
Vol.:(0123456789)1 3

Journal of Theoretical and Applied Physics (2020) 14:349–357 
https://doi.org/10.1007/s40094-020-00391-4

RESEARCH

Transmission of electromagnetic waves through a nonlinear 
over‑dense plasma slab

M. Tohfeh1 · L. Rajaei2 · S. Miraboutalebi1 · L. F. Matin1

Received: 15 June 2020 / Accepted: 13 August 2020 / Published online: 29 August 2020 
© Islamic Azad University 2020

Abstract
A study on the transmission of the electromagnetic waves from a structure consisting of an over-dense plasma layer with 
nonlinear effects is undertaken. The applied nonlinearity is presented due to the series expansion of the polarization in the 
medium. The nonlinear plasma layer is supposed to be placed between two linear dielectric layers. The transparency condi-
tions are investigated for the p-polarized obliquely incident waves. It is shown that the formation of the surface waves can 
eventuate to the transmission of the incident waves. This fact has already be seen in the case of the linear over-dense plasma, 
but, here, it is examined in the presence of the nonlinear effects. To determine the propitious conditions for the surface wave 
excitation, the exact solutions of the electromagnetic field equations are used in all regions. The transmission, the reflection, 
and the dissipation rates of the electromagnetic waves from the entire structure are obtained, and the effects of the main 
parameters on them are discussed.
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Introduction

There is a great deal of interest in the studying of the left-
handed materials [1–3] today, due to their many applications 
in science and technology [4–9]. The high-density plasma 
also behaves as the left-handed material in response to the 
incident electromagnetic wave in frequency � smaller than 
the plasma frequency �p , where the plasma permittivity  

is defined as �p = 1 −
�2
p

�2
 . The anomalous transmission of 

the electromagnetic waves through left-handed materi-
als takes place due to the mechanism of the surface waves 

excitation [10–12]. However, one of the most important ini-
tials to trigger this mechanism is to producing the evanescent 
waves which can simply be provided by placing dielectrics 
or under-dense plasma layers adjacent to the over-dense 
plasma [13, 14]. Also, equipping the dielectric with dif-
fraction grating facilitates the production of the evanescent 
waves. Also, by applying an appropriate density profile for 
the plasma density, one can produce the required evanescent 
waves without using the dielectric layers [15].

It is well known that the susceptibility of the dielectric 
can generally be a function of the electric field. Hence, the 
nonlinear plasma property considered here comes from the 
expansion of the polarization in power series of the electric 
field E [16, 17]. The corresponding electric susceptibility � 
then can be written as:

where �l is the usual linear susceptibility and � (i)

nl
 denotes its 

ith nonlinear correction. These nonlinear corrections have 
significant effects on the behavior of a plasma medium. 
Here, we are interested to study the effect of the second-
order nonlinearity on the transmission of the electromag-
netic waves through an over-dense plasma layer. An investi-
gation on the third-order nonlinearity can be found in [18].

(1)� = �l + �
(1)

nl
E + �

(2)

nl
E2 +⋯ ,
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There exist a large number of investigations devoted to 
the nonlinear surface waves. Among them, the transmis-
sion of electromagnetic waves through a nonlinear layer 
surrounded by linear media has attracted much attention 
over the last four decades [19–59]. The exact solutions are 
available only for the Transverse Electric (TE)-polarized 
(s-polarized) waves propagating through the media with the 
nonlinearity. The problems deal with the Transverse Mag-
netic (TM) polarization (p-polarized) wave propagation can 
be solved by using the approximate methods namely the 
perturbation and the numerical methods. Also, there exists 
an integral equation method in which the eigenvalues of the 
problem are obtained, and the issue is reduced to the analysis 
of the corresponding dispersion equation [38–53]. In this 
method, an equivalency is established between the boundary 
eigenvalue problem and the dispersion equation, then the 
solutions can numerically be achieved from the dispersion 
equation. However, here, we use the exact solutions in the 
form of the appropriate Jacobi elliptic function [54–59], and 
study the transmission from the entire considered structure.

