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𝑥∗ ∨ 𝑥∗∗ = 1

𝔄

𝑥, 𝑦 ∈ 𝐴𝑥 ∧ 𝑦 = 0
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mp 
 

   

𝔄 = (𝐴;∧,∨,⊙, →

,0,1)(2,2,2,2,0,0)

 ℓ(𝔄) = (𝐴;∧,∨ ,0,1)

 

 (𝐴;⊙ ,1) 

 (⊙, →)

𝑥, 𝑦, 𝑧 ∈ 𝐴 

𝑥 ⊙ 𝑦 ≤ 𝑧 𝑥 ≤ 𝑦 → 𝑧

→⊙

𝑥 ∈ 𝐴𝑥 → 0¬𝑥

𝑥𝑥 ⊙ ⋯ ⊙ 𝑥𝑛

𝑥𝑛

ℛℒℛℒ

𝔄

𝑀𝑇𝐿

𝑝𝑟𝑒𝑙(𝑝𝑟𝑒𝑙)

𝑥, 𝑦 ∈ 𝐴 (𝑥 → 𝑦) ∨

(𝑦 → 𝑥) = 1

𝔄

𝑥, 𝑦, 𝑧 ∈ 𝐴

1) 𝑥 →  𝑥 = 𝑥 →  1 = 11 →  𝑥 = 𝑥 

2) (𝑥 →  𝑦) ⊙  (𝑦 →  𝑧) ≤  𝑥 →  𝑧 

3) (𝑥 ∨  𝑦) →  𝑧 = (𝑥 →  𝑧) ∧ (𝑦 →  𝑧)

𝑥 →  (𝑦 ∧  𝑧) = (𝑥 →  𝑦) ∧ (𝑥 →  𝑧) 

4) (𝑥 ⊙  𝑦) →  𝑧 = 𝑥 →  (𝑦 →  𝑧) 

5) 𝑥 ⊙  (𝑦 ∨  𝑧) = (𝑥 ⊙  𝑦) ∨ (𝑥 ⊙  𝑧) 

6) 𝑥 ∨ (𝑦 ⊙  𝑧) ≥  (𝑥 ∨  𝑦) ⊙ (𝑥 ∨  𝑧) 

7) 𝑥 ∨  𝑦 ≤  ((𝑥 →  𝑦) →  𝑦) ∧ ((𝑦 →  𝑥) →    𝑥) 

𝐴6 = {0, 𝑎, 𝑏, 𝑐, 𝑑, 1}

“⊙”“→”

⊙ 0 𝑎 𝑏 𝑐 𝑑 1 

0 0 0 0 0 0 0 

𝑎 0 𝑎 𝑎 0 𝑎 𝑎 

𝑏 0 𝑎 𝑎 0 𝑎 𝑏 

𝑐 0 0 0 𝑐 𝑐 𝑐 

𝑑 0 𝑎 𝑎 𝑐 𝑑 𝑑 

1 0 𝑎 𝑏 𝑐 𝑑 1 

 

→ 0 𝑎 𝑏 𝑐 𝑑 1 

0 1 1 1 1 1 1 

𝑎 𝑐 1 1 𝑐 1 1 

𝑏 𝑐 𝑑 1 𝑐 1 1 

𝑐 𝑏 𝑏 𝑏 1 1 1 

𝑑 0 𝑏 𝑏 𝑐 1 1 

1 0 𝑎 𝑏 𝑐 𝑑 1 

𝕬𝟔 

   



 

 

 

 

𝔄6 = (𝐴6;∧,∨,⊙, → ,0,1)

𝔄6𝑀𝑇𝐿 

(𝑏 → 𝑐) ∨ (𝑐 → 𝑏) = 𝑐 ∨ 𝑏 = 𝑑 ≠ 1   

𝐴7 = {0, 𝑎, 𝑏, 𝑐, 𝑑, 𝑒, 1}

“⊙”“→”

