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Abstract 

The Bohm sheath criterion is formulated by using Sagdeev potential approach for electronegative warm 

plasma under oblique magnetic field and secondary electron emission from the wall. In this model the 

effect of collisions between positive ions and neutral, ionization, electronegativity, non-extensivity and 

temperature ratio (positive/negative ion to electron) are also considered to get the exact behavior of 

velocity of positive ions at the edge of the sheath. Results are compared with the cases of collision-less, 

ionization-less and absence of electron emission from the wall and it is found that the Bohm velocity 

for this case is decreased faster with the increase of non-extensivity and the angle of inclination of the 

applied magnetic field. Also, Bohm velocity gets increased when the electric field at the edge of the 

sheath increases. Although Bohm velocity does not depend on the strength of the magnetic field, but 

the slope in the electrostatic potential gets increased and the sheath thickness decreased on raising the 

strength of the magnetic field. 

1. Introduction 

The sheath formation takes place when an absorbing or conducting wall is in contact with plasma. The 

sheath plays an important role in plasma wall interaction (PWI). In current years a lot of attention has 

been given to sheath formation mechanism due to its application to plasma processing technology [1,2], 

thin film deposition [3-6], magnetic confinement fusion plasma and lab plasma. To improve the lifetime 

and performance of electric propulsion (EP) devices [7,8] the effect of sheath has been studied by the 

researchers. If the unwanted effects of PWI are mitigated then it can improve the thruster parameters 

such as total thruster efficiency, thrust density and propellent ionization efficiency [9]. In a simplified 

model it has been observed that the electrons, having a higher mobility than the ions, when bombard 

the wall can create a negative potential on the wall with respect to the plasma. Now to balance the flow 

of ions and electrons to the wall there is the formation of positive space charge adjacent to the wall 

(region known as sheath) while adjacent to the plasma there is the region of presheath which functions 

to full fill the well-known Bohm criterion. The width of the sheath is in a few Debye radius while of 

the presheath is determined by the size of plasma container or by the ion mean free path. These two 

regions have different characteristics and functions, and hence the plasma boundary problem is solved 

in two scales separately. The electric field is considered zero in the presheath on the sheath scale 

considering the presheath region as infinitely large. So, an appropriate boundary condition is required 

for modelling the sheath because it affects both the sheath as well as the bulk plasma. For example, in 

tokamak the sheath boundary condition is involved in plasma edge transport process phenomenon 

[10,11]. In the absence of magnetic field, the minimum required velocity of ions, i.e., the Bohm velocity, 

for a weakly collisional plasma has been given by the researchers [12-14] as 

uiz ≥ Cs = √
kB(Te + γTi)

Mi
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Here Cs is the ion acoustic speed,  kB is the Boltzmann constant, Te is the electron temperature, Ti is 

the ion temperature and Mi is the mass of ions. γ = 1 is taken in the case of isothermal approximation, 

otherwise γ = 3, 2 and 
5

3
  for one-, two- and three-dimensional adiabatic approximations, respectively. 

In presence of an oblique magnetic field, it has been shown numerically by the researchers that the ion 

velocity at the sheath edge should be greater than the ion acoustic speed and it also depends on the 

incident angle θ of the magnetic field [15,16] for a weakly collisional plasma sheath. Specifically, the 

relation between the ion velocity uiz and the ion acoustic speed Cs reads 

uiz = Cscosθ. 

Generally, the effects of ionization and collisions can be neglected in weakly collisional sheath while 

in strong collisional sheath the ionization and collisions affect the sheath structure as well as the Bohm 

criterion. Few researchers [17-19] have considered the collisional plasma sheath attempting to see the 

effects of magnetic field and collisions in their model. They have found that the collisions diminish the 

influence of magnetic field on the velocity of ions at the sheath edge in a cold ion plasma. But in the 

magnetic confinement fusion plasma, the edge tokamak plasma contains the ions having temperature 

comparable to that of the electrons, sometimes the temperature of the positive ions is even higher than 

that of the electrons. Few researchers [20,21] have considered the effect of the ion temperature along 

with the collisions and external magnetic field on Bohm criterion and have shown that the temperature 

of ions affects the properties of sheath.  