It should be noticed that the p-polarized wave facilitates 
the excitation of the surface wave and can provide the trans-
mission of the wave from the over-dense plasma slab with-
out absorption. The investigations show that the p-polarized 
wave can help the excitation of the surface wave and passing 
the wave from the over-dense plasma slab without absorp-
tion. However, in the excitation of plasma surface waves on 
the surface of the over-dense plasma, the absorption can be 
provided by applying a special condition such as entering a 
dissipation factor into the model. Here, it is supposed that 
the plasma is collisional, and therefore, we have absorp-
tion, the amount of absorption is not calculated directly 
and the effect of the dissipation in the transmission rate is 
investigated.

The organization of this article is as follows: “The model” 
section is devoted to introducing the model and the supposi-
tions. In this section, the analytical solution of the governing 
equations of the field quantities in the nonlinear plasma layer 
is also presented which are expressed in terms of the Jacobi 
elliptic functions. In “Transmission of the incident electro-
magnetic waves” section, the conditions for wave transmis-
sion through the structure are studied. It is shown that the 
waves transmit through the structure, by the appearance of 
the surface waves on both sides of the over-dense plasma 
layer. To this end, the exact solutions of the waves of each 
layer are obtained in terms of the Jacobi elliptic functions 
and some unknown coefficients. By applying appropriate 
boundary conditions, the coefficients are then specified via 
a numerical method. Knowing the field components in the 
layers, we investigate the behavior of the electromagnetic 
waves through the structure and find the transmission, the 
reflection, and the dissipation rates of the waves from the 
entire slab. Finally, some concluding remarks are presented.

The model

To investigate the transmission of the electromagnetic 
waves through a nonlinear over-dense plasma medium, 
we consider here the structure illustrated in Fig. 1. This 
structure consists of a nonlinear over-dense plasma slab 
placed between two similar linear dielectric layers, and 
the entire structure is supposed to be immersed in vacuum. 
The electromagnetic waves in each layer of the structure 
are governed via the following set of the cold fluid-Max-
well equations:

where ions are considered to be motionless and m, e, and n0 
stand for the mass, the charge, and the density of electron, 
respectively. Here, c is the speed of light and �́� denotes the 
collision frequency. Considering the time-dependent parts of 
our quantities as e−i�t , Eqs. (2–4) are reduced to the follow-
ing equation for determining the electric field �:

where � = 1 −
�2
p

s�2
 with �2

p
=

4�n0e
2

m
 . Then, the magnetic field 

� and the velocity can be found by using:

where s = 1 + i
�́�

𝜔
 . Considering the nonlinear effects accord-

ing to Eq. (1), the electric permittivity of the plasma medium 
becomes:

(2)
𝜕�

𝜕t
= −

e

m
� − �́��,

(3)∇ × � = −
1

c

��

�t
,

(4)∇ × � = −
4�n0e

c
� +

1

c

��

�t
,

(5)∇ × ∇ × � =
�2

c2
��,

(6)� = −
ic

�
∇ × �,

(7)� =
−ie

m�s
�.

Fig. 1  The assumed structure consists of a nonlinear over-dense 
plasma slab which placed between two similar dielectric layers. The 
structure is unbounded at the y and z axis
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where �L is the linear part of the permittivity and � is the 
nonlinear constant. The electric permittivity Eq. (8) is trun-
cated up to the second order of the electric field and ignored 
the first and the higher-order terms.

