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Abstract Construction of the reduced spin and helicity

density matrix for systems of two and three particles are

described by a wave packet with sharp and Gaussian

momentum distribution. The entropy for the spin and

helicity part of the systems is calculated from the viewpoint

of moving observers.
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Introduction

Special relativity effects on quantum entanglement and

quantum information are investigated by many authors.

Considerable efforts have also been expanded on the the-

oretical investigation of quantum information theory in

relativistic framework, which has gone beyond from pho-

tons to electrons, and from explicit examples calculated in

some specific cases to general framework formulated in

relativistic quantum mechanics and even relativistic

quantum field theory [1–31]. In practice, Lorentz trans-

formations in some special cases can change the entan-

glement of the spin and helicity of massive particles. Since

the helicity has an advantage in providing a smooth

transition to the massless case, it is the helicity rather than

spin that is more often under both theoretical consideration

and experimental detection in high energy physics. We

know the helicity states and the spin states can be the basis

of Hilbert space, they differ in the way of unitary trans-

formation under the action of Lorentz group. As a result,

the entanglement properties for helicity differs from spin

after we trace out the momentum degree of freedom. Thus,

for both theoretical completeness and possible implemen-

tation in high energy physics, it is intriguing and significant

to investigate quantum entanglement between helicity and

momentum in relativistic framework.

One of the early works in this area has considered a

massive spin 1/2 field and by calculating reduced spin and

helicity density matrix. It is shown that the resultant

helicity entropy is different from spin in general [32].

According to [32], the helicity and spin entropy for one

particle are S
ðhÞ
1 ¼ 0:4917 and S

ðsÞ
1 ¼ 1; respectively. This

paper is an effort for studying some special features of two

and three particles, spin and helicity entanglement in

inertial frames. We consider a quantum system of two and

three massive spin 1/2 particles that is observed by inertial

observers. The state of system for helicity state is supposed

to have an appropriate sharp momentum distribution and

for spin state the momentum distribution is supposed to be

Gaussian. We use the entropy as a measure for the helicity

entanglement as viewed in the boosted frame because the

entropy is one of the most important measure for entan-

glement. At the end, we have very interesting results.

Our paper is organized as follows: in Sects. 2 and 3 we

discuss entanglements for two and three particles’ spin and

helicity with momentum and calculating of spin and

helicity reduced density matrix and finally we obtained the

entropy of the states. In Sect. 4 we conclude our results.

& M. Aghaee

mohsenaghaee1388@gmail.com

A. Rabeie

rabeie@razi.ac.ir

M. V. Takook

takook@razi.ac.ir

1 Department of Physics, Razi University, Kermanshah, Iran

123

J Theor Appl Phys (2017) 11:263–268

https://doi.org/10.1007/s40094-017-0265-9

http://crossmark.crossref.org/dialog/?doi=10.1007/s40094-017-0265-9&amp;domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1007/s40094-017-0265-9&amp;domain=pdf
https://doi.org/10.1007/s40094-017-0265-9


Two-particle entanglement

The quantum state of the two particles of mass m and spin

1/2 is

j p1; p2; .1; .2 [ ;

where pi is the four momentum of particle i, and .i rep-
resents the spin of particle i along the z-axis. It is a com-

plete orthonormal basis for Hilbert space of two particles.

Similarly, we can also choose the helicity state

j p1; p2; j1; j2 [ :

It is also a complete orthonormal basis for the two-particle

state where j is the helicity. The former is usually called

spin representation, and the latter is called helicity repre-

sentation. Moreover, these spin states and helicity states are

related by the representation transformation as

jp1;p2;j1;j2[¼D.1j1 ½Rðp1Þ�D.2j2 ½Rðp2Þ� jp1;p2;.1;.2[:

ð1Þ

Here, R(p) is the rotation that carries the z-axis into the

direction p, and D is the spin 1/2 irreducible unitary rep-

resentation of the Lorentz group [33]

D.iji ½RðpiÞ� ¼
e�i

/i
2 0

0 ei
/i
2

" #
cos

ni
2

� sin
ni
2

sin
ni
2

cos
ni
2

2
664

3
775; ð2Þ

where

tan n ¼ sinh# sinh k
cosh#þ cosh k

that # is speed of particle, k is speed of the observer and n
is the Wigner’s angle with pi ¼
ðsin ni cos/i; sin ni sin/i; cos niÞ and indices i denoted

particle i and /i is the angle of pi with x-axis. Note that the

spin states and helicity states considered here are observed

within the same inertial reference frame. For a pure two-

particle state, we can represent it as expansion of the spin

states, i.e. ,

j w[ ¼
X

.1¼�1=2

X
.2¼�1=2

Z Z
d3p1d

3p2wð.1; .2; p1; p2Þ

j p1; p2; .1; .2 [
;