⊙ 0 𝑎 𝑏 𝑐 𝑑 𝑒 1 
0 0 0 0 0 0 0 0 

𝑎 0 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 

𝑏 0 𝑎 𝑏 𝑎 𝑏 𝑎 𝑏 

𝑐 0 𝑎 𝑎 𝑎 𝑎 𝑐 𝑐 

𝑑 0 𝑎 𝑏 𝑎 𝑏 𝑐 𝑑 

𝑒 0 𝑎 𝑎 𝑐 𝑐 𝑒 𝑒 

1 0 𝑎 𝑏 𝑐 𝑑 𝑒 1 

 

 

𝔄7 = (𝐴7;∧,∨,⊙, → ,0,1)MTL

𝔄

𝐹𝐴𝔄

𝑥, 𝑦 ∈ 𝐹𝑥 ⊙ 𝑦 ∈ 𝐹

𝑥 ∈ 𝐹𝑦 ∈ 𝐴𝑥 ∨ 𝑦 ∈ 𝐹

𝔄ℱ(𝔄)

{1}, 𝐴 ∈ ℱ(𝔄)𝐹

𝐹 ≠ 𝐴𝐹

0 ∉ 𝐹

(𝐴; ℱ(𝔄))

ℱ𝔄

ℱ

𝑋𝐴ℱ(𝑋)𝑋𝔄

𝑥 ∈ 𝐴ℱ({𝑥})ℱ(𝑥)

𝑥

𝔄

ℱ𝒫(𝔄)𝔉

𝔄⊔ 𝔉 = ℱ(⋃𝔉)

(ℱ(𝔄);∩,⊔, {1}, 𝐴)

𝔄6

{𝐹1 = {1}, 𝐹2 = {𝑑, 1}, 𝐹3 =
{𝑎, 𝑏, 𝑑, 1}, 𝐹4 = {𝑐, 𝑑, 1}, 𝐹5 = 𝐴6}.  
 

𝔄7

ℱ(𝔄7) = {𝐹1 = {1}, 𝐹2 = {𝑏, 𝑑, 1}, 𝐹3 =
{𝑒, 1}, 𝐹4 = {𝑎, 𝑏, 𝑐, 𝑑, 𝑒, 1}, 𝐹5 = 𝐴7}. 

𝔄𝐹

𝔄𝑋𝐴

 ℱ(𝐹, 𝑋): = 𝐹 ⊔ ℱ(𝑋) = {𝑎 ∈  𝐴|𝑓 ⊙
 𝑥1 ⊙ ⋯ ⊙  𝑥𝑛 ≤  𝑎, 𝑓 ∈  𝐹, 𝑥1, ⋯ , 𝑥𝑛 ∈

 𝑋, 𝑛 ≥  1} 

 ℱ(𝐹, 𝑥) ∩  ℱ(𝐹, 𝑦) = ℱ(𝐹, 𝑥 ∨  𝑦) 

 𝑥 ≤ 𝑦ℱ(𝑦) ⊆ ℱ(𝑥) 

 ℱ(x) ⊔   ℱ(y) = ℱ(x ∧  y) = ℱ(x ⊙
 y) = ℱ(x, y) 

 (ℱ𝒫(𝔄);∩,⊔, ℱ(1) = {1}, ℱ(0) = 𝐴)
ℱ(𝔄) 

 

𝔄

𝔄

𝔄𝑀𝑎𝑥(𝔄)

𝑃𝔄

𝑥 ∨ 𝑦 ∈ 𝑃𝑥 ∈ 𝑃𝑦 ∈ 𝑃

𝑥, 𝑦 ∈ 𝐴𝔄

𝑆𝑝𝑒𝑐(𝔄)ℱ(𝔄)

𝑀𝑎𝑥(𝔄) ⊆ 𝑆𝑝𝑒𝑐(𝔄)

𝔄



 

mp 
 

   

𝔄6

𝑀𝑎𝑥(𝔄6) =

{𝐹3, 𝐹4}𝑆𝑝𝑒𝑐(𝔄6) = {𝐹1, 𝐹2, 𝐹3, 𝐹4}

𝔄7

𝑀𝑎𝑥(𝔄7) = {𝐹4}

(𝔄7) = {𝐹2, 𝐹3, 𝐹4}

𝔄

𝐶𝐴∨𝔄

« ∨ »𝑥, 𝑦 ∈ 𝐶

𝑥 ∨ 𝑦 ∈ 𝐶

.