Let us consider a p-polarized electromagnetic wave with 
the electric components E⃗ = (Ex, 0,Ez) and magnetic com-
ponents B⃗ = (0,By, 0) , obliquely incident to the structure of 
Fig. 1. Then, the field quantities can be considered as, �(x)eikzz 
which by substituting Eq. (8) in Eq. (5), leads to the following 
equation for determining Ez and Ex , respectively:

In deriving these equations, we assume that Ex ≪ Ez and 
ignore E2

x
 against E2

z
 . Also, the term kz

dEx

dx
 is supposed to 

produce a neglecting effect and is omitted.
Equation (9) is a nonlinear differential equation and can be 

rewritten as

where

Its solution is [60, 61]:

where cn is a kind of the Jacobi elliptic functions [62], and:

Here, A and � are two constants determined by the boundary 
conditions and � is the nonlinear factor � = c3

c1
A

2.
It is noteworthy that for a special case, specified by the 

condition f = 1 or � = −2 or equivalently A = −2
c1

c3
 , Ez(x) 

reduces to:

(8)� = �L + �E2
z
,

(9)d2

dx2
Ez +

�2

c2
�LEz +

�2

c2
�E3

z
= 0,

(10)Ex =
−ikz�xEz

k2
z
−

�2

c2
(�L + �E2

z
)
.

(11)d2

dx2
Ez + c1Ez + c3E

3
z
= 0,

(12)c1 =
�2

c2
�L, c3 =

�2

c2
�.

(13)Ez(x) = Acn(kx − �, f ),

(14)

k2 =c1 + c3A
2 = c1(1 + �),

f =
c3A

2

2(c1 + c3A
2)

=
�

2(1 + �)
.

(15)Ez(x) =

(
−2�L
�

) 1

2

sech(kx − �),

which is in conformation with the electromagnetic field 
solutions acquired in the literature in the case of the semi-
bounded nonlinear plasma [63].

The magnetic field is obtained from Eq. (6) as:

where dn and sn are two other kinds of the Jacobi elliptic 
functions and � is the incident angle.

Transmission of the incident 
electromagnetic waves

Let us now turn to study the conditions for the transmission 
and the reflection of the electromagnetic waves from the 
structure of Fig. 1. It has been shown that the wave trans-
mission through a linear over-dense plasma slab is placed 
between two ordinary dielectric layers, can be taken place 
because of the excitation of the surface waves. The surface 
waves are known to be formed on both sides of the over-
dense plasma layers simultaneously and transmit the energy 
of the electromagnetic waves. Here, we study these phenom-
ena for the nonlinear over-dense plasma.

For determining the magnetic field component of the sur-
face wave in the dielectric layers of Fig. 1, we note that Eqs. 
(2–4) leads to the following equation:

where �d is the dielectrics permittivity. The general solutions 
of this equation are given by:

where the index i is i = 1, 2 in the first and the second dielec-
tric layers of Fig. 1, placed in region ( −mh ≤ x ≤ −h ) and 
( h ≤ x ≤ mh ), respectively. The corresponding electric field 
components can then be calculated by applying:

Also, in the vacuum regions, By becomes:

where T and R are assigned to the field components of the 
transmitted and the reflected waves. The corresponding 
electric fields can then be found by substituting Eqs. (20) 

(16)By =
i�

sin2 � − �
A k dn(kx − �, f )sn(kx − �, f ),

(17)
d2By

dx2
+

�2

c2
(�d − sin2 �)By = 0,

(18)By = Aie
kdx + Bie

−kdx, k2
d
=

�2

c2
(sin2 � − �d)

(19)� = i
c

�

∇ × �

�d
.

(20)By = E0e
i�

c
cos � x

+ Re
−

i�

c
cos � x

, x ≤ −mh

(21)By = Te
i
�

c
cos � x

, mh ≤ x,
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and (21) in Eq. (19) with setting �d = 1 . In the nonlinear 
over-dense plasma region, −h ≤ x ≤ h , the electric and 
magnetic field components are given by Eqs. (13) and (16), 
respectively.

