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𝒜𝐶∗

I𝒜ℎ = {𝑥 ∈ 𝐴|𝑥 = 𝑥
∗}

𝑥 ∈ 𝒜𝑥 ≥ 0

𝑥 ∈ 𝒜ℎ𝜎(𝑥) ⊂ [0,∞)𝜎(𝑥)

𝑥

≼𝒜ℎ𝑥 ≼ 𝑦

𝑦 − 𝑥 ≥ 0

𝒜+{𝑥 ∈ 𝐴|𝑥 ≥ 0}

|𝑥| = (𝑥∗𝑥)𝒜´

{𝑎 ∈ 𝒜|𝑎𝑏 = 𝑏𝑎, ∀𝑏 ∈ 𝒜}

][X

𝑆: 𝑋 × 𝑋 × 𝑋 → 𝒜 S

𝐶∗

𝑥, 𝑦, 𝑧, 𝑎X

 S(x, y, z) ≥ 0

𝑆(𝑥, 𝑦, 𝑧) = 0𝑥 = 𝑦 = 𝑧

𝑆(𝑥, 𝑦, 𝑧) ≤ 𝑆(𝑥, 𝑥, 𝑎) +

𝑆(𝑦, 𝑦, 𝑎) + 𝑆(𝑧, 𝑧, 𝑎)
(𝑋, 𝐴, 𝑆)S𝐶∗

][X

𝑠 ≥𝑆𝑏: 𝑋 →

[0,∞)𝑆𝑏
𝑥, 𝑦, 𝑧, 𝑡X

S𝑏(𝑥, 𝑦, 𝑧) = 0𝑥 = 𝑦 = 𝑧

S𝑏(𝑥, 𝑦, 𝑧) ≤ 𝑠[S𝑏(𝑥, 𝑥, 𝑎) +

S𝑏(𝑦, 𝑦, 𝑎) + S𝑏(𝑧, 𝑧, 𝑎)]
(𝑋, 𝑆𝑏)S𝑏

][𝑆𝑏

𝑆𝑏(𝑥, 𝑥, 𝑦) = 𝑆𝑏(𝑦, 𝑦, 𝑥),   ∀𝑥, 𝑦 ∈ 𝑋.

𝑆𝑏𝐶∗

][X

𝐴 ∈ 𝒜´A ≽ I
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𝑆𝑏: 𝑋 × 𝑋 × 𝑋 → 𝒜𝑥, 𝑦, 𝑧, 𝑎

X

 𝑆(𝑥, 𝑦, 𝑧) ≥ 0

𝑆(𝑥, 𝑦, 𝑧) = 0𝑥 = 𝑦 = 𝑧

S𝑏(𝑥, 𝑦, 𝑧) ≤ 𝐴[S𝑏(𝑥, 𝑥, 𝑎) +

S𝑏(𝑦, 𝑦, 𝑎) + S𝑏(𝑧, 𝑧, 𝑎)]

𝑆𝑏𝑆𝑏𝐶∗

X (𝑋,𝒜, 𝑆𝑏)𝑆𝑏
𝐶∗ 

][𝑆𝑏𝐶∗

 

𝑆𝑏(𝑥, 𝑥, 𝑦) = 𝑆𝑏(𝑦, 𝑦, 𝑥),   ∀𝑥, 𝑦 ∈ 𝑋 

 

𝑆𝑏𝐶∗ ][

 

][(𝑋,𝒜, 𝑆𝑏)

𝑆𝑏𝐶∗

𝑓:𝑋 → 𝑋

𝑆𝑏(𝑓𝑥, 𝑓𝑥, 𝑓𝑦) ≤ 𝑎
∗𝑆𝑏(𝑥, 𝑥, 𝑦)𝑎,

∀𝑥, 𝑦 ∈ 𝑋  

𝑎 ∈ 𝒜 ‖𝑎‖ <

fX

(𝑋,𝒜, 𝑆𝑏)𝑆𝑏𝐶∗

𝑓:𝑋 → 𝑋

𝑆𝑏(𝑓𝑥, 𝑓𝑥, 𝑓𝑦) ≤ 𝑎(𝑆𝑏(𝑓𝑥, 𝑓𝑥, 𝑥) +

𝑆𝑏(𝑓𝑦, 𝑓𝑦, 𝑦)),                                 

𝑎 ∈ 𝒜+
´‖𝑎‖ <

𝑥, 𝑦 ∈ 𝑋

𝑋

𝑎 ≠ 0𝑎 ∈ 𝒜+
´

𝑎(𝑆𝑏(𝑓𝑥, 𝑓𝑥, 𝑥) + 𝑆𝑏(𝑓𝑦, 𝑓𝑦, 𝑦))

