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Abstract A spin–isospin dependent three-dimensional

approach has been applied for the formulation of the three-

nucleon bound state, and a new expression for Faddeev equa-

tion based on three-nucleon free basis states has been obtained.

The advantage of this new expression is that the Faddeev

integral equation has been simpler for numerical calculation.

Keywords Faddeev equation � Three-dimensional

approach � Three-nucleon bound state

Introduction

During the past years, the three-dimensional (3D) approach

has been developed for few-body bound and scattering

problems [1–13]. The motivation for developing this

approach is introducing a direct solution of the integral

equations avoiding the very involved angular momentum

algebra occurring for the permutations, transformations and

especially for the three-body forces.

In the case of the three-body bound state, the Faddeev

equation has been formulated for three identical bosons as a

function of vector Jacobi momenta, with the specific stress

upon the magnitudes of the momenta and the angles between

them [2]. Adding the spin–isospin to the 3D formalism was a

major additional task which was carried out in Ref. [5]. In

this paper we have attempted to reformulate the three-

nucleon (3N) bound state and have obtained a new expres-

sion for Faddeev integral equation. To this end, we have used

3N free basis state for representation of 3N wave function.

This manuscript is organized as follows. In Sect. 2, we

have derived a new expression for Faddeev equation in a

realistic 3D scheme as a function of Jacobi momenta vec-

tors and the spin–isospin quantum numbers. Then, we have

chosen suitable coordinate system for describing Faddeev

components of total 3N wave function as function of five

independent variables for numerical calculations. Finally, in

Sect. 3, a summary and an outlook have been presented.

3N bound state in a 3D momentum representation

Faddeev equation for the 3N bound state with considering

pairwise interactions is described by [14]:

jwMti ¼ G0tPjwMti; ð1Þ

where jwMti is Faddeev component of the total 3N wave

function, Mt being the projection of total angular

momentum along the quantization axis, P = P12P23 ?

P13P23 is the sum of cyclic and anti-cyclic permutations of

three nucleons, t denotes the two-body transition operator

which is determined by a Lippmann–Schwinger equation

and G0 is the free 3N propagator which is given by:

G0 ¼ 1

E � p2

m
� 3q2

4m

; ð2Þ

where E is the binding energy of 3N bound state. To solve

Eq. (1) in the momentum space, we introduce the 3N free

basis state in a 3D formalism as [6]:

jpqci � jpqms1
ms2

ms3
mt1 mt2 mt3i

� jqms1
mt1ijpms2

ms3
mt2 mt3i; ð3Þ
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This basis state involves two standard Jacobi momenta

p and q which are the relative momentum vector in the

subsystem and the momentum vector of the spectator

with respect to the subsystem, respectively [14]. jci �
jms1

ms2
ms3

mt1 mt2 mt3i is the spin–isospin parts of the basis

state where the quantities ms_i(mt_i) are the projections of

the spin (isospin) of each three nucleons along the

quantization axis. The introduced basis states are

completed and normalized as:

X

c

Z
dp

Z
dqjpqcihpqcj ¼ 1; ð4Þ

hp0q0c0jpqci ¼ dðp0 � pÞdðq0 � qÞdc0c: ð5Þ

Now, we start by inserting the completeness relation twice

into Eq. (1) as follows:

hpqcjwMti ¼ 1

E � p2

m
� 3q2

4m

X

c00

Z
dp00

Z
dq00

X

c0

Z
dp0
Z

dq0

� hpqcjtjp00q00c00ihp00q00c00jPjp0q0c0ihp0q0c0jwMti:
ð6Þ

The matrix elements of the permutation operator P are

evaluated as [6]:

hp00q00c00jPjp0q0c0i ¼ d p00 � 1

2
q00 � q0

� �
d p0 þ q00 þ 1

2
q0

� �

� dm00
s1

m0
s3
dm00

s2
m0

s1
dm00

s3
m0

s2
dm00

t1
m0

t3
dm00

t2
m0

t1
dm00

t3
m0

t2

þ d p00 þ 1

2
q00 þ q0

� �
d p0 � q00 � 1

2
q0

� �

� dm00
s1

m0
s2
dm00

s2
m0

s3
dm00

s3
m0

s1
dm00

t1
m0

t2
dm00

t2
m0

t3
dm00

t3
m0

t1
;