To study the conditions for the transmission and the 
reflection of the electromagnetic fields from the considered 
structure, the eight unknown coefficients Ai , Bi , A , � , R 
and T should be determined. Here, matching the boundary 
conditions, consisting of the continuity of By and Ez on the 
four boundaries, provides eight equations for obtaining 
these unknown coefficients. Here, we apply the numeric 
methods to solve the equations. Throughout these calcula-
tions, we only consider the physical results, namely those 
obey the energy conservation law 

(
| T

E0

|2 + | R

E0

|2
)
≤ 1 . The 

solutions are illustrated in the following figures.
Figure 2 shows the rates of the transmission, the reflec-

tion, and the dissipation amplitudes versus the incident 
angle � . According to this figure, the nonlinear over-dense 
plasma can transmit well the incident electromagnetic 
wave with the transmission rate above 0.4 ( |||

T

E0

|||
2

> 0.4 ) for 
a wide range of the incident angle ( 0.42 < 𝜃 < 0.88 ). The 
maximum transmission properties can be archived at 
� = 0.68 rad . It should be noticed that the anomalous trans-
mission of the electromagnetic wave through a linear over-
dense plasma slab has already been observed. In the linear 
case, it has been shown that there is a sharp increase in the 
transmission properties of the structure when the incident 
angle reaches its resonant values. This resonant transmis-
sion takes place due to the excitation of the surface waves 
at the interfaces of the linear over-dense plasma layer and 
the dielectrics. Here, for the nonlinear over-dense plasma, 
the anomalous transmission properties can also be related 
to the formation of the surface waves.

We plot the spatial distribution of the magnetic field |By| 
throughout the structure in Fig. 3. This figure clearly shows 
the formation of the surface waves at the boundaries of the 
over-dense plasma namely at x = −h and x = h . This figure 
is plotted for the conditions of the maximum transmission 
point of Fig. 2, at � = 0.68 rad (Table 1).

To study the effect of the nonlinear over-dense plasma 
widths on the transmission properties of the structure, we 
plot the transmission rate as a function of h in Fig. 4. It 
is obvious from the figure that the high transmission takes 
place at low widths of the over-dense plasma layer and by 
increasing the widths the transmission reduces.

The effect of the widths of the dielectric layers on the 
transmission properties of the structure is presented in 
Fig. 5. This figure shows the transmission rate as a function 
of m, where m specifies the widths of the dielectric layers 
by mh, as shown in Fig. 1. According to the figure, there is 
a maximum in the transmission properties of the structure. 
However, by increasing the widths of the dielectric layers, 
the transmission reduces.

As it is expected, by increasing the dissipation effects, 
the transmission rate decreases. This can be seen in Fig. 6, 
where the transmission rate is plotted as a function of the 
dissipation parameter � for three different values of � , where 
h = 0.3 . The solid and the dotted lines are, respectively, for 
the transmission and the dissipation rates. By acquiring 
greater values of � , the dissipation rates also grow.

The value referred to the nonlinear parameter � in litera-
ture is � = 10−8 esu , according to [17]. However, here, we 
study the effect of different values of � on the transmission 
properties of the considered structure. Figure 7 displays the 
transmission rate amplitude as a function of the nonlinear 
parameter � . The figure shows that the variation of � has no 
effect on the transmission rate for 10−12 ≤ � ≤ 10−6 . How-
ever, for 10−6 ≤ � ≤ 10−4 , by increasing � the transmission 

Fig. 2  The rates of transmis-
sion, reflection, and dissipation 
versus the incident angle � . The 
structure has high transmission 
|||
T

E0

|||
2

≈ 0.97 at � ≈ 0.68 rad 

where |||
R

E0

|||
2

≈ 0 and 

1 −

(
|||
T

E0

|||
2

+
|||
R

E0

|||
2
)

≈ 0.027 . 

The nonlinear plasma width is 
2h = 0.4

c

�
 and each of the 

linear dielectric widths are 
mh = 1.76

c

�
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properties slightly grow. For larger values of � , namely for 
𝛼 > 10−4 , no physical result can be found for the parameters 
we have considered. But by changing the dealing parameters 
such as E0 , � , h, m,... the physical transmission for higher 
values of � exists and can be found.

