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Abstract 

Near the critical layer, a p-polarized laser that impinges on a dense plasma having density 

gradient at an angle to the density gradient transforms into a plasma wave. Even after the laser 

pulse has stopped, the plasma wave survives. The electrons close to the crucial layer are heated 

by the plasma wave. Increased plasma pressure and the production of ion-acoustic waves at 

frequencies lower than those of the ion plasma are the results of a sudden increase in plasma 

electron temperature. It appears to be a mechanism for ion-acoustic waves observed in an 

experiment (Adak et al. Phys. Rev. Lett. 114 (2015) 115001), where alternatively the plasma 

wave can excite ion acoustic waves in Terahertz frequency range via the decay instability. In 

the present work, we have theoretically demonstrated these observations.  

Keywords: Ion acoustic wave, Plasma wave, Terahertz nature, Decay instability 
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1. Introduction 

In physics and engineering, there is a long, rich, and fascinating history of the creation of 

acoustic waves in hydrodynamical systems. This varies from the comparatively banal issues 

related to jet engine acoustic wave generation and rocket propulsion [1]-[7]. Weak plasma that 

may spread shocks over vast stretches of space makes up interstellar space. Understanding 

shocks produced by supernova explosions and other astronomical events is crucial because 

they mix up the circumstellar matter, which has an impact on our understanding of the 

formation of stars and the evolution of galaxies. These phenomena are now possible in 

laboratories using powerful lasers; identical shocks can be produced and investigated 

experimentally. High power laser-solid interactions can be used to generate powerful shocks 

and blast waves at very high energy densities [8]-[11]. 

Numerous decades of research have revealed that electrostatic waves may be produced 

by parametric instabilities that can occur in a high-power laser. When a laser strikes an 

inhomogeneous plasma, the parametric decay, oscillating two-stream instabilities, and resonant 

absorption mechanism can increase absorption at the critical surface where the plasma 

frequency matches the laser frequency. The incident laser energy can decay into a light wave 

and either a low-frequency ion wave (stimulated Brillouin scattering) or an electron plasma 

wave (stimulated Raman scattering). The under-dense portions of the plasma will experience 

these instabilities, which will prevent laser energy from ever reaching the crucial surface where 

the improved absorption mechanisms may function [11]-[13], [16]-[19]. 

             Adak et al. [20] published their exciting experimental findings on the development of 

powerful terahertz acoustic waves by a femtosecond laser in a dense laser-produced plasma. In 

this experiment, a solid foil target was illuminated by a 20-terawatt laser (Ti: sapphire, 30 fs, 

800 nm) with chirped pulse amplification, focused to a 15 𝜇m spot size by an off-axis parabolic 
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mirror at an angle of incidence of 450. On a picosecond time scale, these phenomena were 

discovered in the interaction of a powerful (≥ 1016 𝑊/𝑐𝑚2)  femtosecond laser with dense 

plasma.  

In this paper, we present our theoretical research into the hydrodynamic processes 

brought on by the plasma's rapid heating by a fast electron beam. The pedestal was powerful 

enough to create plasma with small scale lengths despite the contrast ratio being ∼10-4. We 

present a different interpretation for these experiments in this work. The short pulse laser that 

is propagating in the p-polarization mode at an angle to the density gradient transforms into a 

Langmuir wave close to the critical layer (Schematic shown in Fig. 1). The Langmuir wave 

exhibits an Airy function field variation with scale length 𝜆𝑒𝑠 = (𝐿𝑛𝑣𝑡ℎ
2 /𝜔𝐿

2)1/3   in a linear 

density profile with scale length Ln, where vth is the electron thermal speed and 𝜔𝐿 is the laser 

frequency. By using Landau damping and inverse Bremsstrahlung on a short time scale with 

electron temperature scale length  𝜆𝑒𝑠, the Langmuir wave heats the electrons. This sharp rise 

in local plasma pressure acts as a source for ion acoustic waves of frequency 𝜔𝑎𝑐 ≃

(2𝜋/𝜆𝑒𝑠)𝑐𝑠, where 𝑐𝑠 is the ion acoustic sound speed. In section 2, we estimate the amplitude 

of the Langmuir wave and the electron temperature rise. In section 3, we estimate the ion 

acoustic wave amplitude as it propagates down in the under-dense region. 
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      FIG 1. Schematic of the turning point and mode conversion layer. 