𝔄

𝐹𝔄𝐶∨

𝔄𝐹

𝑃𝐹

𝐶𝑃

.𝐹

𝔄𝑋𝐴

 𝑋 ⊈ 𝐹 𝑃

𝐹𝑋 ⊈ 𝑃 

 ℱ(𝑋) = {𝑃 ∈ 𝑆𝑝𝑒𝑐(𝔄)|𝑋 ⊆ 𝑃} 

𝔄𝑋

𝐴𝑃𝔄

𝑋𝑋

𝑃

𝑋

𝑋𝔄

𝑀𝑖𝑛𝑋(𝔄)𝑃𝔄

𝑃 ∈ 𝑀𝑖𝑛{1}(𝔄)

𝔄𝑀𝑖𝑛(𝔄)

.

𝔄

𝐹𝔄𝑃𝐴

𝐹𝑃𝑐

∨𝔄

𝐹

.𝔄

𝑋𝐴𝑃

𝔄𝑋𝑋

𝑃

.𝐹

𝔄𝑋𝐴

1. 𝑋 ⊈ 𝐹 𝐹

𝑃𝑋 ⊈ 𝑃 

2. ℱ(𝑋) = ⋂𝑀𝑖𝑛𝑋(𝔄) 

𝔄

𝐹𝔄𝑋𝐴

𝑋𝐹𝐹

𝑋(𝐹: 𝑋)

(𝐹: 𝑋) = {𝑎 ∈ 𝐴|𝑎 ∨ 𝑥 ∈ 𝐹, ∀𝑥 ∈ 𝑋}.  

𝑋 = {𝑥}(𝐹: 𝑋)

(𝐹: 𝑥)𝑥𝐹

𝐹 = {1}(𝐹: 𝑋)𝑋⊥

𝑋{𝑥}⊥

𝑥𝑥⊥



 

 

 

𝔄6

(𝐹4: 0) = 𝐹4

(𝐹4: 𝑎) = 𝐹4(𝐹4: 𝑏) = 𝐹4(𝐹4: 𝑐) =

𝐹5(𝐹4: 𝑑) = 𝐹5(𝐹4: 1) = 𝐹5

.𝔄

𝐹𝔄

𝑋, 𝑌 ⊆ 𝐴

1. 𝑋 ⊆ (𝐹: 𝑌)𝑌 ⊆ (𝐹: 𝑋) 

2. (𝐹: 𝑋) = 𝐴𝑋 ⊆ 𝐹 

𝔄𝐹𝔄

Γ𝐹(𝔄) = {(𝐹: 𝑋)|𝑋 ⊆ 𝐴}

𝐹𝔄

.(Γ𝐹(𝔄):∩,∨Γ𝐹 , 𝐹, 𝐴)

𝔉 ⊆ Γ𝐹(𝔄)

∨Γ𝐹 𝔉 ≔ (𝐹: (𝐹: ⋃𝔉))

.𝔄

𝐹𝔄

𝑥, 𝑦 ∈ 𝐴

1. 𝑥 ≤ 𝑦(𝐹: 𝑥) ⊆ (𝐹: 𝑦) 

2. (𝐹: 𝑥) ∩ (𝐹: 𝑦) = (𝐹: 𝑥 ⊙ 𝑦) 

3. (𝐹: (𝐹: 𝑥)) ∩ (𝐹: (𝐹: 𝑦)) =

(𝐹: (𝐹: 𝑥 ∨ 𝑦)) 