During the plasma-wall interaction, the emission of electrons takes place from the wall due to 

the bombardment of electrons and ions on the wall. The electrons having energy greater than 30 eV and 

the ions having energies greater than 10 keV can produce secondary electron emission from the wall 

[22-26]. In fusion plasmas [27-30], the wall gets heated due to the plasma itself that is present in the 

container, because of which the thermionic emission of electrons may occur. Here the sheath between 

the plasma and the wall acts as an insulator, trying to isolate the wall from the particles and heat transfer. 

But the electron emission influences the sheath characteristics, and it reduces the electrostatic potential 

inside the sheath which increases the heat flux and particle flux to the wall. Ultimately the plasma 

surface treatment sputtering process, ion implantation and particle/energy transport get influenced by 

these emitted electrons from the wall. The sheath with emitted electrons has been theoretically 

investigated by the researchers [31-39] considering the Boltzmann distribution of the electrons. But it 

is generally experienced that there exist systems where there is a deviation from this Boltzmann 

distribution [40,41]. These types of the systems are known as non-extensive and have been explained 

by Tsallis [42]. On the other hand, the behavior of sheath has also been found to be influenced by the 

introduction of negative ions [43,44]. In the present article, we consider a plasma system having the 

positive ions of finite temperature, negative ions, collisions, ionization, and electrons with non-

extensive distribution under the effect of external magnetic field. With the inclusion of all these 

parameters in the model, Bohm sheath criterion is obtained analytically by applying Sagdeev potential 

approach. Largely the electrostatic potential is plotted for various parameters to show the general picture 

of plasma-wall interaction. 

2. Theoretical Model 
In our model, the positive ions and secondary electrons are described by the fluid equations, i.e., 

continuity and momentum transfer equations. The bulk plasma electrons are described by the non-

extensive distribution while the negative ions are in thermodynamic equilibrium following the 

Boltzmann distribution. The magnetic field is applied obliquely to the wall in the x-z plane, while the 

electric field is in the z-direction (as shown in Fig. 1). Under the said arrangement, the 𝐄 × 𝐁 drift is 

only in the y-direction. We have assumed that the wall is infinitely long in the x- & y-directions, which 

means that the sheath is homogenous in x-y plane and the physical properties change only in the z-

direction, i.e., normal to the wall. The edge of the sheath is taken to be at z = 0. 
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Figure 1. Schematic diagram depicting the magnetic configuration and secondary electron emission 

from the wall. 

 The expression of the magnetic field 𝐁 and the basic equations for the positive ions under the 

said situation read 

𝐁 = B0cosθẑ + B0sinθx̂                                                                                               (1) 

d

dz
(npvpz) = 𝑣𝑖𝑧ne                                                                                                       (2) 

Mpnpvpz
dvpx

dz
= enpvpyB0cosθ − Mpnp𝑣vpx − Mpne𝑣𝑖𝑧vpx                                     (3)                                                   

Mpnpvpz
dvpy

dz
= enp(vpzB0sinθ − vpxB0cosθ) − Mpnp𝑣vpy − Mpne𝑣𝑖𝑧vpy            (4)                                                             

Mpnpvpz
dvpz

dz
= enp (−

dη

dz
− vpyB0sinθ) − kBTp

dnp

dz
− Mpnp𝑣vpz − Mpne𝑣𝑖𝑧vpz  (5)     

 

In the above equations, np and ne are the density of positive ions and electrons, respectively. vpx, vpy 

and vpz are the velocity components of the positive ions along x-, y- and z-directions, respectively. 𝑣𝑖𝑧 

is the ionization frequency. 𝑣 is the collision frequency. B0 is the magnetic field strength. Mp and Tp 

are respectively the mass and temperature of the positive ions. 𝜂 is the potential inside the sheath with 

respect to the edge. 

 The density distribution of the bulk plasma electrons is given by 

ne = ne0  (1 + (q − 1)
eη

kBTe
)

(3q−1)

(2q−2)
                                                            (6) 

Here q is the non- extensivity parameter. ne0 and Te are respectively the background density and 

temperature of the electrons. e is the electronic charge.  

 The density distribution of the negative ions is given by 
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nn =  nn0exp (−
eη

kBTn
)                                                                              (7) 

Here nn0 is the background density of the negative ions and Tn is their temperature. 