 

 

2. Calculations for Langmuir wave and rise in electron temperature 

Consider a plasma half space (z > 0) with equilibrium electron density n0 a linear function of 

z; z < 0 is the free space. We assume the linear plasma density profile to satisfy the plasma 

frequency as  𝜔𝑝
2 = 𝜔2 𝑧

𝐿𝑛
,  ;   At z = 𝐿𝑛 is the critical layer and 𝜔𝑝

2 is the square of plasma 

frequency. A p-polarised laser pulse of energy 𝐸𝐿, pulse duration 𝜏𝐿 and frequency 𝜔𝐿 is 

obliquely incident on the plasma at an angle of incidence 𝜃𝑖. In our treatment, we do not include 

the modification of electron density by nonlinear ponderomotive force. For mode conversion, 

one requires the component of wave field along the density gradient and the separation between 

the critical layer and turning point to be small.  

Near to the critical layer, the short pulse laser that is moving in the p-polarization mode 

at an angle to the density gradient changes into a plasma wave of frequency 𝜔. Let 𝛼 be the 
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fraction of laser energy converted into the plasma wave of associated electric field 𝐸𝑆 and 

energy density 𝑊𝐸𝑆. We also assume that after mode conversion the plasma wave has same 

cross section as that of laser pulse, 𝜋𝑟0
2; where 𝑟0 is the pulse width parameter. 

On conversion, a fraction 𝛼 of laser pulse energy is transformed into plasma wave near 

the critical layer. Then from energy conservation the expression of energy density of both the 

waves is related as 

∫𝑊𝐸𝑆 𝜋𝑟0
2𝑑𝑧  = 𝐸𝐿𝛼                                   --------   (1) 

The S.I. unit of 𝛼  is Coulomb-metre. In the limit of weak fields, the current density 𝐽 is a 

linear function of �⃗�  .i.e. 

𝐽 = 𝜎�⃗�  

where 𝜎 is the electrical conductivity. 

For the amplitude ( �⃗� 𝑠) of the electric field as a slowly varying function of time (as compared 

to the inverse of phase frequency) the current density reads 

𝐽(𝑡) = 𝜎�⃗�  +  𝑖
𝜕𝜎

𝜕𝜔

𝜕�⃗� 𝑠
𝜕𝑡

 𝑒−𝑖𝜔𝑡 

In general,  𝜎 = 𝜎𝑟 + 𝑖𝜎𝑖, i.e. it has real and imaginary parts for higher frequency fields, and 

𝜎𝑟 ≪ 𝜎𝑖. The term  𝐽�⃗�   is averaged over a time period 2𝜋/𝜔  

(𝐽�⃗� )
𝑎𝑣

 =  
1

2
𝜎𝑟|𝐸𝑠|

2  −  
1

4

𝜕𝜎𝑖

𝜕𝜔

𝜕|�⃗� 𝑠|

𝜕𝑡

2

 

This is based on the comparison of the last two equations without magnetic field 

fluctuations.  The expression of energy density of plasma wave is given by 
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      𝑊𝐸𝑆  = 𝜔
𝜕𝜀

𝜕𝜔

𝜀0|𝐸𝑠|
2

4
                                   ---------  (2) 

where 𝜀 is the permittivity associated with the plasma wave and is given as 

𝜀  = 1 − (
𝜔𝑝

2+3𝑘2𝑣𝑡ℎ
2

𝜔2
)              

The thermal velocity of the electrons in terms of electron temperature 𝑇𝑒 is  𝑣𝑡ℎ  = √
𝑇𝑒

𝑚
. From 

the above relation, we get  

𝜕𝜀

𝜕𝜔
 =

2

𝜔

𝜔𝑝
2+3𝑘2𝑣𝑡ℎ

2

𝜔2
   -------------  (3) 

The Eq. (3) is reduced to 
𝜕𝜀

𝜕𝜔
 ≃

2

𝜔
 as 𝜔2 ≃ 𝜔𝑝

2 + 3𝑘2𝑣𝑡ℎ
2 ; Then Eq. (2) can be written as 

𝑊𝐸𝑆  ≃
𝜀0|𝐸𝑠|

2

2
                            -------------  (4) 

For the electrostatic wave, the dispersive dielectric or permittivity, 𝜀𝑟(𝜔, 𝑘) ≅ 0 

𝜕𝜀𝑟

𝜕𝑘
∆𝑘 +

𝜕𝜀𝑟

𝜕𝜔
∆𝜔 = 0  

𝜕𝜀𝑟

𝜕𝑘
= −

𝜕𝜀𝑟

𝜕𝜔
𝑣𝑔  

where 𝑣𝑔 =
∆𝜔

∆𝑘
 is the group velocity of the wave and 𝐸0 is the amplitude of the electric field of 

the plasma wave. Therefore, the net power flux entering the unit volume can be written as  

𝑃 =
1

2
𝜔

𝜕𝜀𝑟

𝜕𝜔

𝐸0
2

8𝜋
𝑣𝑔 

This is the power flow density. One may recognize that 𝑃  is the product of energy density (of 

the field and particle drift motion) and group velocity. 

