Transactions on Fuzzy Sets and Systems

Transactions on
fuzzy Sets & Systems

- Transactions on Fuzzy Sets and Systems
Transactions on

Fuzzy Sets and Systems RN oINS

https://sanad.iau.ir /journal /tfss/

Structural Aspects of Weak Connectedness and Weak Compactness in
Bipolar Soft Weak Structures

Vol.5, No.2, (2026), 384-407. DOI: https://doi.org/10.71602/tfss.2026.1217644

Author(s):

Bekas S. M.Taher, Department of Mathematics, University of Zakho, Zakho, Iraq.

E-mail: bekes81math@gmail.com

Baravan A. Asaad, Department of Mathematics, University of Zakho, Zakho, Iraq. Department of Com-
puter Science, Cihan University, Duhok, Iraq. E-mail: baravan.asaad@uoz.edu.krd


https://sanad.iau.ir/journal/tfss/
https://doi.org/10.71602/tfss.2026.1217644

Transactions on Fuzzy Sets and Systems (TFSS)

URL: https://sanad.iau.ir/journal /tfss/
Online ISSN: 2821-0131

Vol.5, No.2, (2026), 384-407

DOLI: https://doi.org/10.71602/tfss.2026.1217644 ;Luzrzl'juscetgg%ssuunsmms

Article Type: Original Research Article

Structural Aspects of Weak Connectedness and Weak Compactness in
Bipolar Soft Weak Structures

Bekas S. M. Taher , Baravan A. Asaad*

Abstract. Connectedness and compactness are two essential properties that characterize the structural behavior of
topological spaces. Extending these notions to bipolar soft topological spaces is crucial for analyzing systems involv-

ing both positive and negative information. In this paper, we define W—separated BpSSs and strong W—separa‘ced
BpSSs using bipolar soft weak structures. We also introduce and investigate bipolar soft weak connectedness and
bipolar soft weak compactness within bipolar soft weak structures. Furthermore, we define the concepts of bipolar
soft weak local connectedness and bipolar soft weak components, supported by illustrative examples to clarify their
meanings. Furthermorﬁl we explore the relationships between these new concepts and thﬂeir classical counterparts,

showing that a BpS W -connected (resp. disconnected) space is not necessarily BpS W—hereditary, and that a
BpSW-closed subset of a BpS W—compaet space may fail to be BpS W—compaet.
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1 Introduction

Soft set theory, introduced by Molodtsov [1] in 1999, provides a powerful mathematical framework for han-
dling uncertainty, vagueness, and imprecision that are often encountered in real-world data. Building on this
foundation, Maji et al. [2] established the basic operations and definitions that formalized soft sets, while Ali
et al. [3] introduced new operations to enhance their applicability in decision-making problems. The develop-
ment of soft topology emerged as a natural extension of soft set theory to topological structures, initiated by
Shabir and Naz [1], who defined the fundamental concepts of soft open and soft closed sets. Subsequent stud-
ies by Aygiinoglu and Aygiin [5] deepened the theoretical understanding of soft topological spaces. Ahmad
and Hussain [0] explored algebraic structures of soft topology, and Peyghan et al. [7] along with Hussain [3]
investigated soft connectedness and related properties. Recent contributions have further enriched the field:
Polat et al. [9], and Aydn and Enginolu [10] examined new topological notions, Jafari et al. [11] studied soft
topologies induced by soft relations, and Al Ghour [12] introduced soft homogeneous components and soft
products, providing novel perspectives on the structural composition of soft spaces. Furthermore, Zakari,
Ghareeb, and Omran [13] introduced and investigated the concept of soft weak structures, extending classical
soft topological notions by defining and analyzing weaker forms of soft open and soft closed sets within soft
topological spaces.
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Recent advances in soft set theory have moved decisively toward bipolar extensions and their topological
counterparts, enriching both the theoretical foundations and practical applications of soft topology. Building
on classical soft-topological ideas, researchers have introduced bipolar soft structures that capture posi-
tivenegative (bipolar) information and enable finer modeling of uncertainty; foundational treatments by [14]
and structural properties of bipolar soft topologies by Oztiirk [15] and related generalized forms have been
developed by Saleh, Asaad and Mohammed [16, 17, 18], while Shabir and collaborators explored bipolar con-
nectedness and compactness notions [19]. These theoretical innovations have been paired with methodological
contributions for decision-making and similarity assessment: Demirta and Dalkl applied bipolar fuzzy soft
sets to medical diagnosis [20], Demir, Saldaml and Okurer proposed bipolar fuzzy soft filters for multi-criteria
group decision-making [21], and Hamad et al. developed similarity measures for bipolar interval-valued fuzzy
soft data [22]. Further structural and relational perspectives such as proximity via bipolar fuzzy soft classes
and bipolar soft functions were advanced by Saldaml and Demir and by Fadel and Dzul-Kifli [23, 24, 25], while
Fujita and Smarandache introduced multi-tier hypergraph frameworks that incorporate bipolar information
for modeling complex networks [26, 27]. Recent work on specialized classes, including bipolar soft minimal
structures which provides new perspectives for simplifying and analyzing bipolar soft topological systems
[28]. Collectively, these contributions show that bipolar soft set theory and bipolar soft topology form a
rapidly maturing area that links rigorous topological constructs with concrete decision-making, diagnosis,
and network-modeling applications.

Recently, M. Taher and Asaad [29] introduced the concept of bipolar soft weak structures within the
framework of bipolar soft topological spaces, establishing a new class of weak topological systems. Their
study defines and analyzes key notions such as bipolar soft weak open, closed, closure, interior, and boundary
sets, along with corresponding pointwise concepts and neighborhood structures. They defined bipolar soft
weak subspaces for these weak structures.

Despite these developments, the concepts of weak connectedness and weak compactness have not yet been
examined within bipolar soft topological structures. While soft weak structures and bipolar soft topologies
have been studied separately, there is still no unified framework combining both. This gap restricts the
analysis of spaces exhibiting weakly connected or weakly compact behaviors under dual (positivenegative)
conditions.

Motivated by this limitation, the present paper makes the following contributions:

1. Introduces bipolar soft weak connectedness and bipolar soft weak compactness within bipolar soft weak
structures.

2. Defines bipolar soft weak locally connected spaces and bipolar soft weak components, illustrated with
examples.

3. Establishes several properties and relationships between the proposed notions and their classical counter-
parts, showing that a BpS W -connected (resp. disconnected) space is not necessarily Bp.S W—hereditary7

and that a BpSW-closed subset of a BpS W—compact space may not be BpS W—compact.
4. Extends the theoretical foundations of bipolar soft topology and opens new directions for further re-
search in weak topological structures.
2 Preliminaries

Within this paper, let IT be a universe set, and the nonempty set R be an entire set of parameters, P(]:[) be the
family of all subsets of II. Let @ and & be nonempty subsets of N. This section begins by reviewing essential
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concepts, including soft weak structures, bipolar soft set logic and provides the foundational background for
bipolar soft topological spaces.

Definition 2.1. [1] (Soft Set) A pair (C,7) is known as a soft set on 11, where ¢ is a mapping from 7 into
P(IT). Meaning that a soft set on 11 is a parameterized family of subsets of the universe I1. For e € ., (,7)
can be considered as e-elements’ set of the soft set (C, 7). As seen, soft set is not a crisp set. Following that,
the family of all soft sets on 11 is denoted by SS(II). Therefore, a soft set (C,7) can be dictated as:

(C.7) ={(e.C(e)) re €, {(e) C T}

Definition 2.2. [13] A soft subset (C, p) of (ﬁ p) is called a soft weak compact set, denoted by S w- compact
set, if each S W -open cover of (¢, p) has a finite S subcover. A SWS (11, w ,p) 1s said to be a S W -compact

space if (H, p)is aS W- compact subset of itself.

Definition 2.3. [2] Let @ = {e1, €2, ..., €, } be a subset of X, the Not set of 7 is denoted by —~it = {—ey, ~eg, ..., €y}
where, —¢; = Not €;, for all i.

Definition 2.4. [11] A triple (C,€,7) is known as a bipolar soft set, denoted by BpSS, on 11, where ¢ and
¢ are mappings defined by { : @ — P(I1) and & : ~& — P(II) so that {(¢) N &(=e) = ¢ for all € € 7 and
—E € 7.

So, a BpSS (C,€,7) can be dictated as:
(C.&7) = {(e,¢(e),€(me)) s e € 7 and ((e) N E(-e) = o}
We denote BpSS(IT) by the set of all BpSSs on 1.

Definition 2.5. [11] For any two BpSSs (C1,&1,7%) and ((a,&2,5), it is stated that (C1,&1,7) is a bipolar soft
(BPS) subset Of (<2a€276) Zf

(1) ®# C & and,
) Cl(e) C ég(e) and & (—e) C gl(—'e) for all e € © and —e € —t.