ð7Þ

and for the two-body t-matrix we have:

hpqcjtjp00q00c00i ¼ hpms2
ms3

mt2 mt3 jtð�Þjp00m00
s2

m00
s3

m00
t2

m00
t3
i

dðq � q00Þdms1
m00

s1
dmt1

m00
t1
; ð8Þ

where � ¼ E � 3
4m

q2; is the energy carried by a two-body

subsystem in a three-nucleon system. Substituting Eqs. (7)

and (8) into Eq. (6) yields:

hpqcjwMti ¼ 1

E � p2

m
� 3q2

4m

X

m0
s1

m0
t1

Z
dq0

�
� X

m0
s2

m0
t2

hpms2
ms3

mt2 mt3 jtð�Þjpm0
s1

m0
s2

m0
t1

m0
t2
i

� �p0q0m0
s1

m0
s2

ms1
m0

t1
m0

t2
mt1 jwMti

D

þ
X

m0
s3

m0
t3

hpms2
ms3

mt2 mt3 jtð�Þj � pm0
s3

m0
s1

m0
t3

m0
t1
i

� p0q0m0
s1

ms1
m0

s3
m0

t1
mt1 m0

t3
jwMti

D o

¼ 1

E � p2

m
� 3q2

4m

X

m0
s1

m0
t1

m0
sm

0
t

Z
dq0

� hpms2
ms3

mt2 mt3 jtð�Þjpm0
s1

m0
sm

0
t1

m0
ti

n

�hp0q0m0
s1

ms1
m0

sm
0
t1

m0
tmt1 jP23jwMti

þ pms2
ms3

mt2 mt3 jtð�ÞP23jpm0
s1

m0
sm

0
t1

m0
ti

D

� p0q0m0
s1

ms1
m0

sm
0
t1

mt1 m0
tjw

Mti
D o

: ð9Þ

In the last equality, we have used the antisymmetry of

Faddeev component of the 3N wave function as:

P23jwMti ¼ �jwMti; ð10Þ

and also we have considered:

p ¼ 1

2
q þ q0; p0 ¼ q þ 1

2
q0: ð11Þ

The antisymmetrized two-body t-matrix is introduced as

[4]:

ahp0m0
s2

m0
s3

m0
t2

m0
t3
jtjpms2

ms3
mt2 mt3ia

¼ hp0m0
s2

m0
s3

m0
t2

m0
t3
jtð1 � P23Þjpms2

ms3
mt2 mt3i; ð12Þ

where jpms2
ms3

mt2 mt3ia is the antisymmetrized two-body

state which is defined as:

jpms2
ms3

mt2 mt3ia ¼ 1ffiffiffi
2

p ð1 � P23Þjpms2
ms3

mt2 mt3i: ð13Þ

Hence, the final expression for Faddeev equation is

explicitly written:

hpqcjwMti ¼ �1

E � p2

m
� 3q2

4m

X

m0
s1

m0
t1

m0
sm

0
t

Z
dq0

a

� hpms2
ms3

mt2 mt3 jtð�Þjpm0
s1

m0
sm

0
t1

m0
tia

� hp0q0m0
s1

ms1
m0

sm
0
t1

mt1 m0
tjw

Mti: ð14Þ

As a simplification, we rewrite this equation as:

wMt

c ðp; qÞ ¼ �1

E � p2

m
� 3q2

4m

X

m00
s m00

t m0
sm

0
tZ

dq0ta
m00

s m0
sm

00
t m0

t
ms2

ms3
mt2

mt3
ðp; p; �ÞwMt

~c ðp0; q0Þ; ð15Þ

where we have used index ~c instead of m00
s ms1

m0
sm

00
t mt1 m0

t

for simplicity. The previous expression which has been

presented in Ref. [5] is:

waðp; qÞ ¼ 1

E � p2

m
� 3q2

4m

X

cc0a0
gacgc0a0dms3

m0
s1
dmt3

m0
t1

Z
dq0ta

m0
s2

m0
s3

m0
t2

m0
t3

ms1
ms2

mt1
mt2

ðp;�p; �Þwa0 ðp0; q0Þ; ð16Þ

It is clear that in the new Faddeev integral equation,

Clebsch–Gordan coefficients gac and gc0a0 and summing up
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on a0 does not exist. Thus, this new expression is simpler

for numerical calculations in comparison with the previous

one.