The secondary electrons are governed by the following equations 

d

dz
(nsvsz) = 0                                                                                                   (8) 

msvszns
dvsx

dz
= −eB0 vsysinθ                                                                          (9) 

msvszns
dvsy

dz
= eB0(vsxcosθ − vszsinθ)                                                       (10)                                                 

msvszns
dvsz

dz
= eB0 (−

dη

dz
−kBTs

dns

dz
+ vsysinθ)                                          (11)                                     

Here ns is the density of the secondary electrons and vsx, vsy and vsz are respectively their velocity 

components along x-, y- and z-directions. 

The densities are normalized by the background density of the electrons ne0, velocity 

components are normalized by Csp = √
kBTe

Mp
 , the distance is normalized by the Debye length λde =

√
ε0kBTe

ne0e2  and the potential is normalized by −
kBTe

e
. Hence, the quantities in terms of the normalized 

parameters are written below. 

up =
vp

Csp
;  un =

vn

Csp
; ξ =

z

λde
;  ϕ = −

eη

kBTe
; λ =

𝑣

𝑣𝑖𝑧
; γp =

T𝑝

Te
;   γn =

Tn

Te
; ts =

Ts

Te
 Ne =

ne

ne0
 ; NP =

nP

ne0

 ; NN =
nN

ne0
  ; NS =

nS

ne0
 ; pi = √

ne0e2

ε0Mp
 ; ic =

eB

Mp
; β =

ic

pi
; 𝑟 =

λde

Λ
; Λ =

Csp

𝑣𝑖𝑧
. 

Here Np  is the normalized density of the positive ions, and upx, upy and upz are their normalized 

velocity components, λ is the collisional parameter, r is the non-neutrality parameter for ionization and 

β is the ratio of ion cyclotron frequency to the ion plasma frequency.  ε0 is the permittivity of free space, 

Λ is the ionization length, Ne and Nn are the normalized densities of the electrons and negative ions, 

respectively, Ne0 and Nn0 are the normalized densities of the positive and negative ions, respectively 

at the sheath edge, Ns is the normalized density of secondary electrons, and usx, usy and usz are their 

normalized velocity components. γp, γn and ts are the temperature ratios. 

 The basic equations in the normalized form are written below   

 

d

dξ
(Npupz) = rNe                                                                                         (12) 

dupx

dξ
=

1

upz
(upyβcosθ − λupxr −

Ne

Np
upxr)                                                  (13)           

dupy

dξ
=

1

upz
(βsinθ − upxβcosθ − λupyr −

Ne

Np
upyr)                                    (14)                         

dupz

dξ
= (1 −

γp

upz
2 )

−1

(
1

upz

dϕ

dz
−

βupysinθ

upz
− γpr

Ne

Np

1

upz
2 − λr −

Ne

Np
r)                (15)                  
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                            Ne =  (1 − (q − 1)ϕ)
(3q−1)

(2q−2)                                                                       (16) 

Nn =  Nn0exp (−
ϕ

𝛾𝑛
)                                                                                  (17) 

d

dξ
(Nsusz) = 0                                                                                             (18) 

dusx

dξ
= −β

usy

usz
 sinθ                                                                                       (19) 

dusy

dξ
=

β

usz
(usxcosθ − uszsinθ)                                                                   (20) 

dusz

dξ
=

μs

usz
(−

dϕ

dξ
−

ts

Ns

dNs

dz
+ βusysinθ)                                                        (21) 

Poisson’s equation in the normalized form is written as  

d2ϕ

dξ
2 = (Np − Nn − Ne − Ns)                                                  (22) 

Finally, the neutrality condition in the normalized form reads 

Np0 ≅ 1 + Nn0 + Ns0                                                            (23) 

The solution of second order differential equation (22) can be found by using numerical methods [38,45-

48]. Generally for solving this type of coupled differential equations we use Runge- Kutta (ODE-45 ) 

where boundary conditions are also applied. To get the Bohm velocity by using Sagdeev’s potential 

approach we multiply the Poisson’s equation (22) by ϕ′ (prime refers to the derivate) and then integrate 

it to get 

ϕ′2

2
−

ϕ′
0
2

2
= −ψ𝑆(ϕ, up0z)                                                               (24) 

where ψ𝑆(ϕ, up0z) = − ∫ (Np − Nn − Ne − Ns)dϕ
ϕ

0
 is the Sagdeev potential. At the sheath edge 

ψ𝑆(0, up0z) = 0 and 
∂

∂ϕ
ψ𝑆(0, up0z) = 0 . 

