
 
 

Available online at http://jnrm.srbiau.ac.ir 

Vol.1, No.2, Summer 2015 

 

 

 

 

 

Productivity changes of units:  

A directional measure of cost Malmquist index 
 

G. Tohidi a *, S. Tohidnia b 

 

(a,b) Department of Mathematics, Central Tehran Branch, Islamic Azad University, Tehran, 

Iran 

 
Received Spring 2015, Accepted Summer 2015 

 

Abstract 

This study examines the productivity changes of decision making units in situation where 

input price vectors are varying between them and inputs are heterogeneous; that is a non-

competitive market. We present a directional measure of cost Malmquist productivity index 

where incorporates the decision maker's preference over productivity change over time. A 

simple numerical example is designed to illustrate the new measure of the cost Malmquist 

index.  

 

Keywords: Data envelopment analysis; directional measure; profit efficiency; productivity 

change; cost Malmquist index   

                                                
*Corresponding author: Email: ghatohidi@yahoo.com (gh_tohidi@iauctb.ac.ir) 

                                    

               Journal of  New Researches in Mathematics                                                                                Science and Research Branch (IAU)    



G. Tohidi, et al /JNRM Vol.1, No.2, Summer 2015                                                                                               56 
 

 

 

 

1. Introduction 

The productivity change over time is an 

important subject for decision making 

units (DMUs). Data envelopment analysis 

(DEA) can be applied as a non-parametric 

approach in studying the productivity 

change and its decomposition. DEA for the 

first time was developed by Charnes et al. 

(1978) and has been used so far in many 

literatures that focus on the efficiency and 

productivity of DMUs. For example, 

Berger (2007), Sathye (2003), Coli et al. 

(2011), Bruni et al. (2011). The method is 

also applied to compute the Malmquist 

index that is used for evaluating the 

productivity changes of DMUs over time.  

Caves et al. (1982) defined the Malmquist 

index based on efficiency score for the 

first time and then Färe et al. (1989) 

decomposed the index into efficiency and 

technical change. Malmquist index is 

extended in different ways. For instance, 

Chen (2003) presented the non-radial 

Malmquist index and developed a non-

radial DEA model for computing it. Arabi 

et al. (2015) as well as used a slacks-based 

measure (SBM) model to compute the 

productivity change of DMUs in the 

presence of undesirable outputs. 

Maniadakis and Thanassoulis (2004) 

extended the index to the cost Malmquist 

(CM) index for the case where the prices 

of the inputs are known. They used the 

Farrell cost efficiency in definition of the 

index. See also Portela and Thanassoulis 

(2010), Tohidi et al. (2010) for other 

applications of Malmquist index. 

The cost efficiency (CE) measure used by 

Maniadakis and Thanassoulis (2004) in 

definition of CM index can be applied 

when inputs are homogenous and the 

prices are exogenously fixed. Thus, the CE 

measure only incorporates the input 

inefficiency and the contribution of 

inefficiency that is made by market prices 

(market inefficiency) is not considered. To 

solve these problems the alternate CE 

model was presented in Tone (2002) by 

considering the production technology in a 

cost/input space. Following the presented 

CE measure, Fukuyama and Weber (2004) 

and Färe and Grosskopf (2006) developed 

a directional input-cost distance function 

and therefore a directional measure of 

value-based technical inefficiency. This 

measure was extended in Sahoo et al. 

(2014). They developed a directional 

value-based measure of technical 

efficiency and also a directional cost-based 

measure of efficiency which satisfied the 

properties: translation invariant, unit 

invariant and strong monotonocity. 

In this paper we estimate a directional 

measure of cost Malmquist index (DCM) 



Productivity changes of units: A directional measure of cost Malmquist index                                                   57 
 

 

 
 

based on the cost and technical efficiency 

measure presented in Sahoo et al. (2014), 

in order to examine the productivity 

changes of units in situation where DMUs 

act in a non-competitive market that inputs 

are heterogeneous and DMUs can control 

to some extent the market prices. In fact, 

when the input price vectors of DMUs are 

different because of the different 

competitive environments, comparing the 

productivity changes of DMUs can not be 

right. Using the proposed index the 

environmental factors can be incorporated 

in the comparison between DMUs. In 

addition, DMUs can control their 

productivity changes by considering the 

suitable direction vector.   