𝑥 ∈ 𝑋

𝑥𝑛+ = 𝑓𝑥𝑛 = 𝑓
𝑛+ 𝑥

𝑛 = , , … {𝑥𝑛} ⊆ 𝑋

𝑛 ∈ ℕ

𝑆𝑏(𝑥𝑛+ , 𝑥𝑛+ , 𝑥𝑛) =
𝑆𝑏(𝑓𝑥𝑛 , 𝑓𝑥𝑛, 𝑓𝑥𝑛− ) ≤
𝑎[𝑆𝑏(𝑓𝑥𝑛 , 𝑓𝑥𝑛 , 𝑥𝑛) +
𝑆𝑏(𝑓𝑥𝑛− , 𝑓𝑥𝑛− , 𝑥𝑛− )] =
𝑎[𝑆𝑏(𝑥𝑛+ , 𝑥𝑛+ , 𝑥𝑛) +
𝑆𝑏(𝑥𝑛 , 𝑥𝑛, 𝑥𝑛− )]   

( 𝒜 − 𝑎)𝑆𝑏(𝑥𝑛+ , 𝑥𝑛+ , 𝑥𝑛) ≤
𝑎𝑆𝑏(𝑥𝑛 , 𝑥𝑛, 𝑥𝑛− ) 

𝑆𝑏(𝑥𝑛+ , 𝑥𝑛+ , 𝑥𝑛) =
𝑡𝑆𝑏(𝑥𝑛 , 𝑥𝑛, 𝑥𝑛− ) ≤ ( 𝒜 −
𝑎)− 𝑎𝑆𝑏(𝑥𝑛 , 𝑥𝑛, 𝑥𝑛− ) ≤
𝑡 𝑆𝑏(𝑥𝑛− , 𝑥𝑛− , 𝑥𝑛− )  
⋮  

≤ 𝑡𝑛𝑆𝑏(𝑥 , 𝑥 , 𝑥 ) 

𝑡 = ( 𝒜 − 𝑎)
−  𝑎

.][𝑎 ∈ 𝒜+
´‖𝑎‖ <

( 𝒜 − 𝑎)
− ∈ 𝒜+

´

( 𝒜 − 𝑎)
−  𝑎 ∈ 𝒜+

´‖( 𝒜 −

𝑎)−  𝑎‖ <



 

 

 

𝑆𝑏(𝑥 , 𝑥 , 𝑥 ) = c𝑐 ∈ 𝒜+
´

 𝑛 + > 𝑚

𝑆𝑏(𝑥𝑛+ , 𝑥𝑛+ , 𝑥𝑚) ≤
𝑏[𝑆𝑏(𝑥𝑛+ , 𝑥𝑛+ , 𝑥𝑛) +
𝑆𝑏(𝑥𝑛+ , 𝑥𝑛+ , 𝑥𝑛) + 𝑆𝑏(𝑥𝑚 , 𝑥𝑚 , 𝑥𝑛)]   

= b𝑆𝑏(𝑥𝑛+ , 𝑥𝑛+ , 𝑥𝑛) +
𝑏𝑆𝑏(𝑥𝑛 , 𝑥𝑛, 𝑥𝑚 ) ≤
𝑏𝑆𝑏(𝑥𝑛+ , 𝑥𝑛+ , 𝑥𝑛) +
𝑏 𝑆𝑏(𝑥𝑛 , 𝑥𝑛 , 𝑥𝑛− ) ≤
𝑏𝑆𝑏(𝑥𝑛+ , 𝑥𝑛+ , 𝑥𝑛) +
𝑏 𝑆𝑏(𝑥𝑛 , 𝑥𝑛 , 𝑥𝑛− ) + ⋯+
𝑏𝑛−𝑚+ 𝑆𝑏(𝑥𝑚+ , 𝑥𝑚+ , 𝑥𝑚) ≤
[𝑏𝑡𝑛 + 𝑏 𝑡𝑛− +⋯+
𝑏𝑛−𝑚+ 𝑡𝑚]𝑆𝑏(𝑥 , 𝑥 , 𝑥 ) 
≤ ∑ 𝑏𝑛−𝑘+ 𝑡𝑘𝑐 =𝑛