This relationship is denoted by (Cl,gl,ﬁ) é (Ca,&,5). Likewise, it is stated that ({1,&,,7) is a BpS superset
of (G2,£,6), denoted by (C1,&1,7) 2 ((2,£,6), if (G2,&,6) is a BpS subset of ({1, &1, 7).

Definition 2.6. [14] A BpSS ((,€,%) is considered a null BpSS denoted by (®,11,7), if (e) = ¢ for all
e € 7 and £(—e) =11 for all —e € —.

Definition 2.7. [11] A BpSS (C,&,7) is considered an absolute BpSS denoted by (ﬁ,@,fr), if ((€) = 1T for
all e € 7 and &(—e) = ¢ for all —e € —rt.

Definition 2.8. [11] Let (51,51,7?) and (52,52,(7) be two BpSS's, then the BpS union of these BpSS's is the
VBPSS((VS,’?, /%),there i =% NG is a nonempty set and for all € € &, there is
o(€) = Ci(e) UGa(e),e € NG # ¢ and Y(—e) = &1 (—e) N &a(e), e € =& MG # ¢. This operation is denoted

as (C1,&1,7) U (2, &a,5) = (0,7, k).

Definition 2.9. Let {(G, &, 70) =i € I} be any family of BpSSs, then 61‘6] (G &, 7) = (0,7, /), where
o(€) = Ci(€) U G2(e)U ... and (=€) = &1(me) N &2(—e)N
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Definition 2.10. [14] Let (1, &1, 7) and (Ca, €2, 5) be two BpSSs, then the BpS intersection of these BpSS's
is the vaSS(5z’y, k), where Kk =T N& is a nonempty setvand for all € € i, there is
d(e) = Ci(e) N¢ale),e € TN G # ¢ and F(—e€) = &1(—e) U &a(—e), me € = N =G # ¢. This operation is denoted

as (élaélvﬁ) N <627€276—) - (57;}/’ K‘)
Definition 2.11. Let {(,&,7) : i € I} be any family of BpSSs, then ﬁiel (G, &, 7)) = (6,7, /), where

0(e) = C1(e) NGa(e)N ... and F(=e) = &1 (=€) U &a(—e) U

Proposition 2.12. [19] If (, &, 7) e BpSS(II), then

¢,
(i) (¢, €,7) U0 (C £,7)¢ = (8,®,7), where §(¢) = ((e)UC(e) C II for each € € 7t and B(—e) = &(—e)NES(—e) =

¢ for each —e € —t.

(i) (C.€,7) A (C,€,7)° = (@,%,7), where ®(e) = {() NC%(e) = ¢ for each € € & and 7(~e) = (=€) UE*(e)

)¢ =
C IO for each —e € =7
Further, (C,€,7), (C,€,%)¢ will always satisfy C(€) U C(e) = &(—e) U E(—e) for all € € *.

Definition 2.13. [15] If (C, f T) € BpSS(ﬁ), and Y is a nonempty subset of 11, then the sub BpS set of
(C,€,7) overY denoted by (Y, Yé ), and is defined as follows:

Y/Cv(e) =Y N{(e) and Yé(—e) = Y NE(—e), for each € € i and —e € —it.

Definition 2.14. [19] Let 7 be the family of BpSSs on I with & as the set of parameters, then, T be
considered a bipolar soft topology (BpST') on 11 if:

(i) (®,11,%) and (I, ®, %) belong to 7.
(ii) The BpS union of any number of BpSSs in 7 belongs to .
(iii) The BpS intersection of finite number of BpSSs in 7 belongs to z.

Then (H,?, 7, —7) has the name of a bipolar soft topological space (BpSTS) on I1.
Every member of T is known as a bipolar soft open set, denoted by BpS-open. The complement of a BpS-open
set is BpS-closed.

Proposition 2.15. [15] Let (H 7,7, %) be a BpSTS on I and Y be a nonempty subset of 11, then, TY =
{(Y¢YER):(C € 7)€ T} is BpST on'Y. The family Ty is known as a BpS subspace topology.

Definition 2.16. [15] Let (ﬂ,%,fr, ~7t) be a BpSTS on 1T and (,€,7) C (ﬁ,CI),fr), then the family %@,gﬁ) =
{({.&7)N (&, 7) (é,,f,,ﬁ)é% andi € I} is a BpS subspace topology on (¢, &, %) and (]:[(57577?),%@57#), 7, =)
has the name of a BpS topological subspace of (ﬂ,%,fr, —7r).

Definition 2.17. [19] Two BpSSs ((1,&1,7%) and (Ca, &2, %) are said to be disjoint BpSSs if (1(€)N{a(e) = ¢
for all e € 7.

Definition 2.18. [19] Let (ﬂ,%ﬁ, —i) be a BpSTS on1l. A BpS separation of (f[, ®, %) is a pair ({1, &1, 7),
(Co, &2, %) of non-null disjoint BpS open sets on I such that (1 (e) U Ca(€) = 11 for all € € 7.
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Definition 2.19. [19] A BpSTS (I:[,%,fr,—'fr) is said to be a BpS disconnected space if there exists a BpS

separation of (I, ®, 7). Further, (ﬂ,%,fr, —7) is said to be a BpS connected space if it is not a BpS discon-
nected space.

Definition 2.20. [19] A property P of a BpSTS (H T,7t, ) is said to be BpS hereditary if every BpS
subspace (Y, Ty, 7, 7t) of (I, 7, %, —7) also possesses the property P.

Definition 2.21. [19] A family A = {(s, &5, 7) : (Cs,E5,7) e ?}5€A of BpSSs is said to be a BpS cover of
CLBPSS (Cag,ﬂ-) Zf _

(¢, &%) C Usea ((5,85,7).
Furthermore, it is called the BpS open cover of a BpSS (C,€,7) if each member of A is a BpS open set. A
BpS subcover of A is a subfamily of {(Cs,&s,7%)}sea which is also a BpS open cover.

Definition 2.22. [19] A bipolar soft subset (,€,%) of (ﬁ,@,fr) 1s called a bipolar soft compact set, denoted
by, BpS compact set, if each BpS open cover of (f,é, 7) has a finite BpS subcover. A BpSTS (ﬂ,?,ﬁ, =)

is said to be BpS compact space if (ﬂ, &, 71) is a BpS compact subset of itself.

Deﬁnition 2.23. [29] Let W be a family of BpS subsets on 11, then W is considered a (BpSWS) on 11 if
(D, il ,7) E W

Then, (H W 7, —7) is known as a BpSW S on I1. The members of W are considered bipolar soft W open
sets, denoted by BpSW -open in I1.

And (C,€,7) is considered bipolar soft W—closed, denoted by BpSW -closed if its BpSW complement (C, €, 7)°
is BpSW -open.

Theorem 2.24. [20] Let (IL,W,%) be a SWS. Then the family W consisting of BpSS (C,&,%) such that
((,7) €W and £(—e) =TT\ () for all ~e € ~i defines a BpSW S on 1.

Definition 2.25. [29] Let (H,W,z?, —i) be a BpSW S and ((,€,7%) e BpSS(IT). Then the BpSW -closure of
(¢,&,7), denoted by BpSW -cl((,&, ), is the BpS intersection of all BpSW -closed sets containing (¢, &, 7).
So, the BpSW -closure can be dictated as:

BoSW-l(C,&,7) = (W3, 7) : (8,7%,7%) is BpSW-closed and (5,5, 7) > (. &,7)}.

Definition 2.26. [29] Let (II, W ,—) be a BpSWS and ((, €, 7) E BpSS(IT). Then the BpSW -interior
of (,&,7), denoted by BpSW-int((,&,7), is the BpS union of all BpSW -open subsets of (¢,&, 7).
So, the set can be dictated as:

BpSW-int(C,€ #) = UL(5, 9. 7) : (6.4, 7)eWand (5,7, 7)C(C. €, 7)}.

Definition 2.27. [29] Let (ﬂ,W,ﬁ,ﬂﬁ) be a BpSWS and (¢, €, %) € BpSS(II), then the bipolar soft w-
boundary of (,&,7), denoted by BpSW -b((,&,7), is defined as

BpSW-b(C, &, 7) = BpSW-cl(C,€,7) 0 BpSW-cl(C, €,7)°.

Proposition 2.28. [29] Let (I:I,W,ir, —it) be a BpSWS on 11 and Y be a nonempty subset of I1, then, WY
= {(Yé,Y £,7):((,€,7) e W} is BpSW on'Y. The family WY is known as a BpS subspace topology.
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Proposition 2.29. Let (Y,Wy, T, ) e a BpSWSS of BpSW S (I:I,va,fr,ﬂfr) over I1 and (Yi,Y £,7) be
a BpS ’va-closed set in' Y. Then ,70) is a BpSW -closed set in I1.