The rest of paper proceeds as follows. 

Section 2 expresses the previous studies on 

efficiency and productivity change when 

input prices are known. Section 3 develops 

a cost Malmquist index for evaluating 

DMUs in a non-competitive market. In 

section 4 we design a simple numerical 

example to show the application of the 

proposed approach and Section 5 

concludes. 

2. Cost Malmquist productivity index  

Suppose that there are n  DMUs, observed 

in time period  ( 1, , )t t T  , each 

DMU  ( =1, , )j j n  consumes a non-

negative input vector 1( , , )t t t
j j mjx x x 

with the price vector 1( , , )t t t
j j mjc c c   to 

produce a non-negative output vector  

1( , , )t t t
j j sjy y y  . Farrell (1957) defined 

the cost efficiency of a DMU as the ratio 

of minimum cost of production to the 

observed cost. This definition of cost 

efficiency requires that the input prices be 

fixed and the exact information of them is 

at hand. By using the concept of Farrell's 

cost efficiency, Maniadakis and 

Thanassoulis (2004) presented the cost 

Malmquist productivity index, which 

evaluates the productivity change of 

DMUs between time periods t and 1t  in 

the case where the input price vector is 

known. They assumed that all DMUs face 

the same input price vectors. Consider 

1( , , )t t t
mc c c   as the input price vector 

of period t  ( , )t t
jc c j  , and define the 

production technology of period t as 

푇 = {(푥 , 푦 ) ∈ 푅 : 푥 ∈ 푅   
푐푎푛푝푟표푑푢푐푒 
  푦 ∈ 푅 }                                              (1) 
 
The Farrell cost efficiency measure for 

 ( , )t t
o ox y , observed in period t , under the 

input price vector tc is defined as  

( , )CE ( , , ) ,
t t t

t t t t o o
o o o t t

o

C y cy x c
c x

  (2) 
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Where ( , )t t t
o oC y c  is the minimum 

production cost and t t
oc x  is the observed 

cost of producing t
oy . ( , )t t t

o oC y c  can be 

obtained by solving the following linear 

programming model: 
 

1

1

( , ) min ,

s.t. , 1, , ,

m
t t t t
o o i i

i
J

t
j ij i

j

C y c c x

x x i m







 



 

 (3) 

1
, 1, , ,

0, 1, , ,

0, 1, , .

J
t t

j rj ro
j

j

i

y y r s

j J

x i m






 

 

 

 





  

Based on the cost efficiency defined in (2), 

and by considering time period t as the 

reference period, the cost Malmquist 

productivity index ( tCM ) is (Maniadakis 

and Thanassoulis, 2004): 
 

1 1( , )CM .
( , )

t t t t t
t o o o

t t t t t
o o o

c x C y c
c x C y c

 

  (4) 

 

 

CMt  compares the cost efficiency of 
1 1 ( , )t t

o ox y  , under evaluation DMU 

observed in time period 1t  , to that of

 ( , )t t
o ox y  by measuring their distances 

from the cost boundary of period t  as a 

benchmark, where the cost boundary is 

defined as 

 Iso C ( , ) : C ( , ) .t t t t t t t t t
o o o oy c x c x y c   (5) 

Similarly, 1CMt   index can be defined 

based on the cost boundary of period 1t   

as a benchmark, 
1 1 1 1 1

1
1 1 1

( , )CM .
( , )

t t t t t
t

t t t t t
w x C y w

w x C y w

    


    (6) 

1CMt   compares the cost efficiency of 
1 1 ( , )t t

o ox y   to that of  ( , )t t
o ox y  by 

measuring their distances from the cost 

boundary of period 1t  . 