𝑘=𝑚

 ∑ 𝑏
𝑛−𝑘+

𝑏
𝑛−𝑘+

𝑡
𝑘

𝑛
𝑘=𝑚 𝑡

𝑘

𝑐 𝑐 +

∑ |𝑐 𝑏
𝑛−𝑘+

𝑡
𝑘

|𝑛
𝑘=𝑚         +

𝑏 𝑆𝑏(𝑥𝑛− , 𝑥𝑛− , 𝑥𝑚) ≤
‖𝑐‖∑ ‖𝑡‖𝑘‖𝑏‖𝑛−𝑘+ 𝐼𝑛

𝑘=𝑚 ≤
‖𝑐‖‖𝑡‖𝑛+ ‖𝑏‖

‖𝑡‖−‖𝑏‖
𝐼
(𝑛→∞)
→      

{𝑥𝑛}𝒜

𝑋𝑥 ∈ 𝑋

lim
𝑛→∞

𝑥𝑛 = lim
𝑛→∞

𝑓𝑥𝑛+ = 𝑥

.][

𝑆𝑏(𝑓𝑥, 𝑓𝑥, 𝑥) ≤ 𝑏[𝑆𝑏(𝑓𝑥, 𝑓𝑥, 𝑓𝑥𝑛) +
𝑆𝑏(𝑓𝑥, 𝑓𝑥, 𝑓𝑥𝑛) + 𝑆𝑏(𝑥, 𝑥, 𝑓𝑥𝑛)] =
𝑏𝑆𝑏(𝑓𝑥, 𝑓𝑥, 𝑓𝑥𝑛) +
𝑏𝑆𝑏(𝑥, 𝑥, 𝑓𝑥𝑛) ≤
𝑏[𝑎𝑆𝑏(𝑓𝑥, 𝑓𝑥, 𝑥) +
𝑆𝑏(𝑓𝑥𝑛 , 𝑓𝑥𝑛, 𝑥𝑛)] +
𝑏𝑆𝑏(𝑓𝑥𝑛 , 𝑓𝑥𝑛, 𝑥) =
𝑎𝑏𝑆𝑏(𝑓𝑥, 𝑓𝑥, 𝑥) +
𝑎𝑏𝑆𝑏(𝑓𝑥𝑛 , 𝑓𝑥𝑛 , 𝑥𝑛) +
𝑏𝑆𝑏(𝑓𝑥𝑛 , 𝑓𝑥𝑛, 𝑥)  

 

( 𝒜 − 𝑎𝑏)𝑆𝑏(𝑓𝑥, 𝑓𝑥, 𝑥) ≤
𝑎𝑏𝑆𝑏(𝑓𝑥𝑛 , 𝑓𝑥𝑛 , 𝑥𝑛) +
𝑏𝑆𝑏(𝑓𝑥𝑛 , 𝑓𝑥𝑛, 𝑥),  

‖𝑆𝑏(𝑓𝑥, 𝑓𝑥, 𝑥)‖ ≤ ‖ ab( 𝒜 −
𝑎𝑏)− ‖‖𝑆𝑏(𝑓𝑥𝑛, 𝑓𝑥𝑛 , 𝑥𝑛)‖ +
‖b( 𝒜 − 𝑎𝑏)− ‖‖𝑆𝑏(𝑓𝑥𝑛 , 𝑓𝑥𝑛 , 𝑥)‖