Definition 2.30. [29] Let (11, W,ﬁ', —7) be a BpSWS and (C,€,7) E BpSS(I1), then the family

W((,g,fr) ={($,6,7) N (G 7) : (6,6 7) EW, i € T}
is said to be a bipolar soft weak subspace BpSWSS on (C,€, 7).

3 BpS IW-Connected Sets

This section shows W—separated BpSSs (SW—separated BpSSs) using BpSW S providing some of their

properties. In addition, BpS W-connected sets in terms of B pSW S are presented, obtaining properties and
their relations.

Definition 3.1. Let ({1,&1,7%) and (Cz, &, 7) be two BpSSs in (1, W 7t, —ir) which are not null. Then

(i) (C1,€1,7) and (G, Eo, ) are known as W -separated BpSSs if (C1, &1, 7) A BpSW-cl ((o, €, %) = (@, €, 7)
and BpSW-cl (C1,&1,7%) 0 (C2, €2, %) = (®,&, 7).
(ii) (1, €1, 7) and (Co, &, 7) are known as strong W -separated BpSS's (SW—separgted BpSSs) if ((1,&1,7)
A BpSW-cl (o, &2, %) = (@,11,7%) and BpSWcl (C1,&1,7) 01 (Co, o, 7) = (@, 11, 7).
Proposition 3.2. Every SW—separated BpSSs on 1l is a W—sepamted BpSSs on 11.

Proof. Follows directly from definitions. (]

Proposition 3.3. Any two W—sepamted BpSSs (SW—sepamted BpSSs) are disjoint BpSSs.
Proof. Obvious. ]

Remark 3.4. Note that disjoint BpSSs may not be W separated BpSS's (SW separated BpSSs); meaning
that the converse of Proposition 3.3 is not true as shown in the following example.

Example 3.5. Let IT = {h1, hg, hg, s}, 7 = {€1, €2} and

W = {(@,IL#), (I, ®,7), (1, €1, 7), (Ca a, 7). (G, &5, 7))

be a BpSW S over IT where (C1, &1, 7),(Ca, &2, 7),(Cs, &3, %) € BpSS(IT), defined as follows
(G161, %) = {(e1, {ha, ha}, {Mn}), (e, {h3, ha}, {h2})},
(5 g ) = {( {hla h3} {h27h4}) (62’ {hlvh?)}a {hQ})}a
(C g 7?) = {(61,{h1,h2,h3} ¢) (627{h1ah3>h4}7{h2})}'

Now, assume that (01,51, 7) and (da, 52, 7) are disjoint BpSSs over I defined by

(51’ Y1, 7) = {(€1, {ha, ha, A}, {R3}), (e2, {Pa, o, hu}, {P3})
(62,90, %) = {(e1, {Ra}, {R2}), (e2, {ia}, {h2})}.



390 M Taher BS, Asaad BA. Trans. Fuzzy Sets Syst. 2026; 5(2)

Then BpSW —cl (51,%1,7%) = BpSW — cl (82,92, %) = (IL, ®, %) and (51,71 #)A BpSW — ¢l (89,70, 7) =
(517;}/177?)7 BPSW —cl (517;)/17 v) N (527;)/27 v) - (527;)’27 v)' But (517717 ) (5 ’727 ) = (q)777 ) ThUS,
BpSSs (51,%, ), (52,%, 7r) are disjoint BpSSs but not W- separated BpSS's (SW—separated BpSSs).

Proposition 3.6. Let be any two BpSSs on I1. Then the following are correct:

(i) If(vl 1, 7) and (C1, &1, %) are two W -separated BpSSs over IT with (81,51, %) é (C1, €1, 7) and (b, Ao, 70)
C (g, &, 7). Then, (61,%1,7%) and (82,72, 7) also are W—sepamted BpSSs over I1.

1@

(i) If (él,él,ﬁ) and (C1,€1,7%) are two SW-sepamted BpSSs over’\l:l with (01,41, %) ((1,€1,7) and
(b2, 2, 7) C (Co, &, 7). Then, (81,71,7) and (32,52, %) also are SW—sepamted BpSSs over I1.

Proof.

(1) Given W—separated BpSSs ((1,&1,7) and ((1, €1, 7). Then
(C1.€1.7%) A BpSW-el (Co, €, %) = BpSW-el (C1,€1,7) 1 (Ca,éa,7) = (®,€,7%). Since (51,71,7) C
(G161, %) and (82,59, 7%) C (C2, €2, %), then B
BpSW-cl (01,%1,7%) C BpSW-cl (1,61, %) and BpSW-cl (82,52, %) C BpSW-cl (Ca, €2, 7). Therefore,
(81,51, 7) 1 BpSW-el (82,52, ) = BpSW-cl (81,41, 7) 1 (82,72, %) = (®,%,7). Hence, (51,1,7%) and
(62,49, 7) are V[N/—separated BpSSs over I1.

(73) Let given Sﬁ—separated BpSSs ((1,&,7) and ({1, €1, 7). Then
(C1,&1,7) A BpSW-cl (G, éa,7) = BpSW-cl (C1,61,7) 0 (o, &0, %) = (@,11,7). Since (31,71, 7)
(€1, &1, %) and (62,99, 7%) € ((o, &2, 7), then
BpSW-cl (31.51,7) C BpSW-cl (1,61, 7) and BpSW- cl (3.7, 7) C BpSW-cl (Ca, &, 7). Therefore,
(61,51, 7) A BP:S:/W—CZ (62, %2, 7) = BpSW-cl (01,71, 7) 0 (02,72, %) = (<I>,H,7T). Hence, (01,41, %) and
(82,42, 7) are SW-separated BpSSs over 1I1.

N

g

Theorem 3.7. Two W-closed subsets (C1,€1,7) and (Ca,&,7%) of BpSWS (11, W,ﬁ', —i) over I are w-
separated BpSSs if and only if they are disjoint BpSSs.

Proof. The first condition is obvious. Conversely, assume that (1, &1, 7) and ((, €9, ) are disjoint W-closed.

SO, (élvélvﬁ-) ﬁ (éQ,éQ,ﬁ) = ((pvéa 7?) and BPSW'CZ (élvélvﬁ-) = (vagl? )7 BPSW'CZ (C27§27 ) = (g27£27 )

and hence
(glvglv ) ﬁ BPSW —cl (C27£27 ) = BPSW —cl (glvglvﬁ) ﬁ (C2a£27ﬁ-) = ((I)agvﬁ-)
showing that ({1, €&, 7) and (Cy, &, 7) are W—separated BpSSs over II. O

Remark 3.8. Two disjoint W—open sets (C1,&1,7) and ((a, &, %) are not necessarily W -separated.



Structural aspects of weak connectedness and weak compactness in bipolar soft weak structures. Trans. Fuzzy Sets
Syst. 2026; 5(2) 391

Example 3.9. Let IT = {fiy, fig, i3, I}, © = {€1, €2} and

W= {((ba Hvﬁ-)v (Hv @77?), (Cvlvglaﬂ-)v (5275% fr)v (<3a§3aﬁ-)}

be a BpSW S over I where ((1,£&1,7), (Co, €2, 7), (C3,E3,7) é BpSS(II), defined as follows

(C1, €1, %) = {(e1, {ha}, {1, ha}), (e, {ha}, {ha, Pu})},
(Cv 5 ) {(Ela{h3}v{hlvh4})v(627{h3}?{h13h4})}’
(C3,&3,7%) = {(e1, {ha, ha}, {hn, ha}), (e2, {ha, B3}, {hn, Pu})}.

Obviously, ((,&1,7) and~(52,£vg,7vr) are disjoint /V[7—0pen but not W-Separated as BpSW — ¢l ((1,61,7) =
BPSW—CZFQEQ,EQ,'%) = (II, ®, #), which implies that ({3, &1, 7) A BpSW —cl ({a,&,7%) = (C1, &1, %), BpSW-
cl(C1, &1, 7) N (G, €0, %) = (Co, &, 7). Hence the conclusion.

Corollary 3.10. If two W -closed subsets ((1,€1,7) and (Co,&0,7) of BpSWS (I, W, %, —it) over II are
SW-sepamted BpSSs, then they are disjoint BpSSs.

Proof. Follows directly from Proposition 3.2 and Theorem 3.7. O

Remark 3.11. The example below shows that the converse of Corollary 3.10 is not true in general. Hence

two disjoint W -closed sets (C1,€1,7) and (Ca, &2, %) are not necessarily SW—sepamted BpSSs .