ð3Þ

with the normalized condition

X
.1¼�1=2

X
.2¼�1=2

Z Z
d3p1d

3p2 j wð.1; .2;p1; p2Þ j2¼ 1; ð4Þ

where we have

wð.1; .2; p1; p2Þ ¼ hp1; p2; .1; .2jwi:

A more realistic situation involves the wave packet of the

system with a momentum distribution function with finite

width. In this approach, while the spin subsystem is dis-

crete, the momentum subsystem is continuous and we

cannot use the same method for studying the entanglement

in these two subsystems. However, in our approach, we

assume that the wave packet is sharply distributed around

some given momenta. Then, the reduced spin density

matrix associated with the above-normalized state is

obtained by tracing the momentum degree, i.e.,

qðs�2Þ ¼ Trp½j w[\w j� ¼
Z Z

d3p1d
3p2\p1; p2

j w[\w j p1; p2 [

¼
X
.1;.2

X
.0
1
;.0

2

Z Z
d3p1d

3p2½wð.1; .2; p1; p2Þ

w�ð.01; .02; p1; p2Þ j .1; .2 [\.01; .
0
2 j�:

ð5Þ

Note that we have used the orthonormal relation for the

spin states. Then, as mentioned above, j w[ can also be

expanded by the helicity states as

j w[ ¼
X

j1¼�1=2

X
j2¼�1=2

Z Z
d3p1d

3p2Uðj1; j2; p1; p2Þ

j p1; p2; j1; j2 [ :

ð6Þ

According to the transformation relation between the spin

states and helicity states Eq. (1) we have

Uðj1; j2; p1; p2Þ ¼ D�1
j1.1

½Rðp1Þ�D�1
j2.2

½Rðp2Þ�wð.1; .2; p1; p2Þ;
ð7Þ

which follows the reduced helicity density matrix as

qðh�2Þ ¼
X
j1;j2

X
j0
1
;j0

2

Z Z
d3p1d

3p2D
�1
j1.1

½Rðp1Þ�D�1
j2.2

½Rðp2Þ�wð.1; .2; p1; p2Þ
w�ð.01; .02; p1; p2ÞD.0

2
j0
2
½Rðp2Þ�D.0

1
j0
1
½Rðp1Þ�

j j1; j2 [\j01; j
0
2 jÞ:

ð8Þ

Considering two particles with the spin in z-direction,

i.e.,

w � 1

2
;
1

2
; p1; p2

� �
¼ w

1

2
;� 1

2
; p1;p2

� �

¼ w � 1

2
;� 1

2
; p1;p2

� �
¼ 0;

ð9Þ

which implies that the corresponding spin entropy is zero.

However, it doesn’t mean that helicity entropy also van-

ishes for this state. By Eqs. (2) and (8), the reduced helicity

density matrix can be explicitly written as
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qðh�2Þ ¼ 1

4

Z Z
d3p1d

3p2 j U
1

2
;
1

2
; p1; p2

� �
j2

In the following to simplify the calculations, we suppose

that the w 1
2
; 1
2
; p1; p2

� �
is independent of the angle n: In this

case, the reduced helicity density matrix is written as:

qðh�2Þ ¼ 1

4

1 � p
4

� p
4

p2

16

� p
4

1
p2

16
� p

4

� p
4

p2

16
1 � p

4

p2

16
� p

4
� p

4
1

2
666666666664

3
777777777775
; ð11Þ

and its eigenvalues are given by q01 ¼ 1
4

p2
16
þ p

2
þ 1

� �
; q02 ¼

1
4

p2
16
� p

2
þ 1

� �
and q03 ¼ q04 ¼ 1

4
1� p2

16

� �
: In addition, the

entropy which is one of the most important measures for

entanglement is given by Von-Neumann relation i.e.,

S ¼ �
P

i q0i log2 q
0
i. Actually, this quantity measures the

entanglement of the helicity or spin part relative to the

momentum part. Here, the helicity entropy reads

S
ðhÞ
2 ¼� ½q01 log2 q01 þ q02 log2 q

0
2 þ q03 log2 q

0
3 þ q04 log2 q

0
4�

¼ � 1

4
½ p2

16
þ p

2
þ 1

� �
log2

p2

64
þ p

8
þ 1

4

� �

þ p2

16
� p

2
þ 1

� �
log2

p2

64
� p

8
þ 1

4

� �

þ 2 1� p2

16

� �
log2

1

4
� p2

64

� �
� ¼ 0:9834 � 2S

ðhÞ
1 :