(𝑛→∞)
→      

𝑓𝑥 = 𝑥𝑥𝑓

𝑦 ≠ 𝑥𝑓

𝒜 ≤ 𝑆𝑏(𝑥, 𝑥, 𝑦) = 𝑆𝑏(𝑓𝑥, 𝑓𝑥, 𝑓𝑦) ≤
𝑎[𝑆𝑏(𝑓𝑥, 𝑓𝑥, 𝑥) + 𝑆𝑏(𝑓𝑦, 𝑓𝑦, 𝑦)] =

𝒜  

𝑆𝑏(𝑥, 𝑥, 𝑦) = 𝒜

𝑥 = 𝑦 

X = ℝ𝒜 = 𝑀 (ℝ)

𝑆𝑏(𝑥, 𝑦, 𝑧) = 𝑑𝑖𝑎𝑔(|𝑥 − 𝑧| +
|𝑦 − 𝑧|, |𝑥 − 𝑧| + |𝑦 − 𝑧|)   

𝑥, 𝑦 ∈ ℝ

𝑆𝑏𝑆𝑏𝐶∗

(𝑋,𝑀 (ℝ), 𝑆𝑏)𝑆𝑏𝐶∗

 𝑓(𝑥) =
𝑥

𝑓(𝑦) =
𝑦

𝑆𝑏(𝑓𝑥, 𝑓𝑥, 𝑓𝑦) =

[
|𝑥 − 𝑦|

|𝑥 − 𝑦|
] ≤

[
|𝑥| + |𝑦|

|𝑥| + |𝑦|
] ≤

([
|
𝑥
− 𝑥|

|
𝑥
− 𝑥|

] +

[
|
𝑦
− 𝑦|

|
𝑦
− 𝑦|

])  =

(𝑆𝑏(𝑓𝑥, 𝑓𝑥, 𝑥) + 𝑆𝑏(𝑓𝑦, 𝑓𝑦, 𝑦))  
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f

(𝑋,𝒜, 𝑆𝑏)𝑆𝑏𝐶∗

𝑓:𝑋 → 𝑋

 

𝑆𝑏(𝑓𝑥, 𝑓𝑥, 𝑓𝑦)  ≤ 𝑎(𝑆𝑏(𝑓𝑥, 𝑓𝑥, 𝑦)  
+𝑆𝑏(𝑓𝑦, 𝑓𝑦, 𝑥)),                              

𝑎 ∈ 𝒜+
´‖𝑎𝑏‖ <

𝑥, 𝑦 ∈ 𝑋

𝑋 

𝑎 ≠𝑎 ∈ 𝒜+
´

𝑎(𝑆𝑏(𝑓𝑥, 𝑓𝑥, 𝑦) + 𝑆𝑏(𝑓𝑦, 𝑓𝑦, 𝑥))

𝑥 ∈ 𝑋

𝑥𝑛+ = 𝑓𝑥𝑛 = 𝑓
𝑛+ 𝑥𝑛 =

, , … {𝑥𝑛} ⊆ 𝑋

𝑛 ∈ ℕ

𝑆𝑏(𝑥𝑛+ , 𝑥𝑛+ , 𝑥𝑛)
= 𝑆𝑏(𝑓𝑥𝑛 , 𝑓𝑥𝑛, 𝑓𝑥𝑛− )
≤ 𝑎[𝑆𝑏(𝑓𝑥𝑛 , 𝑓𝑥𝑛 , 𝑥𝑛− )
+ 𝑆𝑏(𝑓𝑥𝑛− , 𝑓𝑥𝑛− , 𝑥𝑛)]
= 𝑎[𝑆𝑏(𝑓𝑥𝑛 , 𝑓𝑥𝑛 , 𝑓𝑥𝑛− )
+ 𝑆𝑏(𝑓𝑥𝑛− , 𝑓𝑥𝑛− , 𝑓𝑥𝑛− )]
≤ 𝑎𝑏[𝑆𝑏(𝑓𝑥𝑛, 𝑓𝑥𝑛 , 𝑓𝑥𝑛− )
+ 𝑆𝑏(𝑓𝑥𝑛 , 𝑓𝑥𝑛, 𝑓𝑥𝑛− )
+ 𝑆𝑏(𝑓𝑥𝑛− , 𝑓𝑥𝑛− , 𝑓𝑥𝑛− )]
= 𝑎𝑏𝑆𝑏(𝑓𝑥𝑛 , 𝑓𝑥𝑛 , 𝑓𝑥𝑛− )
+ 𝑎𝑏𝑆𝑏(𝑓𝑥𝑛− , 𝑓𝑥𝑛− , 𝑓𝑥𝑛− )
= ab𝑆𝑏(𝑥𝑛+ , 𝑥𝑛+ , 𝑥𝑛)
+ 𝑎𝑏𝑆𝑏(𝑥𝑛− , 𝑥𝑛− , 𝑥𝑛)
= ab𝑆𝑏(𝑥𝑛+ , 𝑥𝑛+ , 𝑥𝑛)
+ 𝑎𝑏𝑆𝑏(𝑥𝑛 , 𝑥𝑛, 𝑥𝑛− ) 