Through the conversion of laser energy into the plasma wave, the wave propagates 

down the density gradient. By using weak absorption approximation, the plasma wave power 
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flow density can be assumed to be constant for a few scale lengths, then; 𝑊𝐸𝑆𝜐𝑔 = constant =

𝑐1. The  𝜐𝑔 group velocity is given by 

𝜐𝑔 =
𝜕𝜔

𝜕𝑘
=

3𝑣𝑡ℎ
2 𝑘

𝜔
 

Then 

𝑊𝐸𝑆 =
𝑐1

𝜐𝑔
=

𝑐1𝜔

3𝑘𝑣𝑡ℎ
2                                 ---- (5) 

From the dispersion relation of plasma wave: 𝜔2 ≃ 𝜔𝑝
2 + 3𝑘2𝑣𝑡ℎ

2  

𝑘𝑣𝑡ℎ = √
𝜔2−𝜔𝑝

2

3
≃ √

2

3
√

𝜔−𝜔𝑝

𝜔
𝜔   for 𝜔 ≃ 𝜔𝑝 

With the use of 𝑘𝑣𝑡ℎ term, Eq. (5) becomes 

                                 𝑊𝐸𝑆 =
𝑐1

√6𝑣𝑡ℎ
(

𝜔

𝜔−𝜔𝑝
)
1/2

                         -------  (6) 

Using Eq. (6) in Eq. (1), we get 

𝑐1

√6
𝜋𝑟0

2 ∫ (
𝜔

𝜔−𝜔𝑝
)
1/2

1

𝑣𝑡ℎ
𝑑𝑧  = 𝐸𝐿𝛼                      ---------  (7) 

The energy of the electrostatic plasma wave is eventually absorbed by the electrons mainly by 

Landau damping and collisional damping. In our analysis, collisional damping is not 

considered here. In the analysis, the distribution function is modified by the plasma wave. This 

will happen when plasma particles which give rise to resonant wave particle interaction are 

responsible for damping of plasma waves. In this way, energy transfers from the plasma wave 

to electrons. If it is assumed that all the energy associated with the plasma wave is converted 

into electrons energy, then the thermal energy of electrons per unit volume ≃ 𝑊𝐸𝑆. This will 

result into 
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3

2
𝑇𝑒𝑛𝑒 ≃ 𝑊𝐸𝑆 =

𝑐1

√6√𝑇𝑒/𝑚
(

𝜔

𝜔 − 𝜔𝑝
)

1/2

 

 𝑇𝑒 = (
2

27
)
1/3

𝑚1/3 (
𝑐1

𝑛𝑒
)
2/3

(
𝜔

𝜔−𝜔𝑝
)
1/3

                                          ----(8) 

Thus, 

 𝑣𝑡ℎ = √
𝑇𝑒

𝑚
= (

2

27
)
1/6

(
𝜔

𝜔−𝜔𝑝
)
1/6

𝑚−1/3 (
𝑐1

𝑛𝑒
)
1/3

                   -----------(9) 

Using this in Eq. (7) 

𝑐1

√6
𝜋𝑟0

2 ∫(
𝜔

𝜔 − 𝜔𝑝
)

1/3

(
𝑐1

𝑛𝑒
)
1/3

(
27

2
)
1/6

𝑚1/3𝑑𝑧  = 𝐸𝐿𝛼 

𝑐1
2/3

=
𝐸𝐿𝛼

𝜋𝑟0
2𝑚1/322/3

1

∫(
𝜔

𝜔−𝜔𝑝
)
1/3

𝑛𝑒
1/3

𝑑𝑧

                                      ----------  (10) 

In terms of laser intensity, 𝐼𝐿 =
𝐸𝐿

𝜏𝐿𝜋𝑟0
2 , the expression of 𝑐1is reduced to  

𝑐1 = (
𝐼𝐿𝜏𝐿𝛼

𝑚1/322/3)
3/2 1

(∫(
𝜔

𝜔−𝜔𝑝
)
1/3

𝑛𝑒
1/3

𝑑𝑧)

3/2                           ------------ (11) 