Example 3.12. Let IT = {hy, hy, A3}, 7 = {¢1} and

be a BpSW S over I where ((1,£1,7), (Co, €2, 7) é BpSS(II), defined as follows

~—
—
&

(€1, €1, 7) = {(e1, {ha}, {Mn}), (€2, {hs}, {ha})},

(§2a 527 ﬁ-) = {(617 {h3}7 {h2})a (62, {h3}a {hl})}
)¢ are disjoint W-closed but not S/V[v/—strong separated as BpSW-cl(Cy, &1, 7)°

Obviously, (élagla ) (6 2, T
®, ), which implies that (élaglaﬁ-)cﬁ BpSW-cl(Ga, &2, 7)¢ = (C1,€1,7)°, BpSW-
Co,

:BPSW‘CZ@%E% 7)€ = (
d(élaélvﬁ)c ﬁ (62752 ) (

&
I,

&2, 7)¢. Hence the conclusion.

Definition 3.13. A BpS subset (C,&,7%) of BpSWS (I, W, i, —#) over 11 is called BpS W -disconnected
over I1 if there exist W -separated BpSSs of ((,€,7). Otherwise, a BpSS ((,€,7) is called BpS W -connected

over 1II.

Remark 3.14. The null BpSS (®,11, %) is always BpS W -connected.

Definition 3.15. Let kS, ' & BpSP(I) (s sy of a BpSWS (I, W, &, ~). Then, i, and K are called

BpS W -connected points if they are contained in BpS W -connected set over I1.
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%) be a BpSWS over IT and ((, €, 7 ) be a BpS W connected set such that

Proposition 3.16. Let (I1, W 7T,
7), where (C1,&1,7%) and (Ca, &, 7) are W- separated BpSSs. Then ((,&,7)
,T0).

@@miaggmi@v

(&1,&,7) or (C,€,7) C (&

m( &
IR

Proof. From ((j,£&;,7) and (Cg,f ,77) are ﬁ separated BpSSs, then (€1, €1, 7) NF:W BpSW-cl(Cy, &2, 7%) =
((I)vg’ﬂ-) an/(} BPSW_CZ (517517 ) (é g 25 ) (@ ga ) Singe (évév ﬁ-) é(élaglvﬁ-) O (é27€27ﬁ)a then (évév ﬁ-)
= (5757 ﬁ-) ﬁ ((élvéla ) (<27£2> ) = ( 5 glvéla )) U ((évéa 7?) ﬁ (éQ,éQ,ﬁ))- We state that at least

&)
one of the BpSS's ((é £, €, 7 ) ( (¢, €, 7)0(Ca, Ea, 7 )) is null BpSS. Now, suppose that if possible
non of these BpSS's is null, hence,

(€, &%) N (G, 61,7%) # (9,6, 7) and (¢, &, %) N (G, &2, 7) # (D, 7).
Thus,
(CE0)N (1€ »m&ﬁw—w@aﬂﬁg&ﬁ»
Q((faf 7)1 (C1, fl,v))N(BPSW—Cl(CV é,v)%BPSW—Cl(CE,&,'))
= ((¢,€,7) anSW—cl@ 7)) 0 ((G1,&,7) A BpSW — cl(Ca, &, 7))
— ((,&,5) N (,,7)
= (2,£,7).
Similarly,

BPSW'CZ ((év éa ﬁ)ﬁ(éla gla ’f()) N ((é? 57 ﬁ—)m(é% £2> 7v-‘—)) = ((1)7 57 ’f‘—)
Therefore, ({,&,7) ﬁ (C1,€1,7) and (C, €, 7) ﬁ (Cy, &, 7) are W—separated BpSSs. Thus, (,&,7) can be
expressed as BpS union of a pair of W—separated BpSSs. So (C,€,7) is a BpS W disconnected. Which is a
contradiction. Hence, at least one of the BpSSs ({, €, %) A (Cl,fl, #) and ((, €, %) N ({a, &, ) is null BpSS

Now, if (¢, €, 7) A (§1Lf1,ﬁ) = (®,&,7), then (,&,7) = ((,€,7) N (CQ,S ,7) which implies that ((,&,7) C C
(627527ﬁ)' If (éaé:?ﬁ) ﬁ (627527ﬁ) :~((I)7g7 ) then (é g 0 - é 7ﬁ) <<17§17 ) lmplylng that (<7§7 ) i
(fl,él,ﬁ). Therefore, either (C, &, ) - (fl,gl,w) (C,é,fr) - (fg,fg,ﬁ) O

Corollary 3.17. If (C,€,7) is a BpS W -connected subset of a BpSW S (ﬂ,W,fr, —7) such that (C,€,7) C
(C1,€1,7) U (&o, &, 7)) where (C1,&1,7) and (Co, €2, 7%) are both BpSW -closed and nonnull disjoint BpSSs.
Then, (1,1, 7) and (Co, &, 7) are V[N/-sepamted BpSSs.

Proof. Follows directly from Proposition 3.16 and Theorem 3.7. U

Proposition 3.18. Let ((,&,7) be BpS W connected and (8,%,7) e BpSS(I1) such that (C,&,7) E (5,’7,’@
C BpSW-cl(C,€,7%). Then (3,%,7%) is BpS W -connected. Speciﬁcally, BpSW-cl(C,€, %) is also BpS W-
connected.

Proof. Suppose that (4,%,7%) is BpS W-disconnected. Then, there exist nonnull BpSSs (¢1,&,7%) and
(G2, €2, 7) in which
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(&1,&,7) O BpSW-cl ((2, &2, %) = BpSW-cl (G1,&1,7) 1 (2, &2, 7) = (®,€,7)

and (5,’3/,7?) = (Cvliélaﬁ-) 6 ( 25 2aﬁ)'
From (Q:Lf, ) C (6,%,7) = (1, &1, 7'7) (C, €9, ), it follows from Proposition 3.16 that (&3 ) (C1,§17 )
or (é7g7ﬁ) § (Evé??fr)' Let (é?g ) g (Clvéla ) thus BPSW CZ(C 67 ) C BPSW cz(Cl’gl’ ) th

but (®,¢,7%) C BpSW-cl(C,

f\n
JY‘r(
\_/
—~
G
SN
[\&)
S~—
-+
=
@
=
o
o
=
@

So, (C1,é1,7) U (Caybasit) = (8,%,7) C BpSW-cl((,E,7) then, (Co,&a,7t) C (8,4,7) C BpSW-cl(C,€,7)
implies that BpSW-cl((, &, %) N (Ca, &2, %) = (C2, &2, 7). Hence, (/@,52,7'7) = (9,¢,7)

because ({2, &2, 7) is nonnull BpSS. Therefore, (3,5, %) is prvS W-connected. Also, from ((, €, 7) E (8,%,7)
E BpSW-cl(C, €, %), implies that BpSW-cl(C,€, %) is BpS W -connected. O

. This is a contradiction

&s,7) 2 6 € A} be the family of BpS W -connected sets such that ﬁéeA (5, €5, 7)
i) is BpS W -connected.

Proposition 3. 19 Let {( 5
£ (®,6,7). Then Usen (s,

Proof. Assume (8,5, 7%) = O5EA (¢5,&5,7) is not BpS W-connected. Thus, there exist two nonnull disjoint
BpSW-open sets (61,%1,7) and ( 2, ) such that (0,%,7%) = (d1,%1,7) U (d2,%2,7). For each § € A,
(61,71, 7) 0 (s, E5,7) and (2, 52, %) O ( ,7) are disjoint BpSW-open sets in ((s, s, ) in which

(G, 31, WA, €5, 7)) O (82,52, DA, €5, 7))
( : V

= ((61,%1, %) (62,52, 7)) N (G5, &5, 7) = (C5, 5, 7).

Now, from ((s,&5,7) is a BpS ﬁ—connect(id set, one of the BpSSs (01,1, %) F:W ((fglfv(;,ir) and (09, 2, 7) ﬁ
(Cs,€5,7) is a null BpSSs, say, (01,%1,%) 1 (C5,65,7) = (@,7,7). Then, (52,92, 7) A ({5,&5,7) = (s, €5, 7)
which implies that ((s,&s, 7) é (69,32, 7) for all § € A and hence anA (Cs,&5,7) E (62,52, 7), that is,
(61,51, 7) ¥ (2,52, 7) é (62,%2,7). This given, (51Q1,7'r) = (®,4,7). This is a contradiction because

(61,%1,7) is nonnull BpSS. Hence, (4,7,7) is a BpS W-connected. O

Proposition 3.20. For any two BpSPs hS, h’e

( £, €, 7) E BpSS(I) in a BpSWS (11, W,fr,—'ir) are
contained in some BpS W -connected set (6,%,7%) C (5 £,7).

Then ((,€, %) is BpS W -connected.

Proof. Let ((,&,7) be a BpS W-disconnected set. Thus, there is a W -separated BpSS's (C ,&1,7) and
((2,&2,7) of ((, &€ ). Then, there are two BpSPs hiS, ' in which h € ((1,&1,7) and KS € (G, &, 7).