For solving Eq. (15), one needs the matrix elements of

the antisymmetrized two-body t-matrix. We connect this

quantity to its momentum-helicity representation in

‘‘Appendix 1’’. To solve this integral equation numerically,

we have to define a suitable coordinate system. It is con-

venient to choose the spin polarization direction parallel to

the z axis and express the momentum vectors in this

coordinate system. With this selection, we can write the

two-body t-matrix and 3N wave function as (see Appen-

dices 1 and 2):

ta
m00

s m0
sm

00
t m0

t
ms2

ms3
mt2

mt3
ðp;p;�Þ ¼ e�i½ðms2

þms3
Þup�ðm00

s þm0
sÞup�t�a

m00
s m0

sm
00
t m0

t
ms2

ms3
mt2

mt3

ðp;xp;cosupp;xp;p;ypp;�Þ; ð17Þ

wMt

c ðp; qÞ ¼ e�i½ðms2
þms3

Þupþðms1
�MtÞuq��wMt

c ðp; xp; cosupq; xq; qÞ;
ð18Þ

wMt

~c ðp0; q0Þ ¼ e�i½ðms1
þm0

sÞup0þðm00
s �MtÞu0 ��wMt

~c ðp0; xp0 ; cosup0q0 ; x0; q0Þ:

ð19Þ

where x0 ¼ q̂0 � ẑ; u0 ¼ uq0 and the labels ± are related to

the signs of sin upp; sin upq and sin up0q0 : With considering:

up ¼ u0 þ upq0 ; up0 ¼ u0 þ up0q0 : ð20Þ

Our final Faddeev equation from Eq. (15) is rewritten as:

�wMt

c ðp;xp;cosupq;xq;qÞ ¼
�1

E� p2

m
� 3q2

4m

X

m00
s m00

t m0
sm

0
t

Z1

0

dq0
Z1

�1

dx0
Z2p

0

du0eiðm00
s þm0

sÞupq0 e�iðms1
þm0

sÞup0q0

� eiðms1
�MtÞðuq�u0Þta

m00
s m0

sm
00
t m0

t
ms2

ms3
mt2

mt3
ðp;xp;cosupp;xp;p;ypp;�Þ�

�wMt

~c ðp0;xp0 ;cosup0q0 ;x
0;q0Þ; ð21Þ

where the variables are developed similar to the 3N

scattering as [13]:

xq ¼ q̂ � ẑ;

xp ¼ p̂ � ẑ;

p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

4
q2 þ q02 þ qq0yqq0

r
;

p0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þ 1

4
q02 þ qq0yqq0

r
;

xp ¼ p̂ � ẑ ¼
1
2

qxq þ q0x0

p
;

xp0 ¼ p̂0 � ẑ ¼
qxq þ 1

2
q0x0

p0 ;

ypp ¼ p̂ � p̂ ¼
1
2

qypq þ q0ypq0

p
;

ypq0 ¼ p̂ � q̂0 ¼
1
2

qyqq0 þ q0

p
;

yp0q0 ¼ p̂0 � q̂0 ¼
qyqq0 þ 1

2
q0

p0 ;

ypq ¼ p̂ � q̂ ¼ xpxq þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � x2

p

q ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � x2

q

q
cosupq;

ypq0 ¼ p̂ � q̂0 ¼ xpx0 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � x2

p

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � x02

p
cosðup � u0Þ;

yqq0 ¼ q̂ � q̂0 ¼ xqx0 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � x2

q

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � x02

p
cosðuq � u0Þ;

cosupp ¼ p̂ � p̂ � ðp̂ � ẑÞðp̂ � ẑÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � ðp̂ � ẑÞ2

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � ðp̂ � ẑÞ2

q ¼ ypp � xpxpffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � x2

p

q ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � x2

p

p ;

cosup0q0 ¼ p̂0 � q0 � ðp̂0 � ẑÞðq̂0 � ẑÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � ðp̂0 � ẑÞ2

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � ðq̂0 � ẑÞ2

q ¼ yp0q0 � xp0x0ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � x2

p0

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � x02

p ;

cosupq0 ¼ p̂ � q0 � ðp̂ � ẑÞðq̂0 � ẑÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � ðp̂ � ẑÞ2

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � ðq̂0 � ẑÞ2

q ¼ ypq0 � xpx0ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � x2

p

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � x02

p :

ð22Þ

It is clear that the Faddeev component of the wave func-

tion w is explicitly calculated as a function of five inde-

pendent variables. In Appendices 4 and 5, we discuss

about the x0- and u0-integration and also determination of

the signs of sine functions without any ambiguity. The

Faddeev integral equation (21) represents a set of three-

dimensional homogenous integral equations, which after

discretization turns into a huge matrix eigenvalue equa-

tion. The huge matrix eigenvalue equation requires an

iterative solution method. We can use a Lanczos-like

scheme that is proved to be very efficient for nuclear few-

body problems [15].