Using 𝑐1 from Eqn. (11) in Eq. (8), we get 

𝑇𝑒 = (
𝜔

𝜔−𝜔𝑝
)
1/3

2−1/3𝐼𝐿𝜏𝐿𝛼

3𝑛𝑒
2/3

1

∫(
𝜔

𝜔−𝜔𝑝
)
1/3

𝑛𝑒
1/3

𝑑𝑧

                     --------------(12) 

For linear density profile 𝜔𝑝
2 = 𝜔2 𝑧

𝐿𝑛
, z = 𝐿𝑛 is the critical layer, as mentioned earlier. The 

integral in the denominator of Eq. (12) can be written as 

∫ (
𝜔

𝜔−𝜔𝑝
)
1/3

𝑛𝑒
1/3

𝑑𝑧
𝐿𝑛

0
= 3𝐿𝑛𝑛𝑐𝑟

1/3
                                  ------------- (13) 
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Substituting Eq. (13) in Eq. (12), we get 

𝑇𝑒 = (1 −
𝑧

𝐿𝑛
)
−1/3 𝐼𝐿𝜏𝐿𝛼

9𝑛𝑐𝑟𝐿𝑛
                                              ---------------(14) 

By substituting z in terms of dimensionless parameter 𝛏 , Eq. (14) reduces to 

𝑇𝑒 =
𝐼𝐿𝜏𝐿𝛼

9𝑛𝑐𝑟𝐿𝑛
(1 −

𝜉

𝐿𝑛
(

𝐿𝑛𝑇𝑒

𝜔𝐿
2𝑚

)
1 3⁄

)
−1/3

   ---------------(15) 

The parameters used in the analysis are as 𝐼𝐿 = 1018𝑊/𝑐𝑚2, 𝜏𝐿 = 30 × 10−15 𝑠𝑒𝑐, 𝛼 = 0.1, 

𝑛𝑐𝑟 = 2 × 1021 𝑐𝑚−3 and 𝐿𝑛 = 30 𝜇𝑚.  

 

FIG 2: Thermal energy of electrons as function of parameter ξ =
z

λes
. 

The electron temperature 𝑇𝑒 to its Fourier transform temperature 𝑇𝑒𝑘 is related as per following 

equation 

𝑇𝑒 =
1

√𝜋
 ∫ 𝑇𝑒𝑘

∞

−∞
𝑒𝑖𝑘𝑧𝑑𝑘   and    𝑇𝑒𝑘 =

1

√2𝜋
 ∫ 𝑇𝑒

∞

−∞
𝑒−𝑖𝑘𝑧𝑑𝑧 

As 𝑇𝑒to be localized between z = 0 to 𝐿𝑛, then its spatial width can be obtained as 

𝑇𝑒 ∼ 𝐸𝑠
2 
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The electron temperature varies in the scale length of 𝜆𝑒𝑠 = (
𝐿𝑛𝑣𝑡ℎ

2

𝜔𝑝
2 )

1/3

, where the initial 

temperature is used in the normalization through the thermal velocity. The plot of variation of 

thermal energy of electrons with respect to normalized distance z is shown in Fig. 2. Here it is 

evident that the plasma wave loose its energy to electrons at a small length scale near the critical 

layer (means the rate is faster) and the electron temperature is high near the critical layer. So, 

it implied that sudden change in temperature leads to large gradient in the electron density. 

This change in density is responsible for the acoustic wave generation in plasma. 

3. Ion acoustic wave evolution in THz frequency range 

Now the analysis can be done by taking into consideration of the plasma wave potential, 𝜑. 

Again, considering the plasma wave in a density gradient of the form, 

𝜔𝑝
2 = 𝜔2 (1 +

𝑧

𝐿𝑛
) 

The Langmuir wave dispersion relation is 𝜔2 = 𝜔𝑝
2 + 3𝑘2𝑣𝑡ℎ

2 . Based on this, we can also write 

𝑘2𝜑 =
𝜔2 − 𝜔𝑝

2

3𝑣𝑡ℎ
2 𝜑 

or 

𝑑2𝜑

𝑑𝑧2
+

𝜔2 − 𝜔𝑝
2

3𝑣𝑡ℎ
2 𝜑 = 0 

This can be further modified as 

𝑑2𝜑

𝑑𝑧2
−

𝜔2

3𝑣𝑡ℎ
2 𝐿𝑛

𝑧𝜑 = 0    ---------------(16) 
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In terms of dimensionless quantities (
3𝑣𝑡ℎ

2 𝐿𝑛

𝜔2 )
1/3

= 𝜆𝑒𝑠,  
𝑧

𝜆𝑒𝑠
= 𝜉;  Eq. (16) takes the form 

                                           
𝑑2𝜑

𝑑𝜉2 − 𝜉𝜑 = 0                                   ---------------      (17) 