∂2

∂ϕ
ψ𝑆(0, up0z) < 0 is the maximising condition for the Sagdeev potential. Following this method, the 

z-component of the velocity of the positive ions at the edge of sheath i.e., Bohm velocity is calculated, 

where the relation of the y-component of the positive ion velocity and the secondary emitted electrons 

up0y =
ϕ0

′ Sinθ

β
= us0y  is used. Hence, the ion velocity at the edge is given by  

 

up0z

=

(
−2r + λrNp0

ϕ
0
′ ) + √(

−2r + λrNp0

ϕ
0
′ )

2

+ 4 (
Nn0

γ
n

+
(3q − 1)

2
−

μ
s
Ns0cos2θ

(usx0
2 − μ

s
ts)

) (Np0cos2θ +
Nn0

γ
n

γ
p

+
(3q − 1)

2
γ

p
)

2 (
Nn0

γ
n

+
(3q − 1)

2
−

μ
s
Ns0cos2θ

(usx0
2 − μ

s
ts)

)

 

 

(25) 
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2.1 Limiting cases 

(a) For the normal incidence of the magnetic field, we have θ = 00 and cos θ → 1 and the above 

expression reduces to  

up0z

=

(
−2r + λrNp0

ϕ
0
′ ) + √(

−2r + λrNp0

ϕ
0
′ )

2

+ 4 (
Nn0

γ
n

+
(3q − 1)

2
−

μ
s
Ns0

(usx0
2 − μ

s
ts)

) (Np0 +
Nn0

γ
n

γ
p

+
(3q − 1)

2
γ

p
)

2 (
Nn0

γ
n

+
(3q − 1)

2
−

μ
s
Ns0

(usx0
2 − μ

s
ts)

)

 

(b) For collision-less and ionization free electropositive plasma without electron emission, we have 

λ = 0, r = 0, Nn0 = 0 and  Ns0 = 0. Then the relation reads  

up0z ≥ √
2

(3q−1)
cosθ 

This result matches with the expression obtained by Safa et al. [49]. 

(c) For collision-less and ionization free electronegative warm plasma without electron emission, λ =

0, r = 0, and  Ns0 = 0. Then the relation reads 

up0z ≥ √𝛾𝑝 +
2Np0cos2θ

(
2Nn0

γn
+ (3𝑞 − 1))

 

This is the same expression as obtained by Asserghine et al. [50]. 

(d) For collision-less, ionization free, un-magnetized, electropositive plasma with cold ions, Boltzmann 

distributed electrons and without emission of electrons from the wall we have λ = 0, r = 0, γp = 0, 𝛽 =

0 , Nn0 = 0, 𝑞 → 0 and  Ns0 = 0. Under this limiting case, the expression reads  

up0z ≥ 1 

This result is the same as given by Chen [51]. 

 

3. Results and Discussion 
The effect of the electric field ϕ′

0 and inclination angle θ (in degrees) of magnetic field at the sheath 

edge on the z-component of velocity upoz is plotted in Fig. 2. It is found that as θ increases there is a 

reduction in the velocity upoz, means the minimum velocity required by the positive ions to enter the 

sheath gets reduced. The reason behind this is that the increase of the inclination angle makes the 

Lorentz force stronger on the positive ions in the z-direction, leading to smaller velocity the ions. On 

the other hand, the value of upoz  increases with the increasing field ϕ′
0. Clearly it can be understood 

that increase in the electric field at the edge of the sheath means there is more electric field in the pre-

sheath region and this electric field is responsible for enhancing the velocity of positive ions. This result 

of dependency of upoz on the angle of inclination also matches with the result of [18]. 

 

 



 

7 
 

 

 

Figure 2. Bohm velocity upoz as a function of magnetic field inclination angle θ (in degrees) and electric 

field ϕ′
0 at the sheath edge for Nn0 = 2, Ns0 = 0.008, us0 = 1500, μs = 1864, ts = 0.05, r=0.1, γP =

0.1, γn = 0.1, q=0.5 and λ = 1. 

