388 0.63788 0.91869 0.91869
D26 0.12062 0.40464 0.52521 0.52521
D27 0.12605 0.49562 0.63436 0.63436
D28 0.15828 0.52280 0.62272 0.62272
D29 0.15879 0.53088 0.79246 0.79246
D30 0.07593 0.27722 0.36673 0.36673
D31 0.09730 0.37374 0.53910 0.53910
D32 0.11258 0.41978 0.46807 0.46807
D33 0.14282 0.45565 0.64997 0.64997
D34 0.12635 0.41675 0.54152 0.54152
D35 0.20873 0.71652 0.87222 0.87222
D36 0.11878 0.45194 0.64448 0.64448
D37 0.10705 0.39455 0.59274 0.59274
D38 0.07738 0.27255 0.37194 0.37194
D39 0.09142 0.35516 0.49268 0.49268
D40 0.08230 0.30924 0.39591 0.39591
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Table 4. Comparison results of RNDEA models and FTSDEA model

K-RNDEA LB-TSFDEA K-NDEA DK-RNDEA UB-TSFDEA
D1 0.15544 0.3479595 0.51110 0.59553 0.958486404
D2 0.08049 0.2403438 0.26079 0.34244 0.732388614
D3 0.04502 0.130298 0.20451 0.32648 0.533159083
D4 0.07842 0.219912 0.29629 0.45968 0.784724982
D5 0.15620 0.4335226 0.56706 0.77022 0.776165434
D6 0.11880 0.3211291 0.41157 0.49821 0.906117657
D7 0.08567 0.289095 0.30066 0.40595 0.906117657
D8 0.08567 0.4659895 0.52659 0.77417 0.575780282
D9 0.06151 0.2486869 0.23635 0.33358 0.746330186
D10 0.11826 0.2819946 0.39739 0.50930 0.847015167
D11 0.07293 0.2270316 0.31998 0.52054 0.644190479
D12 0.11636 0.3276272 0.38202 0.47954 0.964517485
D13 0.14569 0.3473709 0.50001 0.50448 0.645035033
D14 0.12901 0.3528425 0.44361 0.57234 0.932113829
D15 0.13647 0.3797547 0.49390 0.66604 0.846589218
D16 0.11751 0.3638269 0.41110 0.54479 0.886526503
D17 0.10502 0.2623749 0.36896 0.46018 0.692678146
D18 0.13255 0.3620847 0.43594 0.52028 0.676876741
D19 0.15273 0.4579346 0.50740 0.71324 0.899787961
D20 0.08447 0.2355745 0.29594 0.48614 0.670920786
D21 0.11934 0.3386424 0.46716 0.55249 0.946499051
D22 0.08604 0.2754563 0.28570 0.45350 0.810064371
D23 0.09572 0.2882303 0.39680 0.58229 0.870195759
D24 0.10072 0.3078927 0.36134 0.49722 0.920122078
D25 0.18388 0.5517692 0.63788 0.91869 0.787821803
D26 0.12062 0.3072108 0.40464 0.52521 0.868243405
D27 0.12605 0.4531317 0.49562 0.63436 1
D28 0.15828 0.4528382 0.52280 0.62272 0.575780282
D29 0.15879 0.4548555 0.53088 0.79246 0.888358693
D30 0.07593 0.1921567 0.27722 0.36673 0.718053002
D31 0.09730 0.326676 0.37374 0.53910 0.810097928
D32 0.11258 0.347212 0.41978 0.46807 0.968854176
D33 0.14282 0.4085115 0.45565 0.64997 0.659232528
D34 0.12635 0.3352685 0.41675 0.54152 0.891927157
D35 0.20873 0.4888391 0.71652 0.87222 0.865318629
D36 0.11878 0.398574 0.45194 0.64448 0.914430012
D37 0.10705 0.2937327 0.39455 0.59274 0.675561156
D38 0.07738 0.213271 0.27255 0.37194 0.614393154
D39 0.09142 0.3196149 0.35516 0.49268 0.860523435
D40 0.08230 0.2444869 0.30924 0.39591 0.803938629
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