In this stage, we discuss about the total number of

coupled integral equations. The total number of coupled

Faddeev equations for the 3N bound state in a realistic 3D

formalism according to the spin–isospin states is given

by:

N ¼ 2ðNt � NsÞ ¼ 2 Nt �
X3

i¼1

Nmsi

 !
; ð23Þ

where Ns and Nt are the total number of spin and isospin

states, respectively, and Nm_s_i is the number of spin states

for each nucleon. It is clear that Nm_s_i = 2 and Nt = 3 for

our problem. The factor 2 is related to signs of sine

functions of azimuthal angles which is explained in

‘‘Appendix 5’’. Consequently, the total number of

coupled Faddeev equations for either 3H or 3He is

N = 48. The total 3N wave function jWMti is given by

[14]:

jWMti ¼ ð1 þ PÞjwMti: ð24Þ

Now, we derive an expression for the matrix elements of

the total 3N wave function by inserting the 3N free basis

state as follows:
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hpqcjWMti ¼ hpqcjwMti þ hpqcjP12P23jwMti
þ hpqcjP13P23jwMti: ð25Þ

By applying the permutation operator P12P23 and P13P23 to

the 3N free basis state, Eq. (25) can be written as [6]:

hpqcjWMti ¼ hpqcjwMti þ hp2q2c2jwMti þ hp3q3c3jwMti;
ð26Þ

with:

p2 ¼� 1

2
p � 3

4
q; q2 ¼ p � 1

2
q; c2 � ms2

ms3
ms1

mt2 mt3
mt1 ;

p3 ¼� 1

2
p þ 3

4
q; q3 ¼ �p � 1

2
q; c3 � ms3

ms1
ms2

mt3 mt1
mt2 :

ð27Þ

As a simplification, Eq. (26) is rewritten as:

WMt

c ðp; qÞ ¼ wMt

c ðp; qÞ þ wMt

c2
ðp2; q2Þ þ wMt

c3
ðp3; q3Þ: ð28Þ

Now, we rewrite this equation in the selected coordinate

system as:

WMt

c ðp; qÞ ¼ e�i½ðms2
þms3

Þupþðms1
�MtÞuq��wMt

c

� ðp; xp; cosupq; xq; qÞ
þ e�i½ðms3

þms1
Þup2

þðms2
�MtÞuq2

��wMt

c2

� ðp2; xp2
; cosup2q2

; xq2
; q2Þ

þ e�i½ðms1
þms2

Þup3
þðms3

�MtÞuq3
��wMt

c3

� ðp3; xp3
; cosup3q3

; xq3
; q3Þ: ð29Þ

By considering:

up2
¼ uq þ up2q;uq2

¼ uq þ uq2q;

up3
¼ uq þ up3q;uq3

¼ uq þ uq3q;
ð30Þ

Eq. (29) can be written as:

�WMt

c ðp; xp; cosupq; xq; qÞ
¼ �wMt

c ðp; xp; cosupq; xq; qÞ þ eiðms2
þms3

Þupq

� e�i½ðms3
þms1

Þup2qþðms2
�MtÞuq2q��wMt

c2
ðp2; xp2

; cosup2q2
; xq2

; q2Þ
n

þ e�i½ðms1
þms2

Þup3qþðms3
�MtÞuq3q��wMt

c3
ðp3; xp3

; cosup3q3
; xq3

; q3Þ
o
:

ð31Þ

where:

p2 ¼ j � 1

2
p � 3

4
qj ¼ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ 9

4
q2 þ 3pqypq

r
;

p3 ¼ j � 1

2
p þ 3

4
qj ¼ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ 9

4
q2 � 3pqypq

r
;

q2 ¼ jp � 1

2
qj ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ 1

4
q2 � pqypq

r
;

q3 ¼ j � p � 1

2
qj ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ 1

4
q2 þ pqypq

r
;

xp2
¼ p̂2 � ẑ ¼

� 1
2

pxp � 3
4

qxq

p2

;

xp3
¼ p̂3 � ẑ ¼

� 1
2

pxp þ 3
4

qxq

p3

;

xq2
¼ q̂2 � ẑ ¼

pxp � 1
2

qxq

q2

;

xq3
¼ q̂3 � ẑ ¼

�pxp � 1
2

qxq

q3

;

cosup2q2
¼ p̂2 � q̂2 � ðp̂2 � ẑÞðq̂2 � ẑÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 � ðp̂2 � ẑÞ2
q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 � ðq̂2 � ẑÞ2
q ¼

�1
2
p2þ3

8
q2�1

2
pqypq

p2q2
� xp2

xq2ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � x2

p2

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � x2

q2

q ;

cosup3q3
¼ p̂3 � q̂3 � ðp̂3 � ẑÞðq̂3 � ẑÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 � ðp̂3 � ẑÞ2
q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 � ðq̂3 � ẑÞ2
q ¼