ð12Þ

According to [32] the entropy for one particle is S
ðhÞ
1 ¼

0:4917 and for two particles we obtained S
ðhÞ
2 ¼

0:9834 � 2S
ðhÞ
1 : Note that, in the case considered above,

the helicity entropy doesn’t depend on the specific form

of wave function but for spin state it is better to use

Gaussian wave function for a minimum uncertainty state

i.e.,

w
1

2
;
1

2
; p1; p2

� �
¼ p�

3
2m�3e�

p2
1
þp2

2

2m2 ; ð13Þ

where

Z Z
jw 1

2
;
1

2
; p1; p2

� �
j2d3p1d3p2 ¼ 1 ð14Þ

then we combine Eqs. (6, 7) with Eq. (5) to obtain the

reduced spin density matrix as

qðs�2Þ ¼
X
.1;.2

X
.0
1
.0
2

Z Z
d3p1d

3p2D.1j1 ½Rðp1Þ�D.2j2

½Rðp2Þ�wðj1; j2; p1; p2Þ
w�ðj01; j02; p1; p2ÞD�1

j0
2
.0
2
½Rðp2Þ�D�1

j0
1
.0
1
½Rðp1Þ� j

.1; .2 [\.01; .
0
2 j :

ð15Þ

Now consider instead particles in the eigenstate of spin

with eigenvalues ?1/2 and isotropic momenta distribu-

tions such as Gaussian. The reduced spin density matrix

lead to

ð1þ cos n1Þð1þ cos n2Þ � ð1þ cos n1Þ sin n2 � sin n1ð1þ cos n2Þ sin n1 sin n2
�ð1þ cos n1Þ sin n2 ð1þ cos n1Þð1� cos n2Þ sin n1 sin n2 � sin n1ð1� cos n2Þ
� sin n1ð1þ cos n2Þ sin n1 sin n2 ð1� cos n1Þð1þ cos n2Þ � ð1� cos n1Þ sin n2

sin n1 sin n2 � sin n1ð1� cos n2Þ � ð1� cos n1Þ sin n2 ð1� cos n1Þð1� cos n2Þ

2
6664

3
7775: ð10Þ

qðs�2Þ ¼ 1

4

Z Z
d3p1d

3p2 j w
1

2
;
1

2
; p1; p2

� �
j2

�

ð1þ cos nÞ2 e�i/ sin nð1þ cos nÞ e�i/ sin nð1þ cos nÞ e�2i/ sin2 n

ei/ sin nð1þ cos nÞ ð1� cos nÞð1þ cos nÞ sin2 n e�i/ sin nð1� cos nÞ
ei/ sin nð1þ cos nÞ sin2 n ð1� cos nÞð1þ cos nÞ e�i/ sin nð1� cos nÞ

e2i/ sin2 n ei/ sin nð1� cos nÞ ei/ sin nð1� cos nÞ ð1� cos nÞ2

2
6664

3
7775;

ð16Þ
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so

qðs�2Þ ¼ 1

4

1 0 0 0

0 1
p2

16
0

0
p2

16
1 0

0 0 0 1

2
6666664

3
7777775
; ð17Þ

the eigenvalues are easy to obtain as q1 ¼ 1
4

1þ p2
16

� �
; q2 ¼

1
4

1� p2
16

� �
and q3 ¼ q4 ¼ 1

4
: The spin entropy reads as

Ssð2Þ ¼ � 1
4
½ 1þ p2

16

� �
log2

1
4
þ p2

64

� �
þ 1� p2

16

� �
log2

1
4
� p2

64

� �
�4� ¼ 1:8524: This resultant spin entropy value implies

that entropy of the spin state is more than entropy of the

helicity state for two particles.