The solution of Eq. (17) can be written in terms of Airy function 

𝜑 = 𝐴𝑠𝐴𝑖(−𝜉)𝑒−𝑖𝜔𝑡                    ---------------      (18) 

The variation of this potential is shown in Fig. 3, where it is evident that the fall in the 

plasma potential is similar to the Airy function, and it is showing the large potential in small 

region of normalized distance. The particles lying in this potential region will gain energy in a 

large extent, resulting in a large pressure gradient. As the plasma wave propagates into plasma, 

due to resonant interaction with the plasma species via Landau damping, it results into gain of 

energy to electrons.  

 

FIG. 3: The amplitude of plasma potential φ as a function of normalized distance ξ =
z

λes
. 

From Eq. (18), the temporal damping rate 𝛤 and spatial damping rate 𝑘𝑖 are related by 

the following equation 

2𝛤𝜔 = 6𝑘𝑘𝑖𝑣𝑡ℎ
2  
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𝑘𝑖 =
𝛤

3𝑘𝑣𝑡ℎ
2 𝜔 ≃

𝛤

√3

𝜔/𝑣𝑡ℎ

(𝜔2 − 𝜔𝑝
2)

1/2
 

This can be seen that 𝑘𝑖 reduces to the following simple form 

𝑘𝑖 =
𝜔𝑝

4

(𝜔2 − 𝜔𝑝
2)

2

𝜔𝑝

𝑣𝑡ℎ√3
𝑒𝑥𝑝 [−

𝜔𝑝
2

𝜔2 − 𝜔𝑝
2
] 

 

FIG. 4: Dimensionless propagation vector 
𝐯𝐭𝐡𝐤𝐢

𝛚𝐩
 versus dimensionless frequency  

𝛚𝐩

𝛚
. 

             Fig. 4 shows that the absorption of energy by the electrons from the plasma wave is 

high just near the critical layer. As electron and ion motions are not independently controlled, 

the change in electron density is expected to cause a variation in the ion density. But the 

electrons are the species which show the fast response compared to the ions. The rise in plasma 

temperature in the small and localized region near the critical layer due to sudden rise in the 

electron temperature gives rise to large oscillations in the ion density. The ion density 

oscillations give rise to the excitation of ion acoustic wave, corresponding to which the wave 

number in localized region is written as 

𝑘𝑎𝑐 ∼
2𝜋

𝜆𝑒𝑠
= (

𝜔𝑝
2

𝐿𝑛𝑣𝑡ℎ
2 )

1/3

≃
𝜔𝐿

𝑐
(

𝑐3

𝑣𝑡ℎ
2 𝜔𝐿𝐿𝑛

)

1/3
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 We calculate the sound frequency using the parameters:  
𝜔𝐿𝐿𝑛

𝑐
=

2𝜋𝐿𝑛

𝜆0
= 60 and 𝑘𝑎𝑐 ≃

𝜔𝐿

𝑐
(
100

60
)
1/3

≃
𝜔𝐿

𝑐
 in the dispersion relation as 

𝜔𝑎𝑐 = 𝑘𝑎𝑐𝑐𝑠 = 𝜔𝐿

𝑐𝑠

𝑐
= 2 × 1015 ×

1

650
= 3 × 1012 𝑟𝑎𝑑/𝑠𝑒𝑐 

Clearly the value 3 × 1012 𝑟𝑎𝑑/𝑠𝑒𝑐 of the frequency of ion acoustic wave is in Terahertz 

range. This explains the possible phenomenon of Terahertz acoustic wave generation by a 

femtosecond laser pulse in a dense plasma having density gradient. 

4. Concluding remarks 

In the present scheme, a short pulse laser moving in the p-polarization mode at an angle to the 

density gradient is found to convert into a Langmuir wave or plasma wave. In a linear density 

profile with scale length Ln, this wave displays an Airy function field variation with a scale 

length of 𝜆𝑒𝑠~20 µ𝑚. The Langmuir wave heats the electrons utilising Landau damping and 

inverse Bremsstrahlung on a short time scale with electron temperature scale length  𝜆𝑒𝑠. Ion 

acoustic wave with the frequency  𝜔𝑎𝑐 ≃ 3 × 1012  rad/sec is generated as a result of this 

abrupt increase in local plasma pressure when the laser with frequency 2 × 1015 𝑟𝑎𝑑/𝑠𝑒𝑐 is 

launched in a plasma having strong density gradient with density scale length of 9 m. 
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