To make a comparison between the transmission proper-
ties of the system consisting of the linear and the nonlinear 
over-dense plasma, in Fig. 8 the transmission rate |||

T

E0

|||
2

 is 
illustrated versus the incident angle � . The figure is plotted 
for three different widths of the over-dense plasma layer. It 
is obvious from the figure that the nonlinear effects enhance 

the transmission properties of the system. This fact specifi-
cally can be seen better for larger widths of the over-dense 
plasma slab, where the maximum transmission rate 
decreases, and the distinction between the linear and the 
nonlinear transmission is more apparent.

Conclusion

In this paper, we have studied the nonlinear effects on the 
anomalous transmission of the electromagnetic waves 
through an over-dense plasma slab. It has been shown that a 
normally opaque linear over-dense plasma slab can become 
transparent under the resonant conditions of the formation of 
the surface waves. Indeed, the excited surface waves appear 
simultaneously on both sides of the plasma slab and trans-
mit the energy of the incident electromagnetic waves. Here, 
we show that this anomalous wave transmission can also be 

Fig. 3  The formation of the 
surface waves at the boundaries 
of the over-dense plasma slab 
and the two boundaries namely 
at x = −h and x = h , where 
x is in units of c

�
 . The spatial 

distribution of the magnetic 
fields |By| in different regions 
of the structure for the incident 
angle � = 0.67544 rad and the 
parameters of Fig. 2

Table 1  The parameters used in most figures

𝜈 =
�́�

𝜔
�
d

�
L

� (esu)

0.02 [64] 0.3428 [11, 12] − 2.97 [11, 12] 10
−8 [17]

Fig. 4  The transmission rate 
as a function of the width 
parameter of the nonlinear 
over-dense plasma layer 
namely h. The incident angle is 
� = 0.67544 rad and m = 8.8
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Fig. 5  The transmission rate as 
a function of the width param-
eter of the linear dielectric layer 
namely m. The incident angle is 
� = 0.67544 rad and h = 0.2

Fig. 6  The transmission rate 
as a function of the dissipa-
tion factor � for three different 
values of � . The solid line is the 
transmission rate and the dotted 
line, with the same color, relates 
the corresponding dissipa-
tion rate. The incident angle is 
� = 0.67544 rad and h = 0.3 and 
m = 8.8

Fig. 7  The effect of the 
nonlinear parameter � on the 
transmission properties of the 
structure. The incident angle is 
� = 0.67544 rad and h = 0.2 and 
m = 8.8
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achieved for the over-dense plasma which has a nonlinear 
dielectric permittivity. The nonlinearity is presented due to 
the series expansion of the polarization of the plasma.

According to the results, it can be inferred that the consid-
ered structure is suitable for the transmission of the electro-
magnetic waves, and there are several conditions due to them 
the system shows good transitions. Also, in the nonlinear 
over-dense plasma, such as for the linear over-dense plasma, 
the anomalous transmission takes place because of the for-
mation of the coupled surface waves. The specific form of 
the Jacobi elliptic function of the cn type is in such a way 

that if the period of the function is equal or proportional with 
the size of the nonlinear plasma layer, the surface waves can 
be formed. Several transmission conditions can be obtained 
which here some of them have been presented.

The effects of the mean parameters of the model on the 
transmission rates have been studied. It has been revealed 
that the system shows transmission properties for the small 
thickness of the nonlinear over-dense plasma and by increas-
ing the plasma width, the transmission reduces and the 
reflection dominates. This is a feature of the transmission 
of the waves through the over-dense plasma mediums and 

Fig. 8  The comparison between 
the transmission rate from the 
linear and the nonlinear over-
dense plasma, respectively, 
dot-dashed and solid lines. The 
width of the nonlinear plasma 
2h in unit of ( c

�
 ) is 2h = 0.8 , 

2h = 2 and 2h = 2.4 , respec-
tively, in (a)–(c)
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has been examined for the linear over-dense plasma in the 
literature.

By comparing the transmission rate between the system 
consisting of the linear and nonlinear over-dense plasma, in 
the same structural conditions, it has been observed that the 
nonlinear effect enhances the transmission of waves through 
the structure. This fact can easily be seen for higher plasma 
width, where the transmission rates are lower.
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