Because two indexes tCM and 1CMt   

may provide different measures of 

productivity change (the distances are 

computed based on different benchmarks), 

Maniadakis and Thanassoulis (2004) 

defined the CM index as the geometric 

mean of these two indexes as follows: 

퐶푀 ,  

=  ( , )

푤 푥 /퐶 (푦 , 푤

×
푤 푥 /퐶 (푦 , 푤 )

푤 푥 /퐶 (푦 , 푤 )

/

 

 

If the , 1CMt t  index has a value less than 1, 

productivity progress, a value greater than 

1 means that productivity regress and a 

value of 1 means that productivity remains 

unchanged. 

Using the CM  index to examine the 

productivity change of DMUs, they could 

incorporate allocative efficiency in the 

measurement of productivity change. They 
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decomposed the presented index into cost 

efficiency and cost technical change. In 

addition, they decomposed each of these 

components into two components. Cost 

efficiency was decomposed into technical 

and allocative efficiency change, and cost 

technical change into a part capturing 

shifts of input quantities and shifts of input 

prices. 

Farrell's CE model used for computing the 

CM index requires that the input price 

vector of DMUs are fixed and exogenously 

given. In fact, this model is applied for 

evaluating the cost efficiency of DMUs in 

a competitive market. In most of the real 

application, we deal with the cases where 

the market is not fully competitive and 

input prices may vary between DMUs. In 

such situation Farrell CE measure can not 

reflect the market inefficiency. In the next 

section we suggest a directional cost 

Malmquist index for use in situations 

where DMUs operates in a non-

competitive market characterized by 

heterogeneous inputs.  

 

3. A directional measure of cost 

Malmquist index 

Cost efficiency measure and cost 

Malmquist index discussed in the former 

section can be applied for the case where 

DMUs are homogenous and input prices 

are exogenously fixed (that is DMUs are 

price taker). To estimate the cost 

efficiency of DMUs in non-competitive 

market, Sahoo et al. (2014) developed a 

directional cost based measure of 

efficiency (DCE) and also directional 

value based measure of technical 

efficiency (TE) which satisfy three 

important properties, translation 

invariance, strong monotonicity and unit 

invariance if the units of measurement for 

each component of the selected direction 

vector ( , )t t t
x yg g g , 

1 2( , , , )t t t t
x mg g g g  , 0t s

yg R  , be the 

same as that of thi input-cost, t
ix . They 

assumed that inputs are heterogeneous and 

their prices vary across DMUs. In order to 

incorporate these assumptions in the 

model, they defined the production 

technology as 

푇 = {(푥 , 푦 ) ∈ 푅 : 푥 ∈ 푅   
푐푎푛 푝푟표푑푢푐푒                                          (8) 
 푦 ∈ 푅 } 
 

where t t tx c x  . 

Their presented model to evaluate the DCE 

measure of DMUo  observed in period t

based on the production technology of 

period t is as follows: 
 

퐷퐶퐸 (푦 , 푥̅ ) − min 1 −
푔
퐺 훽 ,  
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휆 푥̅ ≤ 푥̅ − 훽 , 푔  , 푖 = 1, … , 푚 

∑ 휆 푦 ≥ 푦  , 푟 = 1, … , 푠      (9) 

휆 = 1 , 휆 ≥ 0 ,   푗 = 1, … , 푛 

 
Where 

1

mt t
ixi

G g


  and to guarantee 

that DCE ( , ) 1t t t
o o oy x  , the direction 

vector g must satisfy the following 

condition: 

 
1,

1,

min
max 1.

t t
io ijj n

ti m
ix

x x

g




    
  




 (7) 

 
Similarly, the DCE measure of DMUo  

observed in time period 1t   with respect 

to the technology of period 1t  is, 

DCE (y , x ) − min 1 −
g
G

β ,  

λ x ≤ x − β , g  , i = 1, … , 푚 

∑ 휆 푦 ≥ 푦  , 푟 = 1, … , 푠        (11) 