Through the assumption, there is a BpS W-connected set (5, 4, 7) containing Af), h;f/ such that

Thus, by Proposition 3.16, we have (3,5, %) C (1,1, 7) or (8,75, %) - (Co, €, 7). This implies that
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(élv‘glaﬁ—) ﬁ (527527’;0 7& (‘Pvé?fr)

This is contradiction since (1, &1, %) and (2, &, %) are W—separated BpSSs. So, (C,€, %) is BpS W -connected.
O

Proposition 3.21. Let {((5,&,7%) : 6 € A} be the family of BpS W -connected sets such that one of the

members of this family intersects every other member. Then, O§€A (55’56’ i) is BpS W -connected.

Proof. Let ((s,,&s5,,7%) be a fixed member of the given family such that ((s,, &5y, 7) A (G5, 5, 7) # (®,C,7)

for every 6 € A. Then, (05,55, 7) = (550,&;0,7'7) 6 (s, &5,7) is BpS W-connected for each § € A, hence by
Proposition 3.20. Now,

G&eA (5,85, 7) = U&eA ((560,550, v):(éa,faﬁ))
= (é50a€507 ) (UJEA(<5)£57 ))

Since ((s,, sy, 7) is one of the family {(s, &5, %) : 6 € A} and

Moea (Govss®) = Mica ((GosGo0r 710G, s, 7))
= (55075507ﬁ) ﬁ (UaeA(éé,é:é,ﬁ)) 7& ((I)vév ﬁ-)‘

From (550,550,7?) intersects every (s, &, 7). Therefore, (650,550,7?) + (®,€,7). Hence, by Proposition 3.19,
OdeA (C5,€5,7) is BpS W-connected. O

Proposition 3.22. For each two kS, h’e, E BpSP(II )(#-#) of a BpSWS (I1 W,fr,—'fr) are BpS W-
connected, then (11, W 7, i) is BpS W connected.

Proof. Let i, be a fixed BpSP in a BpSW S (11, W,ir, —7). Then, for each hi, BpS different than hif,/, we

have BpS W-connected, say, (¢, €,7) containing kS, and h’e Since ks, g ﬂf (H o (C,€,7), it follows from
56 )

Proposition 3.19 that U ((,€,7) = (1I,®, %) is BpS V[N/—connected. O
Re, E(H P,7)

4 BpS IV-Connected Spaces

In this section, the concept of bipolar soft weak connected (BpS W—connected) structure is presented. Also,
some properties and results of this new concept of BpSW S are discussed.

) is defined to be the

Definition 4.1. Let (ﬂ,w,ﬁ, —7t) be a BpSWS. A BpS W—sepamtion of (H,Cb,fr
=11 for each € € 7.

nonnull disjoint BpSW -open sets ((1,&1,7%) and (Cz, &2, 7) such that C1(e) U Ca(e)
Definition 4.2. A BpSW S (11, W7 7, —7) is called BpS W -disconnected if (I, ®, %) has BpS W—sepamtion.
That is, there exist nonnull disjoint BpSW -open sets ((1,&1,7%) and ((a, &2, %) such that {1 (€) Ula(e) = 1T for

all € € 7. Otherwise, (I, W,fr, —7) is said to be BpS W -connected.



Structural aspects of weak connectedness and weak compactness in bipolar soft weak structures. Trans. Fuzzy Sets
Syst. 2026; 5(2) 395

Remark 4.3. Suppose that | I1 | = 1, there are only three BpSWS in II (that is, (@,ﬁ,ﬁ'), (I, ®, %) and
(®,P,7)) are BpS W -connected spaces, then we will have four W -structures BpSWS:-

(i) W1 = {(®,11,%), (1T, ®, %), (B, B, 7)}.

[:MZ
\:_];
=
o
i
—

(i6) Wa={(2,

(4i7) W3 = {(9, E ,7), (,D,7)}.

(iv) Wy = {(@,E,fr)}.

Now, we suppose that | IT |> 1, for the rest of our work.

Example 4.4. Let 0 = {h1,he, k3, lu}, @ = {e1,€2,e3} and —7& = {—e1, —ez, me3}. Suppose that W =
{(@,ﬁ,fr), (C1,€1,7), (Co, &, 7)), where (C1, &1, 7), (G2, &2, 7) e BpSS(I1) defined as follows:

(G 1, 7) = {(er, {1, iz}, {R2}), (e2, {P2, Bz}, {P1, hu}), (€3, {hn, ha}, {ha}) Yand

(C2,&2,7) = {(ex, {h3, ha}, {1, ha}), (€2, {h1, ho, his}, {ha}), (€3, {Pn, ha}, &)}

Thus, (I, W, T, ﬁfr) is a BpS W-connected space since there does not exist BpS W—separation of (IT, ®, 7).

Example 4.5. Let II = {hy,he, 3} and ©# = {e1,e2}. So, the BpSWS W over II is given by W =

{(®, ,W),(Cl,&,ﬂ')( &, 1)}, where ({1, &, 7), (@,5,%)%&55(1{) defined as follows:

5 7) = {(e1, {M}, {h2}), (e2, {M }, {h2})},
,7) = {(e1, {h2, his}, {1 }), (€2, {h2, Pz}, {M })}.

Therefore, (11, W, 7t,—7) is BpS W-disconnected since ((1,61,7) and ((o, &, %) form a BpS W—separatlon of
(11, @, 7).

(¢
(G2

Proposition 4.6. Let {(s,&5,7) : 0 € A} be a family of BpS W -connected sets such that ﬁéeA (s, &5,7) #
(®,€,7%). Then OJEA (G5, €5,7) is BpS W -connected.

Proof. Suppose (8,5, 7) = 05€A (5, €5, 7) is not BpS W -connected. Then, there exist two nonnull disjoint
BpS W-open sets (61,%1,7%) and (8,42, %) such that (3,%,7) = (51,%, i) U ¥ U (2,52, 7). For each 6§ € A,
(517’7177?) N (55755 7?) and (827;}/277?) N (657557 v) are dlSJOlIlt BpS W -open sets in (C§7§57 ) such that

((61,%1,7 #) A (Ca,fa, 7)) U ((52772, ) N (55755777))

= ((61,%1,7) U (82,52, 7)) N (C5s 50 7) = (G5, &5, 7).
Now, (Cs,&,7) is a BpS WN/—conEected sets, one of the BpSSs (61,71, %) ﬁ (G5, €5, 7) and (dg, 4o, ) A (s, €5, 7)
is a null BPSSS say, (01,%1,7) N (Cs, &5, %) = (@,%, 7). Then, (52,’?2,7?) 0 (G, €5, %) = (Cs, s, ) which implies
that ((s, &s, ') (62,42, 7) for all § € A and hence U5€A (G5, &5,7) C (52,'&2,7’7), that is, (81,1, 7) ¥ (2,52, 7)
E (82,42, 7). This gives, @},71, #) = (®,4, 7). This is a contradiction, because (J,%1,7) is nonnull BpSS.
Hence, (4,7%,7%) is a BpS W -connected. O
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Theorem 4.7. A B:pSWS (I:I, W,jr, v—w'r) over I1 is vaS W—dz’scopnected space if and only if there are two
BpSW -closed sets (C1,&1,7) and (C2, &2, 7) such that §1(—e€) # ¢, Ea(—€) # ¢ for some —e € =7, and &1 (—e)
U &x(—€) =11 for each —e € —i and £;(—€) N & (=€) = ¢ for each —e € —i.

Proof. Suppose that (ﬂ,/ﬂv/,ﬁ,—'fr) is BpS W-disconnected. Then, there exist BpS W—separation of
(ﬂaq)aﬁ-)v say, (él?glvﬁ-) and (527527ﬁ)' Thenv

51(6) U ég(e) =11 for all € € 7,

Ci(e)Nlale) = ¢ for all € € i and

Ci(e) # ¢,Ca(€) # & for some € € 7.
Since ¢i(€) = £§(—e) and (o(€) = £5(—€). Now, we get

ff(—'e) U fg(—'e) =11 for all € € 7,
£5(—e) N ES(—e) = ¢ for all € € 7 and

Ei(€) # ¢,&a(€) # ¢ for some € € 7.

From, ((1,£1,7), (Co, &, 7) e W, then ({1, &, 7)¢ and (ég,vgg,vf(')c are BpSW-closed sets.
Conversely, assuming that there are BpSW-closed sets ((1,&1,7), (2,&2,7) such that
£1(—€) Uéy(—e) =11 for all —e € —r,
£1(—€) NEy(—e) = ¢ for all —e € —~it and
E1(=e) # &, Ea(=e) # & for some — € .