1
2
p2�3

8
q2�1

2
pqypq

p2q2
� xp3

xq3ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � x2

p3

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � x2

q3

q ;

cosup2q ¼ p̂2 � q̂ � ðp̂2 � ẑÞðq̂ � ẑÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � ðp̂2 � ẑÞ2

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � ðq̂ � ẑÞ2

q ¼
�1

2
pypq�3

4
q

p2
� xp2

xqffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � x2

p2

q ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � x2

q

q ;

cosup3q ¼ p̂3 � q̂ � ðp̂3 � ẑÞðq̂ � ẑÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � ðp̂3 � ẑÞ2

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � ðq̂ � ẑÞ2

q ¼
�1

2
pypqþ3

4
q

p3
� xp3

xqffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � x2

p3

q ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � x2

q

q ;

cosuq2q ¼ q̂2 � q̂ � ðq̂2 � ẑÞðq̂ � ẑÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � ðq̂2 � ẑÞ2

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � ðq̂ � ẑÞ2

q ¼
pypq�1

2
q

q2
� xq2

xqffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � x2

q2

q ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � x2

q

q ;

cosuq3q ¼ q̂3 � q̂ � ðq̂3 � ẑÞðq̂ � ẑÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � ðq̂3 � ẑÞ3

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � ðq̂ � ẑÞ2

q ¼
�pypq�1

2
q

q3
� xq3

xqffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � x2

q3

q ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � x2

q

q ;

ð32Þ

The labels ± are related to the signs of sin upq; sin up2q2

and sin up3q3
which are determined in ‘‘Appendix 5’’.

Summary and outlook

We extend the recently developed formalism for a new

treatment of the Nd scattering in three dimensions for the

3N bound state [13]. We propose a new representation of

the 3D Faddeev equation for the 3N bound state including

the spin and isospin degrees of freedom in the momentum

space. This work provides the necessary formalism for the

calculation of the 3N bound state observables which is

under preparation.

Open Access This article is distributed under the terms of the

Creative Commons Attribution License which permits any use, dis-

tribution, and reproduction in any medium, provided the original

author(s) and the source are credited.

Appendix 1: Connection between the antisymmetrized

NN t-matrix and its helicity representation

In our formulation, we need the matrix elements of the an-

tisymmetrized two-body t-matrix. We connect these matrix

elements to the corresponding ones in the momentum-
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helicity representation. The antisymmetrized momentum-

helicity basis state which is parity eigenstate is given by [4]:

jp; p̂S23k; t23ipa ¼ 1ffiffiffi
2

p ð1 � P23Þjp; p̂S23kipjt23i

¼ 1ffiffiffi
2

p ð1 � gpð�ÞS23þt23Þjp; p̂S23kipjt23i;

ð33Þ

Here, S23 is the total spin, k is the spin projection along

relative momentum of two nucleons, t23 is the total isospin

and jt23i � jt23si is the total isospin state of the two

nucleons. s is the isospin projection along its quantization

axis which reveals the total electric charge of system.

For simplicity, s is suppressed since electric charge is

conserved. In Eq. (33), P23 is the permutation operator

which exchanges the two nucleons labels in all spaces i.e.,

momentum, spin and isospin spaces, and jp; p̂S23kip is

parity eigenstate which is given by:

jp; p̂S23kip ¼ 1ffiffiffi
2

p ð1 þ gpPpÞjp; p̂S23ki; ð34Þ

where Pp is the parity operator, gp = ± 1 are the

parity eigenvalues and jp; p̂S23ki is momentum-helicity

state. The antisymmetrized two-body t-matrix is given

by [6]:

ta
m0

s2
m0

s3
m0

t2
m0

t3
ms2

ms3
mt2

mt3
ðp;p0; �Þ ¼ 1

4
dðmt2

þmt3
Þ;ðm0

t2
þm0

t3
Þe

�iðk0up�k00up0 Þ

�
X

S23t23p

1 � gpð�ÞS23þt23

� �

� C
1

2

1

2
t23;mt2

mt3

� �
C

1

2

1

2
t23;m

0
t2

m0
t3

� �

� C
1

2

1

2
S23;ms2

ms3
k0

� �
C

1

2

1

2
S23;m

0
s2

m0
s3
k00

� �

�
X

kk0
dS23

k0k
ðxpÞdS23

k00k
0 ðxp0 ÞtpS23t23

kk0
ðp;p0; �Þ;