4. (𝐹: 𝑥) ⊔ (𝐹: 𝑦) ⊆
(𝐹: 𝑥) ∨Γ𝐹 (𝐹: 𝑦) = (𝐹: 𝑥 ∨ 𝑦) 

𝔄𝐹𝔄

γ𝐹(𝔄) = {(𝐹: 𝑥)|𝑥 ∈ 𝐴}

𝐹𝔄

.γ𝐹(𝔄)Γ𝐹(𝔄)

𝝎 

𝜔

𝔄𝐹

𝔄𝑋𝐴

𝜔𝐹(𝑋) = {𝑎 ∈ 𝐴|𝑥 ∨ 𝑎 ∈ 𝐹, ∃𝑥 ∈ 𝐻}.  

𝜔{1}(𝑋)𝜔(𝑋)

𝑂(𝑃)𝑃

𝜔(𝑃)𝑃

.𝑂(𝑃)

𝑃

𝔄𝐹𝔄

𝑥𝐴𝐹

(𝐹: 𝑥) = 𝐹𝐹

𝐴𝔇𝐹(𝔄)

𝔇𝐹(𝔄)ℓ(𝔄)

𝔄

𝐹, 𝐺 ∈ ℱ(𝔄)𝑋, 𝑌 ⊆ 𝐴

1. 𝜔𝐹(𝑋) = ⋃ (𝐹: 𝑥)𝑥∈𝑋 

2. 𝜔𝐹(𝑋) = {𝑎 ∈ 𝐴|(𝐹: 𝑎) ∩ 𝑋 ≠ ∅} 

3. 𝐹 ⊆ 𝜔𝐹(𝑋) 

4. 𝑋 ⊆ 𝑌𝜔𝐹(𝑋) ⊆ 𝜔𝐹(𝑌) 

5. 𝐹 ⊆ 𝐺𝜔𝐹(𝑋) ⊆ 𝜔𝐺(𝑋) 

6. 𝜔𝐹(𝑋) = 𝐴𝐹 ∩ 𝑋 ≠ ∅ 

7. 𝜔𝐹(𝑋) = 𝐹𝑋 ⊆ 𝔇𝐹(𝔄) 

6. 𝜔𝐹(𝑋) = 𝐴0 ∈ 𝜔𝐹(𝑋)

0 ∈ (𝐹: 𝑥)𝑥 ∈

𝑋𝑥 ∈ (𝐹: 0) = 𝐹



 

mp 
 

   

𝐹 ∩ 𝑋 ≠ ∅𝑥 ∈ 𝐹 ∩ 𝑋

(𝐹: 𝑥) = 𝐴

𝜔𝐹(𝑋) = 𝐴 

7. 𝜔𝐹(𝑋) = 𝐹𝑥 ∈ 𝑋

𝐹 ⊆ (𝐹: 𝑥) ⊆ 𝜔𝐹(𝑋) = 𝐹

𝑥 ∈ 𝔇𝐹(𝔄)𝑋 ⊆

𝔇𝐹(𝔄)(𝐹: 𝑥) = 𝐹𝑥 ∈ 𝑋

𝜔𝐹(𝑋) = 𝐹

𝔄𝐹

𝔄𝐶∨𝔄

𝜔𝐹(𝐶)𝔄

1 ∈ 𝜔𝐹(𝐶)

𝑎 ≤ 𝑏𝑎 ∈ 𝜔𝐹(𝐶)𝑎 ∈

(𝐹: 𝑐)𝑐 ∈ 𝐶𝑐 ∈

(𝐹: 𝑎)𝑐 ∈ (𝐹: 𝑏)

𝑏 ∈ (𝐹: 𝑐) ⊆ 𝜔𝐹(𝐶)

𝑎, 𝑏 ∈ 𝜔𝐹(𝐶)𝑐𝑎 , 𝑐𝑏 ∈ 𝐶

𝑎 ∈ (𝐹: 𝑐𝑎)𝑏 ∈ (𝐹: 𝑐𝑏)