Then (1, &1, %), (C, €, )¢ are BpSW-open sets such that

CE(e) = E1(—e€) # ¢ and C5(€) = Ex(—€) # ¢ for some € € 7,
éf(ﬁ) U 55(6) = él(“ﬁ) Uéy(—e) =11 for all e € 7@ and
(F(e) N5 (e) = &i(—e) Na(—e) = ¢

for all € € 7.

Thus, ((1,&1,7)¢ and ((, &, 7)¢ form BpS W—separation of (f[,CI),fr). Thus, (II, W, #,—%) is a BpS W-
disconnected space. ]

Theorem 4.8. The BpS intersection of a pair of BpS W -connected spaces over a common universal set is
BpS W -connected.

Prgof. Let (11, ﬁl,fr,—\fr) and (ﬁ,ﬁg,ﬁ',_\ﬁ') 123 two BpS %i—cgmected spaces over 11, i = 1,2/and %
=W, ﬁWg.ye need to show that the space (IT, W, 7t,—7) is BpS W—connected.lfwe say that (T, W, i, ﬁir)
is not BpS W—Sonnected. Then there exist two BpSSs ((1,&1,7),(C, €a,7) é W, which forms a BpS W-
separation of (ﬁ,@,fr) in (H,ﬁ,ﬁ', —7). From ((1,£&1,7%), (G, &, 7) E ﬁ, then (Ci,£&1,7), (G, &, 7) E %1

and ((1,€1,7), (G, &o,7) é Wg. This lead to (1, &1, %) and ((o, &, 7) form a BpS /Wzl-separation of (I, ®, 7)
in (11, Wl,ﬁ, —7r) and also (51,51,7?) and (62,52,7?) form a BpSNWQ—separation of (H,N@,ﬁ) in (11, Wg,ﬁ', —7r)

which is the contradiction to given hypothesis. Therefore, (ﬂ, W,ﬁ, —7) is a BpS W -connected space over
n o
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Remark 4.9. The BpS union of a pair of BpS W -connected spaces over the common universal set may not

be BpS W -connected. As shown in the following example.

Example 4.10. Let IT = {h, ho}, # = {€1, €2}, W1 = {(®,11,%), ({1,&,7)} and ﬁz = {(®,11,7), (2, &2, 7) ],
where

(él,él ) {(617¢a )a(62aﬂ7¢)}?
( 2,€Q,ﬁ) {(Elvﬂ ¢)7(€2ﬂ¢7ﬂ)}'

I

Clearly (H W1,7r, —7) and ( V[N/Q,fr, —7) are BpS W -connected spaces over II where W =W, ¥ Wsy. We
note that W1 U W2 = {(®,1I, 7), (él, &1, 7 ), (Cg, £9, 7 )} is not a BPS W-connected space over 1 since (él, &, 7r)
and (CQ,fg, 7r) form a BpS W separation of (H o, 7) in W1 U W2

Proposition 4.11. The BpS union of a pair of BpS W -disconnected spaces over the common universal set
is BpS W -disconnected.

Proof. Obvious. O

Remark 4.12. The BpS intersection of a pair of BpS ﬁ—disconnected spaces over the common universal
set is not necessarily a BpS %—disconnected space, as shown in the following example.

Example 4.13. Let I = {hy, he, h3}, © = {e1, €2},

Wy = {(@,11,7), ((1,€1,7), (G2, €, 7)} and

W = {(®,11,7), (G5, &, 7), (Ca, &4, 1)}, where (C1,€,7), (Co,€2,7), (3. 83,7), (o, 4, 7) € BpSS(IT) defined

as follows

(€1, &1, 7) = {(e1, {1}, {ha}), (ea, {Pu, ha}, {h3})},

(Go, €2, %) = {(e1, {ha, B3}, ¢), (e, {hs}, {1 })},

(G383, 7) = {(e1, {1, ha}, {h2}), (€2, {h, 3}, {h2})} and
(Ca,a,7) = {(e1, {ha}, {M1}), (e2, {ha}, {m })}.

Clearly (II, Wl,fr, —|7vr) and (11, WN/ , 7, —7t) are BpS W—disconnected spaces over 1T where W = W A Ws.
We note that W ﬂ Wy = {(CD )} is not a BpS W disconnected space over IT since there is no two BpS
W—separatlon of (H ®, ) in Wy A Ws.

Proposition 4.14. Let (ﬂ,w,fr, —i) be a BpSWS over I1. If there exist a nonnull, nonabsolute BpSW -
clopen set (C,€,7) over IT with C(e) U ¢%(e) =11 for each € € 7, then (I1, W, 7t,—7) is BpS W -disconnected.

Proof. Since ({,&,7) is a nonnull, nonabsolute BpSW-clopen set, then (¢,&,#)¢ is a nonnull nonabsolute
BpSW-clopen set. By Proposition 2.12 and the assumption, we get

C(e) U C¢(e) =11, for each € € 7, and £(—e) N £°(—e) = ¢, for each —e € 7,

and
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C(e) N ¢8(e) = @, for each € € 7, and &(—e) U £¢(—e) = 11, for each —e € —,

Therefore, ((,€,7) and ((,&,7)¢ form a BpS W-separation of (ﬁ,fb,ﬁ). Hence, (II,W,#,—7) is a BpS

W-disconnected space. O

Remark 4.15. If there exist a nonnull, nonabsolute BpSW -open set, BpSW -closed set, then (IL, W, 7, —)

may not be a BpS W -disconnected space. As shown in the following example.
Example 4.16. Let I = {hy, ho, h3}, © = {e1, €2} and
W = {(®,10,7), ({1, €1, 7), (Co, &2, %)}, where (1, &1, %), (Co, E2,7) E BpSS(IT) defined as follows

(C1, &1, %) = {(e1, {h1, B2}, {hs}), (€2, {M1}, {h3}) }and
(G2, &2, %) = {(e1, {hs}, {h1, ha}), (2, {hs}, {m})}.

Obviously, ((1,£1,7) is nonnull, nonabsolute BpSW-clopen but (IT, W, #, —#) is not a BpS W-disconnected

space since there does not exist BpS W—separation of (I, ®, 7).
Proposition 4.17. Let (H,Wl,ﬁ,—'fr) and (H,Wg,ir,—ﬁr) be two BpSW Ss over 1. Then,

(i) If (H,’MZ,#, —7) is a BpS Wl—connected such that Wg C Wl,
then (11, Wg,fr, —7) is a BpS W y-connected.

(i1) If (ﬂ,wl,ﬁ, —7) is a BpS Wl—disconnected such that Wl C Wg, then (I, Wg,fr,—'ir) is a BpS Wg—
disconnected.

Proof.

(i) Assume that (IT, ﬁl,ﬁ, —7) is a BpS ﬁl—connec‘uedjuch that ﬁg E %1. Assume the contrary that
(C1,&1,7) and ((o, &o, 7) are BpS ﬁg—separatiorlof (f[,@,fr) in (H,%g,fr,—'fr). Since ﬁg E %1, then
(C1,€1,7), (Co, &9, %) are BpS ﬁl—separation of (ﬁ, ®, 7) in (I, ﬁl, 7t, —~7t). This is contradiction. There-
fore, (]j,f/INvfg,fr, —7) is BpS ﬁg—connected.

(7i) Let (ﬂ,ﬁf/l,fr,ﬂfr) be a BpS Wl—disconnected such that Wl C Wg. Assume the contrary that
(ﬂ,Wg,fT, —7t) is a BpS W y-connected space. Since W, C V[N/Q, then by (i), we get (IT, Wl,fr, —7r)
is BpS Wl—connected. This is contradiction. Therefore, (II, Wg,fr, —7) is BpS Wg—disconnected.

0

Proposition 4.18. Let ((5,5, ﬁ),w(é’&ﬁ),ﬁ,ﬁﬁ) be BpS W—connected, then (C,€,7%) is BpS W -connected.

Proof. Let ((f, £, ), W(C,é,ﬁ)ﬁ? —w?) be a BpS W -connected space. Assume (f, £, i) is BpS W—diseonnected,

then there exist W-separated BpSSs, say, (C1,€1,7) and (G, &,7) of (,€,%), so by Theorem 3.7 that
(C1,€1,7) and (Cz, &, %) are BpS W—separation of (¢, €, 7). This is a contradiction. Thus, (,€,7) is a BpS

W -connected space. O
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Definition 4.19. A property P of a BpSW S (ﬂ, W, 7, —7) is said to be a BpS weak hereditary property
(BPSW- hereditary property) if every BpSW SS (Y, Wy, 7, —i) of (II, W, 7, —7t) also has the property P.