흀풋 = ퟏ ,         흀풋 ≥ ퟎ ,                풋 = ퟏ, … , 풏
풏

풋 ퟏ

 

 
To measure , 1DCEt t   and 1,DCEt t , we 

modify 

Error! Reference source not found. into 

the following models, respectively: 

퐷퐶퐸 (푦 , 푥̅ ) − min 1 −
푔
퐺

훽 ,  

휆 푥̅ ≤ 푥̅ − 훽 , 푔  , 푖 = 1, … , 푚 

∑ 휆 푦 ≥ 푦  , 푟 = 1, … , 푠          (12) 

휆 = 1 , 휆 ≥ 0 ,   푗 = 1, … , 푛 

 

퐷퐶퐸 (푦 , 푥̅ ) − min 1 −
푔
퐺 훽 ,  

휆 푥̅ ≤ 푥̅ − 훽 , 푔  , 푖 = 1, … , 푚 

∑ 휆 푦 ≥ 푦  , 푟 = 1, … , 푠          (13) 

휆 = 1 , 휆 ≥ 0 ,   푗 = 1, … , 푛 

 
Now, we define the directional cost 

Malmquist (DCM) productivity index of 

, 1t t  and their geometric mean 

respectively as follows: 
1 1DCE ( , )DCM ,

DCE ( , )

t t t
t o o o

t t t
o o o

y x
y x

 

  (8) 

1 1 1
1

1

DCE ( , )DCM ,
DCE ( , )

t t t
t o o o

t t t
o o o

y x
y x

  


  (9) 

 

퐷퐶푀 , =

, ̅

, ̅
×

( , ̅ )
( , ̅ )

/

  (16) 

If the , 1DCMt t  index has a value less than 

1, productivity regress, a value greater than 

1 means that productivity progress and a 

value of 1 means that productivity remains 

unchanged. 

The proposed productivity index 

Error! Reference source not found. is 

incorporated with the decision maker's 

preferences. Therefore, to improve the 

productivity of DMUs decision makers can 

select a specific direction vector. In fact, 
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the productivity change of DMUs can be 

measured based on their specific direction 

vector. In addition, the measure of 

productivity change obtained from 

Error! Reference source not found. is 

translation invariant and can be used in 

situations dealing with negative data.  

 

3.1. Decomposition of the proposed index 

Now, we decompose the DCM index to 

illustrate how the index includes 

directional technical and allocative 

efficiency changes, shift of the production 

boundary between periods t and 1t  , and 

also the effect of input price change on the 

productivity change of DMUo  between 

time periods t and 1t  . The 

decomposition is similar to the 

decomposition of CM index presented in 

Maniadakis and Thanassoulis (2004). 

In the first stage, DCM index can be 

decomposed into overall (cost) efficiency 

change (OEC) and cost technical change 

(CTC) as follows: 

퐷퐶푀 ,

=
퐷퐶퐸 (푦 , 푥̅ )

퐷퐶퐸 (푦 , 푥̅ )
퐷퐶퐸 (푦 , 푥̅ )

퐷퐶퐸 (푦 , 푥̅ )

×
퐷퐶퐸 (푦 , 푥̅ )

퐷퐶퐸 (푦 , 푥̅ )

/

   

 (17) 
 

OEC component examine whether the 

observed cost of producing the given 

output vector, 
1

m t
ioi

x
 , catches up the 

minimum cost of producing it from period 

t  to period 1t  . Using the optimal 

solution of model 

Error! Reference source not found., the 

minimum cost of producing ty  can be 

calculated as,  

* , *

1 1

( ).
m m

t t t t t
io io i ix

i i
x x g

 

    (10) 

 

Similarly, the minimum cost of producing 
1ty   can be calculated by the optimal 

solution of model 

Error! Reference source not found.. 