𝑐𝑎 ∨ 𝑐𝑏 ∈ (𝐹: 𝑎 ⊙ 𝑏)

𝑎 ⊙ 𝑏 ∈ 𝜔𝐹(𝐶) 

𝔄

𝐼𝐴𝐼

∨𝔄𝑥 ≤ 𝑦

𝑥 ∈ 𝐼𝑥 ∈ 𝐴𝑦 ∈ 𝐼

𝔄ℐ(𝔄)

𝑋𝐴𝑋𝔄

ℐ(𝑋)𝑥 ∈ 𝐴

ℐ({𝑥})ℐ(𝑥)

𝔄

1. (ℐ(ℓ(𝔄));∩,⋎)

⋎ ℑ = ℐ(⋃ℑ)ℑ ⊆ ℐ(ℓ(𝔄)) 

2. ℐ(𝑥) = {𝑎 ∈ 𝐴|𝑎 ≤ 𝑥}𝑥 ∈ 𝐴 

3. ℐ(𝑥) ∩ ℐ(𝑦) = ℐ(𝑥 ∧ 𝑦) 

4. ℐ(𝑥) ⋎ ℐ(𝑦) = ℐ(𝑥 ∨ 𝑦) 

5. 𝑃𝔄𝑃𝑐 ∈ ℐ(ℓ(𝔄)) 

𝔄𝐹

𝔄𝐻𝔄𝜔𝐹

𝐻 = 𝜔𝐹(𝐼𝐻)

𝐼𝐻ℓ(𝔄)𝜔𝐹𝔄

Ω𝐹(𝔄)𝐹, 𝐴 ∈

Ω𝐹(𝔄)Ω{1}(𝔄)Ω(𝔄)

𝜔

𝔄𝐹

𝔄(Ω𝐹(𝔄);∩

,∨𝜔𝐹 , 𝐹, 𝐴)

𝐺, 𝐻 ∈ Ω𝐹(𝔄)𝐺 ∨𝜔𝐹 𝐻 =

𝜔𝐹(𝐼𝐺 ⋎ 𝐼𝐻)

𝐺, 𝐻 ∈ Ω𝐹(𝔄)

𝐺 ∩ 𝐻 = 𝜔𝐹(𝐼𝐺 ∩ 𝐼𝐻)

𝐺 ∨𝜔𝐹 𝐻𝐺𝐻

Ω𝐹(𝔄)

𝔄𝐹

𝔄𝛾𝐹(𝔄)

Ω𝐹(𝔄)

(𝐹: 𝑥) = 𝜔𝐹(ℐ(𝑥))𝑥 ∈ 𝐴

𝔄𝐹



 

 

 

𝔄𝛾𝐹(𝔄)

Ω𝐹(𝔄)

𝛾𝐹(𝔄)Ω𝐹(𝔄)

𝑥, 𝑦 ∈ 𝐴

(𝐹: 𝑥) ∨𝜔𝐹 (𝐹: 𝑦) =

𝜔𝐹(ℐ(𝑥)) ∨𝜔𝐹 𝜔𝐹(ℐ(𝑦))  

               = 𝜔𝐹(ℐ(𝑥) ⋎ ℐ(𝑦)) 

 = 𝜔𝐹(ℐ(𝑥 ∨ 𝑦))  

 = (𝐹: 𝑥 ∨ 𝑦)   

 =
(𝐹: 𝑥) ∨Γ𝐹 (𝐹: 𝑦).          