Remark 4.20. The BpS %—connected space (resp. BpS %—disconnected space) is not necessarily a BpS
%—h@reditary property. As shown in the following example.
Example 4.21. Let I = {hy, B, B3}, © = {e1, €2} and
% = {(‘P,f[,ir), (C1,€1,7), (G2, &2, 7)), where (1, &1, 7), (Co, &2, 7) E BpSS(II), defined as follows
(G, €1, @) = {(ex, {u}, {h2, ha}), (e2, {hu}, {h2, hs})} and
(Cas €2, %) = {(ex, {2}, {1, his}). (e2, { Rz}, {fi1, s }) }.

Therefore, (1, W,ﬁ, —7) is a BpS W-connected space.

Now let Y = {hla h2}7 then WY = {(q)a §a ﬁ)> (chlaf/ 517 ﬁ—)a (Yé%f/ é?a 7?)}7 such that

<?<‘13 £1,7) = {(er, {hu}, {fi2}). (e2, {1}, {2, })} and
(V&Y &) = {(e1, {ha} {n}), (2, {ha}, {1 })}-

Clearly, (Y, Wy,ir, —7) is a BpS W-disconnected subspace of (II, W, 7, —it). While (I, W, 7r,—7) is a BpS
W-connected space.
Example 4.22. Let I = {hy, ho, A3}, © = {€1, €2} and
W = {((I)? ﬂa ﬁ)a (éla él? ﬁ)a (527 527 ’/:r)}v where (él: éla ﬁ)a (527 527 ﬁ) é BPSS(ﬂ)a defined as follows

(G161, 7) = {(e1, {m}, {h2}), (2, {ha}, {Mn, h3})} and

(62; 527 ﬁ-) = {(617 {hg, hB}a ¢)7 (627 {hla h3}7 {hZ})}
Therefore, (II, W, 7, —7) is BpS ~W—disconnected space.

Let Y = {hi3}, then Wy = {(@,V,7), (V&Y &, 7), (V.Y &, %)}, such that

(Yé-l’Y 517ﬁ) = {(617 ¢a QS)’ (625 ¢7Y)}7
(Y€27Y 52777[-) - {(617 }V/’ (25)7 (627Y’ ¢)}

Clearly, (Y,/V[vfy,fr, —7) is BpS W-connected subspace of (H,W,fr,—'fr). While (H,V[N/,ﬁ', —7t) is a BpS W-
connected space.

5 BpS /V[v/—Locally Connected Spaces and BpS W—Components

In this section, a new type of connected set is studied, known as W—locally connected in BpSWS. Further-
more, BpS W—component with some properties.

Definition 5.1. A BpS W-component of BpSW S (ﬂ,WN/,fr, —7) corresponding to kS is the BpS union of
all BpS W -connected (C,€,7) C (II,®, %) which contains hS,. It is denoted by BPSW-CO(FL;E}) that is
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BpSW-Co(h) = @{(é,é,fr) c (ﬁ,‘b,fr) LB € (,€7) and (G, 7) is BpS W -connected).

Definition 5.2. A BpSWS (11, /VI7 7t, =) is called BpS w- locally connected at hS € (I1, ®, %) if for every
BpS W—open set (,€,7) containing hi,, thereis a BpsS W- connected open (8,%,7) containing kS, such that hS
€ (6,5, 7) - (¢, €,7). A BPSWSN(H, W,7r, —7) is said to be BpS W—locally connected if it is BpS W—locally

connected at every BpSP E (I, ®, 7). Otherwise, it is said to be BpS W—locally disconnected.

Remark 5.3. BpS W—locally connectedness and BpS W -connectedness are independent as shown below.

Example 5.4. Let 11 = {hy, ho,h3}, @ = {e1,e2} and W= {(®,10,7), (IL®, 7),(C1,&1,7), (C2,2,7),
(C3,83,7), (Car €4, %)}, where (C1,81,7), (C2, &2, 7), (3,3, %), (G4, €4, %) € BpSS(I), defined as follows
(C1,1,7) = {(e1, {1, ha}, 9)},
(G2, &2, %) = {(e1, {ha, 3}, 9)},
(G3,€3,7) = {(e1,11, ), (e2,¢,11)} and
(Car €4, ) = {(e1, 0, 10), (2,11, 0) }.

Then (11, W, 7, i) is BpS W—locally connected space but not BpS W -connected.

Example 5.5. Let ]:[ = {hl,hg,hg}, T = {61,62} and W = {((I),]:[,ﬂ'), (ﬁ,q), ﬁ'),(él,gl,ﬁ'), (52,52,7?),

(é3,€3,ﬁ), (é4,€4,ﬁ)} Where (51,51,7?), (C ,f ﬁ) (Cg,fg, ) (C4,€4,ﬁ) é BPSS(H), deﬁned as fOHOWS
(C1, &1, %) = {(e1, {ha}, {n3})},
(G2, &a,7%) = {(e1, {1, B2}, ®)},
(G, %) = {(e1, {ha}, {hs}), (ea, {ha}, {M1, h3})},
(Car €, %) = {(e1, {1, B2}, 6), (e, {ha}, {1, h3})}.

Then, (H W 7, i) is BpS W connected space but not BpS W locally connected because (o, o, 7) is the
BpS W—open set containing hth, but there is no BpS W -connected open subset of (Cg, &9, 7 7r) containing hi@

Remark 5.6. For a BpSWS (ﬂ,WN/,fr, —7), we have

(1) According to Proposition 4.6, every BpS W—component of a BpSP is the largest BpS W -connected set
containing this BpSP.

(13) If (I:I,W,fr,ﬂfr) is a BpS W -connected space, then (ﬁ,@,ﬁ) is only the BpS W—component of each
BpSP.
Example 5.7. Consider the BpSW S in Example 5.4, we have the following:

BpSW—Co(hivlﬁ2 )V: BpSW—Co(hilha) = BpSW—CO(hglhl) = BpSW—CO(hgl%) = BpSW—C'o(hglhl) = BpSW-
Co(h;h) = (Cg,fg,ﬁ') and

BpSW—CO(hi;z) )V: BpSW—CO(hiB) = BpSW—CO(th) = BpSW—CO(hZa) = BpSW—C’O(hgil) = BpSW-
Co(h3, ) = (Ca; €4, 7).
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Theorem 5.8. A BpSW S (11, W, 7, —7) is a BpS W—locally connected if and only if the BpS W—components
of BpS W—open sets are BpS W-open sets.

Proof. Assume that the space (ﬂ,%,fr,—ﬁr) is BpS ﬁ—locally connected. Let ((,€,7%) be BpS ﬁ—open
and BpSW-Co be a BpS W -component of (¢, &, 7). If hS E BpSW-Co and since kS € ((,&,7), there is
a BpS W -connected open set (4,5, 7) such that A, c (8,5, 7) E ((,€,7%). Now, as BpSW-Co is a BpS
W -component of h;, and (6,%,7%) is BpS W -connected, we have R, E (6,5, %) E BpSW-Co. This shows that
BpSW-Co is BpS W:open.

Conversely, let A, E (ﬁ, ®, 7) be arbitrary and (, £, 7) be a BpS ﬁ—open set containing Nj,. Suppose BpSW-
Cois a BpS W—component of (é,f,fr) such that A é BpSW-Co. Now, BpSW-Co is a BpS W -connected
open set with A, é BpSW-Co é (¢, €, 7). This proves the theorem. O

Theorem 5.9. Let (H,W, t,—i) be a BpSWS, then
(i) The family of all distinct BpS W—components of a BpSPs of (f[, O, 1) forms a partition of (f[, b, 7).

(ii) For every BpS W -component BpSW-Co(ks), we have BpSW -Co(hS,) = BpSW -clBpSW -Co(k,).
Proof.

(1) Let {BPSNW—CO(hf}): R, c (H,q),fr)} be a faI~nily of all distinct BpS ﬁ—components of (ﬁ,q),fr).
Clearly, (f[, o, 7) = L:J {BpSW-Co(hs) Lhi’ E (f[7 ®,7)}. Suppose that there are two distinct BpSPs
1 and RS such that BpSW-Co(LS) N BpSW-Co(h<) # (®,€,%). By Proposition 4.6, ((,€,7)
= BpSW—CO(hf,) L:J BpSW—CO(hﬁj,/) is a %S %—connec‘ced set. This contradicts that BpSW—CO(hf))

and BpSW-Co (h;f,/) are the largest BpS W-connected sets containing AS, and h:j,/ respectively. Hence
BpSW-Co(hS) 1 BpSW-Co(hS) = (®,&,7).

(74) Since BpSW—CO(hZ) isa BpS ﬁ—connected and BpSW-C’o(hf,) é BpSW—CprSW—Co(hZ), it follows
since Proposition 3.18 that BpSW—cprSW—Co(hz) is a BpS %—connected set also. Since BpSW-
Co(h) is the largest BpS %—connected set containing h, . Hence, BpSW-Co(k) = BpSW-clBpSW-
Co(hg).

O

6 BpS W—Compact Spaces

Because of the compactness property importance, this section researches it in BpSW Ss with some essential
theorems.