ð35Þ

where based on momentum-helicity basis states the two-

body t-matrix is defined as:

tpS23t23

kk0
ðp; p0; �Þ �pa hp; p̂S23k; t23jtð�Þjp0; p̂0S23k

0; t23ipa;

ð36Þ

These two-body t-matrix elements are connected to the

solutions of Lippmann–Schwinger equation as follows:

tpS23t23

kk0
ðp; p0; �Þ ¼

PS23

N¼�S23
eiNupp0 dS23

Nk ðxpÞdS23

Nk0
ðxp0 Þ

dS23

k0k
ðypp0 Þ

� tpS23t23

kk0
ðp; p0; ypp0 ; �Þ; ð37Þ

where:

ypp0 ¼ xpxp0 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � x2

p

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � x2

p0

q
cosupp0 : ð38Þ

It should be mentioned that the fully off-shell NN t-matrix

tpS23t23

kk0
ðp; p0; ypp0 ; �Þ; obeys a set of coupled Lippmann–

Schwinger equations which are solved numerically in Ref.

[4]. Finally, Eqs. (35) and (17) can be written as:

ta

m0
s2

m0
s3

m0
t2

m0
t3

ms2
ms3

mt2
mt3

ðp; p0; �Þ ¼ e�i½ðms2
þms3

Þup�ðm0
s2
þm0

s3
Þup0 �t�a

m0
s2

m0
s3

m0
t2

m0
t3

ms2
ms3

mt2
mt3

ðp; xp; cosupp0 ; xp0 ; p
0; ypp0 ; �Þ; ð39Þ

where the labels ± are related to the sign of sin upp0 which

is determined as:

sin upp0 ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � cos2upp0

q
: ð40Þ

we consider positive sign for upp0 2 ½0; p� and negative sign

for upp0 2 ½p; 2p�:

Appendix 2: Azimuthal dependency of the 3N wave

function

We introduce the 3N momentum-helicity basis state as:

jp; p̂S23k; q; q̂S1Ki ¼ jp; p̂S23kijq; q̂S1Ki; ð41Þ

where:

S23 � p̂jp̂S23ki ¼ kjp̂S23ki; ð42Þ
S1 � q̂jq̂S1Ki ¼ Kjq̂S1Ki: ð43Þ

Thus, Faddeev component of the 3N wave function can be

written as:

wMt

c ðp; qÞ ¼
X

S23kS1K

hpqcjp; p̂S23k; q; q̂S1Ki

hp; p̂S23k; q; q̂S1KjwMt i; ð44Þ

with considering:

jp̂S23ki ¼ RSðp̂ÞjẑS23ki ¼ e�iSz
23

up e�iS
y

23
hp jẑS23ki; ð45Þ

jq̂S1Ki ¼ RSðq̂ÞjẑS1Ki ¼ e�iSz
1
uq e�iS

y

1
hq jẑS1Ki; ð46Þ

We have written:

hpqcjp; p̂S23k; q; q̂S1Ki
¼ hpqcjRSðp̂ÞRSðq̂Þjp; ẑS23k; q; ẑS1Ki
¼ hpqcje�iSz

23
up e�iS

y

23
hp e�iSz

1
uq e�iS

y

1
hq jp; ẑS23k; q; ẑS1Ki

¼ e�ims1
uq e�iðms2

þms3
Þuphpqcje�iS

y

23
hp e�iS

y

1
hq jp; ẑS23k; q; ẑS1Ki:

ð47Þ

Also, with considering:

jp; p̂S23ki ¼ RJp
ðp̂Þjpẑ; ẑS23ki

¼ e�iðLz
pþSz

23
Þup e�iðLy

pþS
y

23
Þhp jpẑ; ẑS23ki; ð48Þ

jq; q̂S1Ki ¼ RJq
ðq̂Þjqẑ; ẑS1Ki

¼ e�iðLz
qþSz

1
Þuq e�iðLy

qþS
y

1
Þhq jqẑ; ẑS1Ki; ð49Þ

We have written:
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hp; p̂S23k; q; q̂S1KjwMt i
¼ hpẑ; ẑS23k; qẑ; ẑS1KjR�1