CTC component compares the minimum 

cost of producing the given output vector 

observed in period t with that of period 

1.t   

In the second stage of the decomposition 

of DCM index, each component obtained 

in stage 1 can be further decomposed into 

two components. OEC component is 

decomposed as 
 

푂퐸퐶 =  
1 − 훽 ,

1 − 훽 , ∗  

퐷퐶퐸 (푦 , 푥̅ )/(1 − 훽 , ∗)
퐷퐶퐸 (푦 , 푥̅ )/(1 − 훽 , ∗)

= 푇퐸퐶 × 퐴퐸퐶 
 (19) 
 
that ,t t  is the possible technical 

improvement of the components of input-
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spending t
ox  (directional value-based 

measure of technical inefficiency). The 

value of ,t t  can be computed by the 

optimal solution of model 

Error! Reference source not found. as 

follows: 
 

, ,,

1, , 1, ,1

1 min 1 min .
t t t t

tm
t t ix

i iti m i mi

g
G

  
 

 


   
 

(11) 

 
,t t   can be calculated also by solving the 

following model directly: 

훽 , ∗ = 푚푎푥 ,   훽 ,  
 

λ x ≤ x − β , g   , i = 1, … , m 

 
∑ 휆 푦 ≥ 푦 ,   푟 = 1, … , 푠  
    (21) 

휆 = 1 , 휆 ≥ 0 , 푗 = 1, … , 푛 

 
 

Similarly, 1, 1t t     can be calculated by the 

optimal solution of model 

Error! Reference source not found., or 

directly by solving model 

Error! Reference source not found. after 

replacing time t with time 1t  . 
 

The component CTC obtained in the first 

stage of decomposition can be 

decomposed into TC and PE components 

as follows: 

퐶푇퐶

=  
1 − 훽 , ∗

1 − 훽 , ∗ ×
1 − 훽 , ∗

1 − 훽 , ∗

/

×
퐷퐶퐸 (푦 , 푥̅ )/(1 − 훽 , ∗)

퐷퐶퐸 (푦 , 푥̅ )/(1 − 훽 , ∗)

×
퐷퐶퐸 (푦 , 푥̅ )/(1 − 훽 , ∗)

퐷퐶퐸 (푦 , 푥̅ )/(1 − 훽 , ∗)

/

= 푇퐶 × 푃퐸 
 (12) 
 
The value of , 1t t    can be calculated by 
the optimal solution of model 
Error! Reference source not found. as 

, 1 , 1, 1

1, , 1, ,
1

1 min 1 min
t t t t

tm
t t ix

i iti m i mi

g
G

  
    

 


   
 

 
or solving the following model directly: 

훽 , ∗ = 푚푎푥 ,   훽 ,  

λ x ≤ x − β , g   , i = 1, … , m 

∑ 휆 푦 ≥ 푦 ,   푟 = 1, … , 푠 (23) 

휆 = 1 , 휆 ≥ 0 , 푗 = 1, … , 푛 

 

The value of 1,t t    can be estimated 

similar to , 1t t    after changing round the 

periods t and 1t  . 

TC component estimates the shift of the 

production boundary from period t to 

period 1t  . PE component estimates the 

effect of input price changes on changes of 

the minimum cost of producing the given 

output vector. For each of the components 

of the DCM index, a value less than 1 

indicates regress, a value greater 1 
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indicates progress and a value of 1 express 

the performance remains unchanged. 

4. Numerical example  

In order to illustrate the ability of the 

proposed approach we have analyzed 5 

DMUs with two inputs and two outputs. 

Table 1 shows the input/output data and 

the input price vectors for 5 DMUs 

observed in two time periods 0 and 1. We 

apply the index 

Error! Reference source not found. and 

also the index 

Error! Reference source not found. to 

evaluate the productivity changes of 

DMUs between periods 0 and 1. We 

compute the index 

Error! Reference source not found. by 

considering two direction vectors as 

푔 = 푔 , 푔 , 푔 = 푥̅ , 푔 = 0, 
 푖 = 1, … , 푚, 푟 = 1, … , 푠                      (24) 
 

g = g , g , g = max ,…, x , g = 0, 
 i = 1, … , m, r = 1, … , s                      (25) 
 

Note that in period 2 DMU1 increases its 

input quantities and simultaneously 

decreases its output quantities while the 

input prices vector remains unchanged 

from time 0 to time1. Therefore we expect 

that productivity of DMU1 regress from 

time 0 to time1. It can also be derived from 

Tables 6 and 7. These Tables respectively 

show the results obtained from the indexes 

Error! Reference source not found. and 

Error! Reference source not found.. 