( 𝒜 − 𝑎𝑏)𝑆𝑏(𝑥𝑛+ , 𝑥𝑛+ , 𝑥𝑛)
≤ 𝑎𝑏𝑆𝑏(𝑥𝑛 , 𝑥𝑛, 𝑥𝑛− )

𝑎, 𝑏 ∈ 𝒜+
´‖𝑎𝑏‖ <𝑏 ≥ 𝒜

𝒜 − 𝑎𝑏 ≤ 𝒜 − 𝑎

𝒜 − 𝑎𝑏 ≤ 𝒜 − 𝑎( 𝒜 −

𝑎𝑏)− ∈ 𝒜+
´‖( 𝒜 − 𝑎𝑏)− 𝑎𝑏‖ <

.][

𝑆𝑏(𝑥𝑛+ , 𝑥𝑛+ , 𝑥𝑛)
≤ ( 𝒜
− 𝑎𝑏)− 𝑎𝑏𝑆𝑏(𝑥𝑛, 𝑥𝑛 , 𝑥𝑛− )               
= 𝑡𝑆𝑏(𝑥𝑛, 𝑥𝑛 , 𝑥𝑛− )

 

𝑡 = ( 𝒜 − 𝑎𝑏)− 𝑎𝑏

𝑛 + > 𝑚

𝑆𝑏(𝑥𝑛+ , 𝑥𝑛+ , 𝑥𝑛) ≤
𝑏[𝑆𝑏(𝑥𝑛+ , 𝑥𝑛+ , 𝑥𝑛) +
𝑆𝑏(𝑥𝑛+ , 𝑥𝑛+ , 𝑥𝑛) +
𝑆𝑏(𝑥𝑚 , 𝑥𝑚 , 𝑥𝑛)] =
b𝑆𝑏(𝑥𝑛+ , 𝑥𝑛+ , 𝑥𝑛) +
𝑏𝑆𝑏(𝑥𝑛 , 𝑥𝑛, 𝑥𝑚) ≤
𝑏𝑆𝑏(𝑥𝑛+ , 𝑥𝑛+ , 𝑥𝑛) +
b[ 𝑆𝑏(𝑥𝑛 , 𝑥𝑛, 𝑥𝑛− ) +
𝑆𝑏(𝑥𝑚 , 𝑥𝑚 , 𝑥𝑛− )] ≤
𝑏𝑆𝑏(𝑥𝑛+ , 𝑥𝑛+ , 𝑥𝑛) +
𝑏𝑆𝑏(𝑥𝑛 , 𝑥𝑛, 𝑥𝑛− ) +⋯+
b𝑆𝑏(𝑥𝑚+ , 𝑥𝑚+ , 𝑥𝑚) ≤
b[𝑡𝑛 + 𝑡𝑛− +⋯+
𝑡𝑚]𝑆𝑏(𝑥 , 𝑥 , 𝑥 ) ≤ ∑ 𝑏𝑡𝑘𝑐𝑛