 

Figure 3. Bohm velocity upoz as a function of ionization parameter r and non-extensivity q for Nn0 =

1, Ns0 = 0.008, us0 = 1500, ts = 0.1, μs = 1864, θ = 300, ϕ′
0 = 0.8, r = 0.1, γP = 0.001, γn =

0.05 and λ = 1. 

The non-extensivity and the ionization present inside the plasma play a vital role in the 

modification of the Bohm velocity which is evident from Fig. 3; here upoz gets decreased with the 

increasing values of the non-extensivity q. This result matches with the observation of other researchers 

[52] where they have considered cold positive ions but, in our case, the velocity is decreased mildly. 

For increase in the non-neutrality parameter r, i.e., when ionization increases, the values of upoz get 



 

8 
 

decreased, which may be due to the loss of energy by the ions in the presence of higher ionization in 

the plasma.  

 

Figure 4. Bohm velocity upoz as a function of positive ion to electron temperature ratio γP and 

collisional parameter λ for Nn0 = 2, Ns0 = 0.008, us0 = 1500, ts = 0.1, μs = 1864, θ = 300, ϕ′
0 =

0.1, r = 0.1, γn = 0.1 and q = 0.5. 

The collisions between the positive ions and neutral atoms affect the minimum velocity 

required to enter the sheath, i.e., the velocity upoz (Fig. 4). As the collisions are increased, the values 

of upoz decrease. This is because during the increase in the collision there is more momentum transfer 

and loss of energy. While increase in the positive ion to electron temperature ratio γP results in the 

insignificant increase in upoz. But researchers have found that with the increase in the temperature of 

positive ions the Bohm velocity should also increase. This difference in the result is made by the 

ionization and secondary electron emission from the wall.  

The electronegativity Nn0 is found to have a significant role on the Bohm criterion. This is 

observed that the negative ions try to help the positive ions to enter the sheath. The velocity upoz  gets 

reduced when the value of Nn0 is increased. While the increase in the temperature ratio of negative ion 

increases upoz (Fig. 5).  The inclination angle of magnetic field 00 and 300 are also compared and it 

can be seen that upoz is more for 00(yellow region) than that of 300(brown region). This is because the 

Lorentz force is stronger on the positive ions in the z-direction for 00 which reduces with the increase 

of the inclination angle and hence, the velocity gets reduced though the variation with electronegativity 

Nn0 and temperature ratio of negative ion remains the same. 
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Figure 5. Bohm velocity upoz as a function of electronegativity Nn0 and negative ion to electron 

temperature ratio γn for Ns0 = 0.008, us0 = 1500, ts = 0.1, μs = 1864, ϕ′
0 = 0.1, r = 0.1, γp = 0.1, 

q = 0.5 , λ = 1 , θ = 00(yellow region) and θ = 300(brown region). 

 

Figure 6. Bohm velocity upoz as a function of normalized ionization parameter r for different density 

of the secondary electrons at the edge of sheath (Ns0) and magnetic field inclination angle θ (in degrees) 

for Nn0 = 2, us0 = 1500, ts = 0.1, μs = 1864, ϕ′
0 = 0.1, γp = 0.1, γn = 0.1, q = 0.5 and λ = 1. 

 

The Bohm velocity is plotted as a function of the non-neutrality parameter in Fig. 6. The 

velocity upoz decreases as non-neutrality parameter is increased. As the density of the secondary 

electrons at the edge of sheath (Ns0) is increased from 0.001 to 0.09, the values of upoz get increased 

(evident from the red dashed line and solid line in the figure). On the other hand, the velocity  upoz gets 

decreased when the magnetic field inclination angle θ is increased. 
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(a) 

 

(b) 

Figure 7. Bohm velocity upoz as a function of non-extensivity and magnetic field inclination angle θ 

(in degrees) for (a) collision-less, ionization free, cold ions and zero emission of electrons from the wall 

(b) collision-less, ionization free, zero emission of electrons from wall in electronegative warm plasma. 