Jp
ðp̂ÞR�1

Jq
ðq̂ÞjwMti

¼ hpẑ; ẑS23k; qẑ; ẑS1KjeiðLy
pþS

y

23
Þhp eiðLz

pþSz
23
Þup

eiðLy
qþS

y

1
Þhq eiðLz

qþSz
1
Þuq jwMti

¼ hpẑ; ẑS23k; qẑ; ẑS1KjeiðLy
pþS

y

23
Þhp eiðLz

pþSz
23
Þupq

eiðLz
pþSz

23
Þuq eiðLy

qþS
y

1
Þhq eiðLz

qþSz
1
Þuq jwMti

¼ eiMtuqhpẑ; ẑS23k; qẑ; ẑS1KjeiðLy
pþS

y

23
Þhp eiðLz

pþSz
23
Þupq

eiðLy
qþS

y

1
Þhq jwMti: ð50Þ

Consequently, Eq. (44) can be rewritten as:

wMt

c ðp; qÞ ¼ e�i½ðms2
þms3

Þupþðms1
�MtÞuq�

�
X

S23kS1K

hpqcje�iS
y

23
hp e�iS

y

1
hq jp; ẑS23k; q; ẑS1Ki

� hpẑ; ẑS23k; qẑ; ẑS1KjeiðLy
pþS

y

23
Þhp eiðLz

pþSz
23
Þupq

eiðLy
qþS

y

1
Þhq jwMti: ð51Þ

Finally, this equation can be written as:

wMt

c ðp; qÞ � e�i½ðms2
þms3

Þupþðms1
�MtÞuq��wMt

c ðp; xp; cosupq; xq; qÞ
ð52Þ

Appendix 3: Parity and time reversal invariance

of the total 3N wave function

In this section, we discuss about properties of the total

wave function under the parity and time reversal invari-

ance. Parity invariance would mean:

hpqcjWMti ¼ hpqcjP�1
p PpjWMti ¼ h�p;�qcjPpjWMti

¼ h�p;�qcjWMti ¼ h�p;�qcjwMti
þ h�p2;�q2c2jwMti þ h�p3;�q3c3jwMti;

ð53Þ

where we have used PpjWMt i ¼ jWMti for the 3N total

wave function. Eq. (53) leads to:

hp; qcjwMti ¼ h�p;�qcjwMti;
hp2; q2c2jwMti ¼ h�p2;�q2c2jwMti;
hp3; q3c3jwMti ¼ h�p3;�q3c3jwMti:

ð54Þ

So we have:

�wMt

c ðp; xp; cosupq; xq; qÞ ¼ e�iðMs�MtÞp�wMt

c

ðp;�xp; cosupq;�xq; qÞ; ð55Þ
�WMt

c ðp; xp; cosupq; xq; qÞ ¼ e�iðMs�MtÞp�WMt

c

ðp;�xp; cosupq;�xq; qÞ; ð56Þ

where Ms = ms_1 ? ms_2 ? ms_3. The time reversal

invariance might be more interesting. The total wave

function can be written as:

hpqcjWMti ¼ hpqcjT�1T jWMti ¼ i2Msh�p;�q;�cjTjWMt i
¼ i2ðMsþMtÞh�p;�q;�cjW�Mti: ð57Þ

Considering parity and time reversal invariance leads to:

hpqcjWMtii ¼2ðMsþMtÞ hpq;�cjW�Mti
¼ i2ðMsþMtÞ hpq;�cjw�Mti þ hp2q2;�c2jw�Mti

�

þ p3q3;�c3jw�Mti
	 


: ð58Þ

So we have:

�wMt

c ðp; xp; cosupq; xq; qÞ ¼ i2ðMsþMtÞp�w�Mt

�c ðp; xp; cosupq; xq; qÞ;

ð59Þ
�WMt

c ðp; xp; cosupq; xq; qÞ ¼ i2ðMsþMtÞp�W�Mt

�c ðp; xp; cosupq; xq; qÞ:

ð60Þ

Appendix 4: The x0-integration

According to Eq. (21), the x0-integration carried out as:

Jðp;xp;cosupq; xq;qÞ ¼
Z1

�1

dx0Cðx0ÞJðp0;xp0 ;cosup0q0 ; x
0;q0Þ;

ð61Þ

where the C is known function determined by ta
±

and exponential functions. This equation can be rewritten

as:

Jðp; xp; cosupq; xq; qÞ ¼
Z0

�1

dx0Cðx0ÞJðp0; xp0 ; cosup0q0 ; x
0; q0Þ

þ
Z1

0

dx0Cðx0ÞJðp0; xp0 ; cosup0q0 ; x
0; q0Þ

¼
Z1

0

dx0Cð�x0ÞJðp0ð�x0Þ; xp0 ð�x0Þ;

cosup0q0 ð�x0Þ;�x0; q0Þ

þ
Z1

0

dx0Cðx0ÞJðp0; xp0 ; cosup0q0 ; x
0; q0Þ;