𝑘=𝑚 =

∑ 𝑏 𝑏 𝑡
𝑘

𝑛
𝑘=𝑚 𝑡

𝑘

𝑐 𝑐 =

∑ |𝑏 𝑡
𝑘

𝑐 |𝑛
𝑘=𝑚 ≤

‖𝑐‖∑ ‖𝑏‖‖𝑡‖𝑘 𝒜
𝑛
𝑘=𝑚 ≤

‖𝑐‖‖𝑏‖‖𝑡‖𝑛+

‖𝑡‖− 𝒜
(𝑛→∞)
→      

{𝑥𝑛}𝒜

𝑋𝑥 ∈ 𝑋

lim
𝑛→∞

𝑥𝑛 = lim
𝑛→∞

𝑓𝑥𝑛− = 𝑥

.][

𝑆𝑏(𝑓𝑥, 𝑓𝑥, 𝑥) ≤ 𝑏[𝑆𝑏(𝑓𝑥, 𝑓𝑥, 𝑓𝑥𝑛) +
𝑆𝑏(𝑓𝑥, 𝑓𝑥, 𝑓𝑥𝑛) + 𝑆𝑏(𝑥, 𝑥, 𝑓𝑥𝑛)]  =
𝑏𝑆𝑏(𝑓𝑥, 𝑓𝑥, 𝑓𝑥𝑛) +
𝑏𝑆𝑏(𝑓𝑥𝑛 , 𝑓𝑥𝑛, 𝑥) ≤



 

 

 

𝑏[𝑎(𝑆𝑏(𝑓𝑥, 𝑓𝑥, 𝑥𝑛) +

𝑆𝑏(𝑓𝑥𝑛 , 𝑓𝑥𝑛, 𝑥))] +

𝑏𝑆𝑏(𝑥𝑛+ , 𝑥𝑛+ , 𝑥)  =
ab𝑆𝑏(𝑓𝑥, 𝑓𝑥, 𝑥𝑛) +
𝑎𝑏𝑆𝑏(𝑓𝑥𝑛 , 𝑓𝑥𝑛 , 𝑥) +
𝑏𝑆𝑏(𝑥𝑛+ , 𝑥𝑛+ , 𝑥) ≤
𝑎𝑏[𝑏(𝑆𝑏(𝑓𝑥, 𝑓𝑥, 𝑥) +
𝑆𝑏(𝑓𝑥, 𝑓𝑥, 𝑥) + 𝑆𝑏(𝑥𝑛 , 𝑥𝑛, 𝑥))] +
𝑎𝑏𝑆𝑏(𝑓𝑥𝑛 , 𝑓𝑥𝑛 , 𝑥) +
𝑏𝑆𝑏(𝑥𝑛+ , 𝑥𝑛+ , 𝑥) =
𝑎𝑏 𝑆𝑏(𝑓𝑥, 𝑓𝑥, 𝑥) +
𝑎𝑏 𝑆𝑏(𝑥𝑛 , 𝑥𝑛 , 𝑥) +
𝑎𝑏𝑆𝑏(𝑓𝑥𝑛 , 𝑓𝑥𝑛 , 𝑥) +
𝑏𝑆𝑏(𝑥𝑛+ , 𝑥𝑛+ , 𝑥)  

( 𝒜 − 𝑎𝑏 )𝑆𝑏(𝑓𝑥, 𝑓𝑥, 𝑥) ≤
+ 𝑎𝑏 𝑆𝑏(𝑥𝑛, 𝑥𝑛 , 𝑥) +
𝑎𝑏𝑆𝑏(𝑓𝑥𝑛 , 𝑓𝑥𝑛 , 𝑥) +
𝑏𝑆𝑏(𝑥𝑛+ , 𝑥𝑛+ , 𝑥)  

‖𝑆𝑏(𝑓𝑥, 𝑓𝑥, 𝑥)‖ 
≤ ‖ 𝑎𝑏 ( 𝒜 −
𝑎𝑏 )− ‖‖𝑆𝑏(𝑥𝑛, 𝑥𝑛 , 𝑥)‖ 

+‖ 𝑎𝑏( 𝒜 −
𝑎𝑏 )− ‖‖𝑆𝑏(𝑓𝑥𝑛, 𝑓𝑥𝑛 , 𝑥)‖ 
+‖b( 𝒜 −
𝑎𝑏 )− ‖‖𝑆𝑏(𝑥𝑛+ , 𝑥𝑛+ , 𝑥)‖

(𝑛→∞)
→      

 