Two indexes report a regress in 

productivity for DMU1. From the results 

of Table 3 it can be seen that the amount of 

regress in productivity obtained from 

selecting the direction vector 

Error! Reference source not found. is 

more than that of the direction 

Error! Reference source not found.. It 

means that, , 1DCMt t   is incorporated with 

the decision maker's preferences. 

Now consider DMU5 as DMU under 

evaluation. This DMU improves its 

outputs without any changes in its inputs 

quantities and prices. Thus we expect that 

its productivity improves from time 0 to 

time 1. 
 

 
 

Table 1. Numerical example data 
 t=0 t=1 
MU I1 I2 C1 C2 O1 O2 I1 I2 C1 C2 O1 O2 
DMU1 5 3 3 1 2 3 15 6 3 1 1 1.5 
DMU2 9 5 3 1 5 4 4.5 2.5 1.5 0.5 15 12 
DMU3 13 6 4 2 3 6 13 6 4 2 3 6 
DMU4 15 14 2 3 7 9 15 14 10 15 7 9 
DMU5 7 11 5 1 5 9 7 11 5 1 20 36 
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It can be seen that from Tables 2 and 3, the 

indexes , 1CMt t   and , 1DCMt t   provide the 

different results for DMU5. The , 1CMt t 

index shows a regress in the productivity 

while the , 1DCMt t   index reports an 

improvement for the productivity change 

between two time periods. In addition, the 

value of , 1DCMt t   obtained based on 

direction vector 

Error! Reference source not found. 

indicates higher productivity growth than 

the , 1DCMt t   index based on direction 

vector 

Error! Reference source not found.. 

Therefore, it seems that the results 

obtained from the , 1DCMt t  index are more 

reasonable than that of the , 1CMt t  index. 

The results for the other DMUs and also 

the value of the , 1DCMt t  index 

components can be interpreted similarly.  
 

5. Conclusion  

In a non-competitive market characterized 

by heterogeneous inputs where DMUs 

have the ability to influence somewhat the 

market prices, the environmental factors 

may affect on decisions of DMUS in 

specifying their input price vectors. In 

such situations the obtained results of 

comparing the productivity changes of 

DMUs using the cost Malmquist index 

presented in Maniadakis and Thanassoulis 

(2004) can not be right. In The current 

study we assumed that the input prices are 

varying between DMUs and estimated a 

directional measure of cost Malmquist 

index by considering the affects of these 

environmental factors on the productivity 

changes over time. Also, using the new 

cost malmquist index, decision maker's 

preference can be incorporated in the 

productivity changes of units by selecting 

the suitable direction vector.  

 

Table 2. The results of CM index 
DMU DMU1 DMU2 DMU3 DMU4 DMU5 
CM0,1  2.83 1.87 1.00 1.00 2.36 

 
Table 3. The results of DCM index 

 Direction vector 1 Direction vector 2 
 Decomposition of DCM index Decomposition of DCM index 

DMU DCM 0,1  TEC AEC TC PE DCM0,1  TEC AEC TC PE 
DMU1 0.35 0.21 0.75 2.31 0.97 0.95 0.98 0.9 1.03 1.05 
DMU 2 6 1 1 11.59 0.52 1.26 1 1 1.15 1.1 
DMU 3 1 0.22 1.12 4.49 0.89 1.7 1.08 1.19 1.1 1.2 
DMU 4 0.2 0.05 0.49 4.44 2.03 0.12 0.05 0.49 2.84 1.87 
DMU 5 3 1 1 4.45 0.67 1.34 1 1 1.22 1.1 
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