 

𝔄𝐹

𝔄𝑥 ∨ 𝑦 ∈ 𝐹

(𝐹: 𝑥) ∨𝜔𝐹 (𝐹: 𝑦) = 𝐴

𝜔

𝔄𝐹

𝔄𝐻𝔄

𝐷𝐹(𝐻) = 𝜔𝐹(𝐻𝑐)𝐷𝐹(𝐻)

𝐹𝐻𝐹

𝐻𝔄𝐷{1}(𝐻)

𝐷(𝐻)

𝐻𝔄

{1}𝔄

𝔄𝐹

𝔄𝐻

𝐾𝔄 

1. 𝐹 ⊆ 𝐷𝐹(𝐻) =
{𝑎 ∈ 𝐴|(𝐹: 𝑎) ⊈ 𝐻} = ⋃ (𝐹: 𝑥)𝑥∉𝐻 

2. 𝐻 ⊆ 𝐾𝐷𝐹(𝐾) ⊆ 𝐷𝐹(𝐻) 

3. 𝐹 ⊆ 𝐺𝐷𝐹(𝐻) ⊆ 𝐷𝐺(𝐻) 

4. 𝐷𝐹(𝐻) = 𝐴𝐹 ⊈ 𝐻 

5. 𝐷𝐹(𝐻) = 𝐹𝐻𝑐 ⊆

𝔇𝐹(𝔄) 

𝔄𝐹

𝔄𝑃

1. 𝐷𝐹(𝑃)𝜔𝔄 

2. 𝑃𝐹𝐷𝐹(𝑃) ⊆ 𝑃 

1. 

 

2. 𝑃𝐹

(𝐹: 𝑎) ⊆ 𝑃𝑎 ∉ 𝑃

 

𝔄𝐹𝔄

𝐺𝔄𝐹

𝑃𝔄

𝐺 = 𝐷𝐹(𝑃)

𝔄𝐹

𝔄𝑃𝔄

𝐹

1. 𝑃𝐹 

2. 𝑃 = 𝐷𝐹(𝑃) 
 



 

mp 
 

   

3. 𝑥 ∈ 𝐴𝑃𝑥

(𝐹: 𝑥) 

⇐𝑥 ∈ 𝑃

𝐶 = (𝑥 ∨ 𝑃𝑐) ∪ 𝑃𝑐

∨𝔄

(𝑥 ∨ 𝑃𝑐) ∩ 𝐹 = 𝐶 ∩ 𝐹 ≠ ∅

𝑎 ∈ (𝑥 ∨ 𝑃𝑐) ∩ 𝐹

𝑦 ∉ 𝑃𝑥 ∨ 𝑦 = 𝑎 ∈ 𝐹

𝑥 ∈ 𝐷𝐹(𝑃)

⇐

⇐𝑄𝑃

𝐹𝑥 ∈ 𝑃

(𝐹: 𝑥) ⊈ 𝑃𝑥 ∈

𝐷𝐹(𝑃) ⊆ 𝐷𝐹(𝑄) ⊆ 𝑄𝑃 = 𝑄

𝔄𝐹

𝔄

𝔪𝐹𝔪 =

𝐷𝐹(𝔪) ⊆ 𝐷𝐹(𝐹)

𝔄𝐹

𝑃𝔄

𝐷𝐹(𝑃)𝑃

𝔪𝐷𝐹(𝑃)

𝔄𝔪 ⊈ 𝑃𝑥 ∈ 𝔪 ∖ 𝑃

𝑥 ∈

𝐷𝐷𝐹(𝑃)(𝔪)𝑦 ∉ 𝔪

𝑥 ∨ 𝑦 ∈ 𝐷𝐹(𝑃)𝑧 ∉ 𝑃

𝑥 ∨ 𝑦 ∈ (𝐹: 𝑧)

𝑦 ∈ (𝐹: 𝑥 ∨ 𝑧) ⊆ 𝐷𝐹(𝑃) ⊆ 𝔪

𝔄𝐹

𝑃𝔄 

𝑀𝑖𝑛𝐷𝐹(𝑃)(𝔄) = {𝔪 ∈ 𝑀𝑖𝑛𝐹(𝔄)|𝔪 ⊆ 𝑃}

𝜇 = {𝔪 ∈

𝑀𝑖𝑛𝐹(𝔄)|𝔪 ⊆ 𝑃}𝔪 ∈ 𝜇

𝐷𝐹(𝑃) ⊆

𝐷𝐹(𝔪) = 𝔪𝔪

𝐷𝐹(𝑃)𝔴

𝐷𝐹(𝑃)𝔪

𝔪 = 𝐷𝐹(𝔪) ⊆ 𝐷𝐹(𝔴) ⊆ 𝔴

𝔪 = 𝔴

𝔪 ∈ 𝑀𝑖𝑛𝐷𝐹(𝑃)(𝔄)