𝑓𝑥 = 𝑥𝑥𝑓

𝑦 ≠ 𝑥𝑓

𝒜 ≤ 𝑆𝑏(𝑥, 𝑥, 𝑦) = 𝑆𝑏(𝑓𝑥, 𝑓𝑥, 𝑓𝑦) ≤
𝑎[𝑆𝑏(𝑓𝑥, 𝑓𝑥, 𝑦) + 𝑆𝑏(𝑓𝑦, 𝑓𝑦, 𝑥)] ≤
𝑎[𝑆𝑏(𝑥, 𝑥, 𝑦) + 𝑆𝑏(𝑦, 𝑦, 𝑥)]  

 

( 𝒜 − 𝑎)𝑆𝑏(𝑥, 𝑥, 𝑦) ≤ 𝑎𝑆𝑏(𝑦, 𝑦, 𝑥)  

𝑆𝑏(𝑥, 𝑥, 𝑦) ≤ 𝑎( 𝒜 − 𝑎)
− 𝑆𝑏(𝑦, 𝑦, 𝑥)

≤ 𝑎( 𝒜 − 𝑎)
− 𝑆𝑏(𝑥, 𝑥, 𝑦)

‖𝑎( 𝒜 − 𝑎)
− ‖ < 

𝒜 ≤ ‖𝑆𝑏(𝑥, 𝑥, 𝑦)‖ =
‖𝑆𝑏(𝑓𝑥, 𝑓𝑥, 𝑓𝑦)‖      
≤ ‖𝑎( 𝒜 − 𝑎)

− 𝑆𝑏(𝑥, 𝑥, 𝑦)‖ 

≤ ‖𝑎( 𝒜 − 𝑎)
− ‖‖𝑆𝑏(𝑥, 𝑥, 𝑦)‖     

< ‖𝑆𝑏(𝑥, 𝑥, 𝑦)‖  

𝑆𝑏(𝑥, 𝑥, 𝑦) = 𝒜

𝑥 = 𝑦

𝑆𝑏𝐶∗

HL(H)

H

𝐴 ,𝐴 ,⋯ , 𝐴𝑛 ,⋯ ∈ 𝐿(𝐻)

∑ ‖𝐴𝑛‖ <
∞
𝑛=𝑄 ∈ 𝐿(𝐻)+

𝑋 −

∑ 𝐴𝑛
∗ 𝑋𝐴𝑛 = 𝑄

∞
𝑛=

L(H)

α = (∑ ‖𝐴𝑛‖
∞
𝑛= )𝑝

𝑝 ≥‖𝛼‖ <

𝛼 >

𝑇 ∈ 𝐿(𝐻)

𝑋, 𝑌 ∈ 𝐿(𝐻)𝑝 ≥

𝑆𝑏(𝑋, 𝑌, 𝑍) = (‖𝑋 − 𝑍‖ +
‖𝑌 − 𝑍‖)𝑝𝑇  

𝑆𝑏(𝑋, 𝑌, 𝑍)𝑆𝑏𝐶∗

(𝐿(𝐻), 𝑆𝑏)

L(H)

𝐹: 𝐿(𝐻) → 𝐿(𝐻)

𝐹(𝑋) = ∑ 𝐴𝑛
∗ 𝑋𝐴𝑛 + 𝑄

∞
𝑛=  
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𝑆𝑏(𝐹(𝑋), 𝐹(𝑋), 𝐹(𝑌)) =

‖ (𝐹(𝑋) − 𝐹(𝑌))‖
𝑝
𝑇 =

‖ ∑ 𝐴𝑛
∗ (𝑋 − 𝑌)𝐴𝑛

∞
𝑛= ‖𝑝𝑇 ≤

∑ ‖𝐴𝑛‖
𝑝‖ (𝑋 − 𝑌)‖𝑝𝑇 ≤∞

𝑛=

𝛼 𝑆𝑏(𝑋, 𝑋, 𝑌) =
(𝛼𝐼)∗𝑆𝑏(𝑋, 𝑋, 𝑌)(𝛼𝐼)  

 

L(H)

∑ 𝐴𝑛
∗ 𝑋𝐴𝑛 + 𝑄

∞
𝑛=
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