ð62Þ

Finally, by considering parity invariance which is

described in ‘‘Appendix 3’’, Eq. (62) can be written:
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Jðp; xp; cosupq; xq; qÞ ¼
Z1

0

dx0 ð�ÞMsþMt Cð�x0ÞJðp0ð�x0Þ;
�

� xp0 ð�x0Þ; cosup0q0 ð�x0Þ; x0; q0Þ
þ Cðx0ÞJðp0; xp0 ; cosup0q0 ; x0; q0Þ



:

ð63Þ

Appendix 5: The u0-integration

According to Eq. (21), the u0-integration for fixed

p, q, xp, xq, cosupq and q0 can be written as:

Iðup;uqÞ ¼
Z2p

0

du0eim1ðuq�u0Þeþim2upq0 e�im3up0q0

� A�½cosðuq � u0Þ; cosðup � u0Þ; cosupq�
� sB�½cosðuq � u0Þ�; ð64Þ

where the A ± and B ± are known functions determined

by ta
± and ± w, respectively. As we know, the exponential

functions eþim2upq0 and e�im3up0q0 are functions of cosupq0

and cosup0q0 by considering their sine functions as:

sin upq0 ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � cosu2

pq0

q
;

sin up0q0 ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � cosu2

p0q0

q
:

ð65Þ

Also, the cosine functions cosupq0 and cosup0q0 are function

of uq � u0: Substituting u00 ¼ u0 � uq leads to:

Iðup;uqÞ ¼
Z2p

0

du00e�im1u00
eþim2upq0 e�im3up0q0 A�½cosu00;

cosðupq � u00Þ; cosupq�B�½cosu00�
� I�ðupqÞ; ð66Þ

where the labels of I�ðcosupqÞ depend on the sign of sin upq:

It is clear that the angles upq0 and up0q0 belong to the interval

[-p, 0] when u00 varies in the interval [0, p] and they belong

to the interval [0, p] when u00 varies in the interval [p, 2p].

Furthermore, since the labels of B ± depend on the sign of

sin up0q0 ; thus for u00 2 ½0;p� and u00 2 ½p; 2p�, we can choose

negative and positive labels, respectively. Consequently, the

integral I�ðcosupqÞ can be decomposed as:

I�ðupqÞ ¼
Zp

0

du00e�im1u00
e�im2jupq0 jeþim3jup0q0 jA�

� ½cosu00; cosðupq � u00Þ; cosupq�B�½cosu00�

þ
Z2p

p

du00e�im1u00
eþim2upq0 e�im3up0q0 A�

� ½cosu00; cosðupq � u00Þ; cosupq�Bþ½cosu00�: ð67Þ

Now, we discuss about the labels of A±. As we know, the

labels of A± are related to the sign of sin upp: We can write

upp ¼ upq � upq; and then we have:

sin upp ¼ sin upqcosupq � cosupq sin upq; ð68Þ

where:

cosupq ¼ p̂ � q̂ � ðp̂ � ẑÞðq̂ � ẑÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � ðp̂ � ẑÞ2

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � ðq̂ � ẑÞ2

q ¼ ypq � xpxq
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � xp

p ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � x2

q

q ;

ypq ¼
1
2

q þ q0yqq0

p
;

sin upq ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � cos2upq

q
: ð69Þ

It is clear that the angle upq belongs to the interval [0, p]

when u00 varies in the interval [0, p] and belong to the

interval [p, 2p] when u00 varies in the interval [p, 2p].

Thus, depending on various intervals of variables upq and

u00; we can choose the positive or negative sign for

sin upq and sin upq; and then we can calculate sin upp

from Eq (68). Consequently, for sin upp 2 ½0; 1� and

sin upp 2 ½�1; 0�, we can consider positive and negative

signs of A ± , respectively. Substituting u000 ¼ 2p � u00; in

the second integral of Eq. (67) yields:

Zp

0

du000eþim1u000
eþim2upq0 e�im3up0q0 A�

� ½cosu000; cosðupq þ u000Þ; cosupq�Bþ½cosu000�; ð70Þ

Therefore, Eq. (67) can be rewritten:

I�ðupqÞ ¼
Zp

0

du00e�im1u00
e�im2jupq0 jeþim3ju ~p0q0 jA�

� ½cosu00; cosðupq � u00Þ; cosupq�B�½cosu00�

þ
Zp

0

du00eþim1u00
eþim2upq0 e�im3up0q0 A�

� ½cosu00; cosðupq þ u00Þ; cosupq�Bþ½cosu00�:
ð71Þ
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