𝜇 ⊆ 𝑀𝑖𝑛𝐷𝐹(𝑃)(𝔄)

𝔪 ∈ 𝑀𝑖𝑛𝐷𝐹(𝑃)(𝔄)

𝐹 ⊆ 𝔪 ⊆ 𝑃

𝔴𝐹𝔪

𝐷𝐹(𝑃) ⊆ 𝐷𝐹(𝔴) ⊆ 𝔴𝔴

𝐷𝐹(𝑃)

𝔪 = 𝔴𝔪 ∈ 𝜇

𝑀𝑖𝑛𝐷𝐹(𝑃)(𝔄) ⊆ 𝜇

𝔄𝐹

𝑃𝔄

𝐷𝐹(𝑃) = ⋂{𝔪 ∈ 𝑀𝑖𝑛𝐹(𝔄)|𝑚 ⊆ 𝑃}

mp 

mp



 

 

 

𝔄mp

𝔄

𝔄

1. 𝔪1𝔪2

𝔄𝔪1 ⊔ 𝔪2 = 𝐴𝔪1𝔪2

 

2. 𝔄mp 

3. 𝑃𝔄𝐷(𝑃) 

4. 𝑥, 𝑦 ∈ 𝐴𝑥 ∨ 𝑦 = 1

𝑥⊥ ⊔ 𝑦⊥ = 𝐴 

5. 𝑥, 𝑦 ∈ 𝐴𝑥 ∨ 𝑦 = 1

𝑢 ∈ 𝑥⊥𝑣 ∈ 𝑦⊥

𝑢 ⊙ 𝑣 = 0 

6. 𝑥, 𝑦 ∈ 𝐴(𝑥 ∨ 𝑦)⊥ = 𝑥⊥ ⊔ 𝑦⊥ 

7. 𝑥, 𝑦 ∈ 𝐴(𝑥 ∨ 𝑦)⊥ = 𝐴

𝑥⊥ ⊔ 𝑦⊥ = 𝐴 

⇐

⇐

⇐𝑥, 𝑦 ∈ 𝐴𝑥 ∨

𝑦 = 1𝑥⊥ ⊔ 𝑦⊥ ≠ 𝐴

𝑃𝑥⊥ ⊔ 𝑦⊥

𝑥, 𝑦 ∉ 𝐷𝐹(𝑃)

𝐷𝐹(𝑃)