7r) é W}(;GA of BpSW -open sets on 11 is said to be a

Definition 6.1. A family A = {((s,&5,7%): (G5, Es, 3
BpSW -open cover of a BpSS ((,€,7) if, ((,€,%) C Usen (Cs,E5,7). Furthermore, a BpS subcover is a
subfamily of {((s,&s5,7) tsen which is also a BpSW -open cover.
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Definition 6.2. A BpS subset ((,€,%) of (f[, O, 71) is known as a bipolar soft weak compact set, denoted as
a BpS W—compact set, if each BpSW -open cover of (f,f, 7) has a finite BpS subcover.

Definition 6.3. A BpSWS (ﬂ,w,ﬁ, —7) is said to be BpS W-compact space if (ﬁ,@,fr) is a BpS W-
compact subset of itself.

Example 6.4. Let IT = N be the set of all natural numbers, # = {¢} and W = {(®,11, %), (Cuy &, %) : m € N}
where,

1) = {(6{1,2}, N\ {1,2})},
G2, €2, M) ={(€, {1,3}, N\ {1,3})},
(G3,€3,7) = {(e, {1 41, N\ {1,4})},

Then a BpSWS (IT W,fr, —7) is not BpS W—Compact, since (II, @, 77) = GneN (Cns &n, 7). Whereas (ﬁ, D7)
#Uz 1 (Czugla )

Remark 6.5. Let H be a finite universe set and let (I, ®, 7) % W. If BpS union of some BpSW -open sets
(H O, 1), then (H,CID, 7) is BpSW -compact space.

Example 6.6. Let IT = {fy, hip, i3}, @ = {€} and

W= {(®,I1,7), (G, &, 7), (G €2, 7), (G, €3, 7))
be a BpSW S over IT where (1,1, %), (G, &2, %), ((3,E3,7) E BpSS(I1), defined as follows

(1,61, 7) = {(e, {hu}, {m2})},
(2,2, %) = {(e, {h2}, {hs})} and
(Cs,83,7) = {(e. {ha}, {m})}.

Then, a BpSW S (ﬂ,W,fr, —7) is BpS W—compact.

Remark 6.7. Every BpSW -closed subset of a BpS W—compact space is not necessarily BpS W—compact.

Example 6.8. Let IT = N, 7 = {¢} and

W = {(®, I, %), (Co, €0, 7), (C1, €1, ), (Cus & ) s € N\ {13}
be a BpSW S over IT where (o, &0, %), (C1,&1,7), (Cny Eny 70) e BpSS(IT), defined as follows

(€0, €0, %) = {(&,{1,4,5,...},{2,3})},
(1,61, 7) = {(e. {1}, {2,3,4,5,..})} and
(G &ns ) = {(€:{2,3,4,5,...,n},{1}) : n € N\ {1}}.
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Then, a BpSW S (ﬂ,w,fr,ﬂfr) is BpS W—compact. But the BpSW-closed set {(¢,{2,3,4,5,...}, {1})}
is not a BpS W-compact set, since the family {((n, &, %) : n € N\ {1}} is a BpSW-open cover of

{(6,{2,3,4,5,..}, {1})}. That is
{(67 {2,3,4,5,---},{1})} E 6nGN\{l} (€n7gnafr)'

Then this BpSW-open cover has no finite Bp.S subcover. That is

{(e42,3,4,5,.. 1, (1))} € Opey (Cur€n, ), for k€ N\ {1},

Proposition 6.9. If (ﬂ,W,fr, —7) is a BpS W—compact space, then (11, W,ir) s an S W—compact space.

Proof. Straightforward. U

Proposition 6.10. If (I, W,fr) is an S W-compact space and (II, W, 7%, —%) is a BpSWS constructed since
Theorem 2.24, then (I, W, 7t,7) is a BpS W—compact space.

Proof. Let (IT, W, 7) be an S W-compact space and A = {({s,€5,7)}sea be a BpSW-open cover of (EI 7).
That is

(ﬁ,@,ﬂ') E 66€A (Qi%&ﬂﬂ-

Then, IT = U{Cs5(€)}sen for all € € #. Since (I, W, #) is an S W-compact space, then IT = U{Gs(€) i =

1 2 on}sen. Since £(—e) =11\ (¢) for all € € 7, then ® = N{&s,(—€) 1 i =1,2,...,n}s,ea. Hence, (I, ®,7)
Uiy (Cs,5&5,, 7). Therefore, (I:I,W,fr,—'fr) is BpS W—compact. O

Iﬂk

Theorem 6.11. Let (11, Wl,fr,—'fr) and (11, Wg,fr,—'fr) be BpSW Ss. Then

(1) If (]:[,Wg,ﬁ', —7t) is a BpS WQ—compact space on I and Wl C Wy. Then (]:I,/Wl,ﬁ',—'fr) is a BpS
Wl—compact space on 1I1.

Wo. Then (ﬁ,WQ,ﬁ',—\ﬁ') is also not

N

(43) If (I, Wl,fr, —7) is not BpS Wl—compact space on 11 and W
BpS Wo-compact space on 11.

Proof.

()LeA

={(Gs. &,
Since (H,W

£5,7)Ysen be a BpSW -open cover of (H ®, 7) in (II, W1,7T —it). Since Wy C Wy, then
7)}sea is the BpSWy-open cover of (H ®, ) by the BpSW ,-open sets of (I, Wa, 7, ).
7, —7) is a BpS Wg-compact space. Thus,

{(G,

—~
(=2}

(I, @, 7) € Us—y (s, &5, 7), for some 61,69, ..., 0p, € A,

Therefore, (1, Wi, 7, —7) is a BpS W 1-compact space.
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(4i) Let (II, Wl, 7, —~7t) be not BpS Wl—compact space on IT and W1 C Ws. Assume if possible (11, Wg, 7T, =)
isa BpS V[N/Q—COInpact space on I1. By (i), (II, Wl, 7, —7) is also a BpS W/l-compact. This is a contra-
diction. Hence, (I1, Wg,ir, —7) is not BpS Wg—compact space on II.

g

Theorem 6.12. Let (Y,Wy,fr,—\fr) be a BpSWSS of(v,w,fr,ﬂfr). Then (Y,Wy,fr,—\fr) is a BpS Wy—
compact space if and only if every BpSW -open cover of (Y, O, 1) by BpSW -open set in (T:[, W, 7t, =) contains
a finite BpS' subcover.

Proof. Let (Y, /Wy,ir, —7t) be a BpS Wy—compact space and A = {((s,&5,7)}sea be a BpSW-open cover
of (?,@,7’?) by BpSW-open set in (I:I,W,fr, —i). Now, Y C Usea (SV/ N 55(6)) for each € € 7 and ¢ 2 (Nsca
(Y N 55(—'6)) for each —e € —. Thus, Ay = {(YCV(;,Y £5,7)Ysen is a BpS Wy—open cover of ()7/, ®, 7). Since

(Y,WN/};,fr, —7t) is a BpS WN/Y/—compact space, then there is a finite BpS subcover, say, {(Yg:(;i,Y 55,7?)}?:1
such that,

(}7/,@,7?) C Ui (Yégi,Y 551.,7?), for some 61, 99, ..., 0, € A.

Thus, implies that { Cv(;i,f(gi,ﬁ')}?: is a finite BpS subcover of (Y ( ', ®, %) by BpSW- open set in (11, W, 7T, 7).

1

Conversely, suppose Ay = {( CV(;,Y £5,7) Ysen Wthh is a BpS WY open cover of (Y ®, 7). Then, clearly A
= {((5,&5,7) Ysen is a BpSW open cover of (Y ®,7) by BpSW-open set in (11, W, i, —it ) Thus, by given
hypothesis we have {(Q;,L.,&;, )}, is a finite BpS subcover of (Y, ®, 7). Therefore, (Y, Wy/, 7, —7) is a BpS

Wy—compact space. O

7 Conclusions And Future Research

The aim of this paper was to define a new bipolar soft weak structure named bipolar soft weak connectedness
and bipolar soft weak compactness, and to introduce the principles of bipolar soft weak locally connected
and bipolar soft weak component. The fundamental concepts of BpSW S, which are related to bipolar soft
sets, are continuously presented and explored, as well as the deﬁ/r\l/itions and examples needed to explain

the concepts. Additionally, the paper has invalidated some BpS W—locally connected space and BpS W-
component features in BSW Ss. We provided a definition, demonstrated the way the ideas of BpS W—locally
connected spaces and B pS W-connected are distinct, and explored the ways in which the BpS W -connected

subsets are BpS W—components. Therefore, the main definitions and results of compactness in BpSW Ss
were demonstrated.

Future research on bipolar soft weak structures may focus on several key areas, including continuous
mappings and separation axioms.
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