Three particle entanglement

Now for the three particles we have

j p1; p2; p3; j1; j2; j3 [ ¼ D.1j1 ½Rðp1Þ�D.2j2 ½Rðp2Þ�

D.3j3 ½Rðp3Þ� j p1; p2; p3; .1; .2; .3 [ ;where D is presented

in Eq. (2) and for pure three particle state, we can write

j w[ ¼
X

.1¼�1=2

X
.2¼�1=2

X
.3¼�1=2

Z Z Z
d3p1d

3p2d
3p3

�wð.1; .2; .3;p1; p2; p3Þ j p1; p2; p3; .1; .2; .3 [ ;

ð19Þ

whereX
.1¼�1=2

X
.2¼�1=2

X
.3¼�1=2

Z Z Z
d3p1d

3p2d
3p3 j

wð.1; .2; .3;p1; p2; p3Þ j2¼ 1;

ð20Þ

and

wð.1; .2; .3; p1; p2; p3Þ ¼ hp1; p2; p3; .1; .2; .3jwi: ð21Þ

The reduced spin density matrix associated with this state

is

qðs�3Þ ¼
Z Z Z

d3p1d
3p2d

3p3\p1; p2; p3 j w[

\w j p1; p2; p3 [

¼
X

.1;.2;.3

X
.0
1
;.0

2
;.0

3

Z Z Z
d3p1d

3p2d
3p3

�½wð.1; .2; .3; p1; p2; p3Þw�ð.01; .02; .03; p1; p2; p3Þ
j .1; .2; .3 [\.01; .

0
2; .

0
3 j�:

ð22Þ

This state can also be expanded by the helicity states as

j w[ ¼
X

j1¼�1=2

X
j2¼�1=2

X
j3¼�1=2

Z Z Z
d3p1d

3p2d
3p3�

Uðj1; j2; j3; p1; p2; p3Þ j p1; p2; p3; j1; j2; j3 [ ;

ð23Þ

where

Uðj1; j2; j3; p1; p2; p3Þ ¼ D�1
j1.1

½Rðp1Þ�D�1
k2.2

½Rðp2Þ�
D�1

j3.3
½Rðp3Þ�wð.1; .2; .3; p1; p2; p3Þ:

ð24Þ

We obtain the reduced helicity density matrix as follows:

qðh�3Þ ¼
X

j1;j2;j3

X
j0
1
;j0

2
;j0

3

Z Z Z
d3p1d

3p2d
3p3D

�1
j1.1

½Rðp1Þ�

D�1
j2.2

½Rðp2Þ�D�1
j3.3

½Rðp3Þ�
�wð.1; .2; .3; p1; p2; p3Þw�ð.01; .02; .03; p1; p2; p3Þ
�D.0

3
j0
3
½Rðp3Þ�D.0

2
j0
2
½Rðp2Þ�D.0

1
j0
1
½Rðp1Þ� j j1; j2; j3

[\j01; j
0
2; j

0
3 j :

ð25Þ

If three particles prepared in z-direction, i.e.,

w
1

2
;
1

2
;
1

2
; p1; p2; p3

� �
6¼ 0; ð26Þ

we rewrite

qðh�3Þ ¼
X

j1;j2;j3

X
j0
1
;j0

2
;j0

3

Z Z Z
d3p1d

3p2d
3p3

�D�1
j1;12

½Rðp1Þ�D�1
j2;12

½Rðp2Þ�D�1
j3;12

½Rðp3Þ�

j wð1
2
;
1

2
;
1

2
; p1; p2; p3Þ j2

�D1
2
j0
3
½Rðp3Þ�D1

2
j0
2
½Rðp2Þ�D1

2
j0
1
½Rðp1Þ� j j1; j2; j3

[\j01; j
0
2; j

0
3 j :

ð27Þ

By this equation and Eq. (2) we have

qðh�3Þ ¼ 1

8

Z Z Z
d3p1d

3p2d
3p3 jU

1

2
;
1

2
;
1

2
;p1;p2;p3

� �
j2

ð1þ cosn1Þ � sinn1
� sinn1 ð1� cosn1Þ

� 	

	
ð1þ cosn2Þ � sinn2
� sinn2 ð1� cosn2Þ

� 	

	
ð1þ cosn3Þ � sinn3
� sinn3 ð1� cosn3Þ

� 	
; ð28Þ

that helicity state U is used as Eq. (24) and 	 means direct

product of the states. If w 1
2
; 1
2
; 1
2
;p1;p2;p3

� �
be independent
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of the angle n (for simplicity without loss of generality),

the reduced helicity density matrix can be calculated as

qðh�3Þ ¼ 1

8

1 � p
4

� p
4

p2

16
� p

4

p2

16

p2

16
� p3

64

� p
4

1
p2

16
� p

4

p2

16
� p

4
� p3

64

p2

16

� p
4

p2

16
1 � p

4

p2

16
� p3

64
� p

4

p2

16

p2

16
� p

4
� p

4
1 � p3

64

p2

16

p2

16
� p

4

� p
4

p2

16

p2

16
� p3

64
1 � p

4
� p

4

p2

16

p2

16
� p

4
� p3

64

p2

16
� p

4
1

p2

16
� p

4

p2

16
� p3

64
� p

4

p2

16
� p

4

p2

16
1 � p

4

� p3

64

p2

16

p2

16
� p

4

p2

16
� p

4
� p

4
1

2
66666666666666666666666666664

3
77777777777777777777777777775

:

ð29Þ

The corresponding eigenvalues are

q01 ¼
1

8
3
p2

16
þ 1þ p

64

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p4 þ 96p2 þ 2304

p� �
;

q02 ¼
1

8
3
p2

16
þ 1� p

64

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p4 þ 96p2 þ 2304

p� �
;

q03 ¼q05 ¼ q07 ¼
1

8
� p2

16
þ 1þ p

64

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p4 � 32p2 þ 256

p� �
;

q04 ¼q06 ¼ q08 ¼
1

8
� p2

16
þ 1� p

64

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p4 � 32p2 þ 256

p� �
;

and the helicity entropy reads

S
ðhÞ
3 ¼ �

X8
i¼1

q0i log2 q
0
i ¼ 1:4752 � 3S

ðhÞ
1 : ð30Þ

If we again suppose the wave packet to be Gaussian

w
1

2
;
1

2
;
1

2
; p1; p2; p3

� �
¼ p�

9
4m�

9
2e

�
p2
1
þp2

2
þp2

3

2m2 ; ð31Þ

whereZ Z Z
jw 1

2
;
1

2
;
1

2
; p1; p2; p3

� �
j2d3p1d3p2d3p3 ¼ 1:

One can write the reduced spin density matrix as

qðs�3Þ ¼ 1

8

Z Z Z
d3p1d

3p2d
3p3 jw

1

2
;
1

2
;
1

2
;p1;p2;p3

� �
j2

ð1þ cosn1Þ e�i/1 sinn1
ei/1 sinn1 ð1� cosn1Þ

" #

	 ð1þ cosn2Þ e�i/2 sinn2
ei/2 sinn2 ð1� cosh2Þ

" #

	 ð1þ cosn3Þ e�i/3 sinn3
ei/3 sinn3 ð1� cosn3Þ

" #
:

ð32Þ

Now suppose three particles move in z-direction so n1 ¼
n2 ¼ n3 ¼ n and w is independent of n then reduced spin

density matrix become

qðs�3Þ ¼ 1

8

1 0 0 0 0 0 0 0

0 1
p2

16
0

p2

16
0 0 0

0
p2

16
1 0

p2

16
0 0 0

0 0 0 1 0
p2

16

p2

16
0

0
p2

16

p2

16
0 1 0 0 0

0 0 0
p2

16
0 1

p2

16
0

0 0 0
p2

16
0

p2

16
1 0

0 0 0 0 0 0 0 1

2
6666666666666666666666664

3
7777777777777777777777775

:

ð33Þ

The eigenvalues for the matrix above is q1 ¼ q3 ¼
1
8

p2
8
þ 1

� �
; q2 ¼ q4 ¼ 1

8
and q5 ¼ q6 ¼ q7 ¼ q8 ¼

1
8

1� p2
16

� �
; so the spin entropy for these eigenvalues are

Ssð3Þ ¼ 2:3988 that is more than two-particle spin entropy

and similar to two-particle state, the spin entropy is more

than helicity entropy for three particle state.

Conclusion and outlook

In this work, we investigated helicity and spin entropy of

systems of two and three massive particles described by

sharp and Gaussian momentum-distributed wave packet,

also with calculating we obtained three interesting results:

1- We showed with increasing the number of particles that

the helicity and spin entropy increases, 2- For one-, two-

and three-particle systems, the spin entropy is more than

helicity entropy, 3- For helicity entropy of two and three

particles, we have approximately two and three times of
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one-particle helicity entropy (good approximation) and the

relation seems to exist S
ðhÞ
n � nS

ðhÞ
1 for helicity entropy of n

particles that an interested reader can check the validity of

this relationship.

Open Access This article is distributed under the terms of the

Creative Commons Attribution 4.0 International License (http://crea

tivecommons.org/licenses/by/4.0/), which permits unrestricted use,

distribution, and reproduction in any medium, provided you give

appropriate credit to the original author(s) and the source, provide a
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