⇐𝑥, 𝑦 ∈ 𝐴𝑥 ∨

𝑦 = 1𝑥⊥ ⊔ 𝑦⊥ = 𝐴

𝑢 ∈ 𝑥⊥𝑣 ∈ 𝑦⊥

𝑢 ⊙ 𝑣 = 0

⇐𝑥, 𝑦 ∈ 𝐴𝑎 ∈

(𝑥 ∨ 𝑦)⊥𝑏 ∈ (𝑎 ∨ 𝑥)⊥𝑐 ∈ 𝑦⊥

𝑏 ⊙ 𝑐 = 0

𝑎 = 𝑎 ∨ (𝑏 ⊙ 𝑐) ≥

(𝑎 ∨ 𝑏) ⊙ (𝑎 ∨ 𝑐)𝑎 ∨ 𝑏 ∈

𝑥⊥𝑎 ∨ 𝑐 ∈ 𝑦⊥

𝑎 ∈ 𝑥⊥ ⊔ 𝑦⊥

⇐

⇐𝔪1𝔪2

𝔄𝑥1 ∈ 𝔪2 ∖ 𝔪1𝑥2 ∈

𝔪1 ∖ 𝔪2

𝑦2 ∉ 𝔪1𝑥2 ∨ 𝑦2 = 1

𝑎1 = 𝑥1 ∨ 𝑦2𝑎2 = 𝑥2

𝑎1 ∉ 𝔪1𝑎2 ∉ 𝔪2𝑎1 ∨ 𝑎2 = 1

(𝑎1 ∨ 𝑎2)⊥ = 𝐴

𝐴 = 𝑎1
⊥ ⊔ 𝑎2

⊥ = 𝔪1 ⊔ 𝔪2

𝔄

1. 𝐹, 𝐺 ∈ Ω(𝔄)𝐹 ∨𝜔 𝐺 =

𝐴𝐹 ⊔ 𝐺 = 𝐴 

2. 𝔄mp 

3. 𝔉 ⊆ Ω(𝔄)⊔ 𝔉 ∈ Ω(𝔄) 

4. Ω(𝔄)ℱ(𝔄) 

5. γ(𝔄)ℱ(𝔄)

⇐𝑥, 𝑦 ∈ 𝐴

𝑥 ∨ 𝑦 = 1𝛾(𝔄)Ω(𝔄)

 

𝑥⊥ ∨𝜔 𝑦⊥ = 𝑥⊥ ∨Γ 𝑦⊥ = (𝑥 ∨ 𝑦)⊥ = 𝐴  

𝔄mp

⇐{𝐹𝑖}𝑖∈𝐼𝜔

𝑖 ∈ 𝐼𝐼𝑖

ℓ(𝔄)𝐹𝑖 = 𝜔(𝐼𝑖)

𝑖 ∈ 𝐼𝐹𝑖 ⊆ 𝜔(⋎𝑖∈𝐼 𝐼𝑖)

𝜔(⋎𝑖∈𝐼 𝐼𝑖)⊔𝑖∈𝐼 𝐹𝑖 ⊆

𝜔(⋎𝑖∈𝐼 𝐼𝑖)𝑎 ∈ 𝜔(⋎𝑖∈𝐼 𝐼𝑖)

𝑥 ∈⋎𝑖∈𝐼 𝐼𝑖𝑎 ∈ 𝑥⊥

𝑥 ≤ 𝑥𝑖1
∨ ⋯ ∨ 𝑥𝑖𝑛



 

mp 
 

   

𝑛𝑥𝑖𝑗
∈ 𝐼𝑖𝑗

𝑥⊥ ⊆ (𝑥𝑖1
∨ ⋯ ∨ 𝑥𝑖𝑛

)
⊥

   

 = 𝑥𝑖1

⊥ ⊔ ⋯ ⊔ 𝑥𝑖𝑛

⊥       

 ⊆ 𝐹𝑖1
⊔ ⋯ ⊔ 𝐹𝑖𝑛

        

 ⊆⊔𝑖∈𝐼 𝐹𝑖.          

⊔𝑖∈𝐼 𝐹𝑖 = 𝜔(⋎𝑖∈𝐼 𝐼𝑖)

⇐𝐹, 𝐺 ∈ Ω(𝔄)

𝐹 ⊔ 𝐺 ⊆ 𝐹 ∨𝜔 𝐺

𝐹 ∨𝜔 𝐺 ⊆ 𝐹 ⊔ 𝐺

⇐

⇐𝐹, 𝐺 ∈ Ω(𝔄)

𝐹 ∨𝜔 𝐺 = 𝐴𝜔(𝐼𝐹 ⋎ 𝐼𝐺) = 𝐴

1 ∈ 𝐼𝐹 ⋎ 𝐼𝐺𝑓 ∨

𝑔 = 1𝑓 ∈ 𝐼𝐹𝑔 ∈ 𝐼𝐺

𝐴 = (𝑓 ∨ 𝑔)⊥ = 𝑓⊥ ∨Γ 𝑔⊥ = 𝑓⊥ ⊔
𝑔⊥ ⊆ 𝐹 ⊔ 𝐺.  
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