When we neglect the collisions, ionization, negative ions / electronegativity, temperature of the 

positive ions and the electron emission from the wall, then it is found that the decrease in the z-

component of the velocity is faster with the increase in the inclination of magnetic field and non-

extensivity parameter (Fig. 7a). While this decrease is slower in the presence of the mentioned 

parameters, as shown in Figs. 2 and 3. However, there is insignificant change in upoz with the increase 

in q value when the electronegativity and temperature of the positive ions are taken into account. 

Though upoz decreases with the inclination angle, as shown in Fig. 7b, but not at the rate as it was for 

the case of Fig. 7a.  
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Figure 8. Normalized electrostatic potential as a function of normalized distance for different strength 

of the magnetic field for Nn0 = 2, Ns0 = 2 us0 = 100, ts = 0.01, μs = 1864, θ = 600, ϕ′
0 = 0.01, 

γp = 0.1, r = 1, up0 = 3, γn = 0.1, q = 1 and λ = 1.  

 

Figure 9. Normalized electrostatic potential as a function of normalized distance for different strength 

of the magnetic field for Nn0 = 2, Ns0 = 0.001 us0 = 100, ts = 0.01, μs = 1864, ϕ′
0 = 0.01, γp =

0.1, γn = 0.1, r = 0.1, up0 = 3, q = 0.97, β = 0.5, and λ = 1.  

The impact of strength of magnetic field and inclination angle on the electrostatic potential and 

sheath thickness is shown in Fig. 8 and Fig. 9, respectively. As the magnitude of the magnetic field is 

increased, though the Bohm velocity is not affected (from equation 25) but the slope of the electrostatic 

potential gets increased. For example, for the density n = 1016m−3, electron temperature Te = 2eV 

and the ratio of ion cyclotron frequency to the plasma ion frequency β = 0.01, the sheath thickness is 

5.2 × 10−4m. When β is increased to 0.5 the sheath thickness is decreased to 4.5 × 10−4m. The 

magnetic field B is in the units of Tesla. This is due to the reason that on increasing the strength of the 

magnetic field there is an enhancement in the net space charge density and hence the electrostatic 
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potential also gets increased and the sheath thickness gets reduced. Also, the sheath thickness gets 

decreased from 5.09 × 10−4m to 4.24 × 10−4m when the angle θ is increased from 00 to 600, as 

shown in Fig. 9. In the end, this will be worth to mention that our results shall play a crucial and 

advantageous role in the plasma systems where the magnetic field is externally applied, collisions take 

place between the positive ions and neutral atoms, non-extensive plasma electrons exist and there is 

secondary electron emission from the wall. It has been observed through our realistic model that the 

Bohm velocity at the edge is greatly influenced by the above parameters. To get the desired deposition 

rate in the magnetron sputtering processes our results will be beneficial where the thin film deposition 

gets affected by the kinetic energy of the positive ions. Also, in the sputtering systems and ion 

implantation where the electron emission can take place, our results can give the idea for the optimum 

parameters needed to achieve good results.  

4. Conclusions 
The z-component of ion velocity at the sheath edge (Bohm velocity) depends on the collisions, 

ionization, angle of magnetic field, non-extensivity, temperature ratio (positive / negative ion to 

electron), electronegativity, density of secondary electrons and electric field at the edge of the sheath. 

The Bohm velocity is independent of the strength of the applied magnetic field. As the angle of 

inclination of the magnetic field is increased, the velocity attains lower values. The Bohm velocity 

increases with the increase in the electric field and density of secondary electrons at the sheath edge 

and temperature ratio (positive / negative ion to electron). For increase in the collisional parameter, non-

neutral parameter (for ionization), extensivity and electronegativity, there is a reduction in the Bohm 

velocity. On comparing with collision-less, ionization free and no emission of electrons from the wall 

the Bohm velocity decreases slowly with the increase in the value of non-extensivity and inclination 

angle of the magnetic field. The electrostatic potential gets affected by the strength of the magnetic 

field. The sheath thickness reduces on increasing the magnetic field and its obliqueness. Our results 

find application in the field of plasma processing. These are also applicable to the ion implantation 

process which is done in the presence of magnetic field. Also, the temperature of ions is included in the 

model which gives idea about the increase in the ions energy and the longitudinal velocity. In the 

magnetron sputtering, ion flux to the target can be increased by the variation of the positive ions and 

hence, the rate of coating can also be increased.  
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