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Abstract. Based on the notion and properties of C*—algebras, this paper aims to collect im-
portant results of fixed point theorems in generalized C*—valued metric spaces. We also prove
some new notions and establish an existence result for an integral equation in C*—valued
b—metric spaces. Moreover, we give some fixed point theorems in different types of spaces such
as C* —valued (extended b—metric, b—rectangular metric, extended hexagonal b—asymmetric,
S—metric, G—metric and partial metric) spaces.
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1. Introduction and preliminaries

Fixed point theory is an important tool for solving existence of solutions of many non-
linear problems in various branches of science and has been studied in different spaces.
Ma et al. [I3] have introduced the notion of C*—algebra-valued metric spaces by giving
the definition of C*—algebra-valued contractive mapping analogous to Banach contrac-
tion. Many generalizations of the concept of metric spaces have been defined and some
fixed point theorems have been proved in these spaces. In particular, as a generalization
of metric spaces, C*—algebra-valued metric spaces were introduced by Ma et al. [I3].
They proved certain fixed point theorems, by giving the definition of C*—algebra-valued
contractive mapping analogous to Banach contraction principle. Many mathematicians
also worked on this interesting space and proved various fixed point results on such
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spaces, see [8, [0, 06] and references therein. Combining conditions used for definitions
of C*—algebra-valued metric and generalized metric spaces, Piri et al. [IH] announced
the notions of C*—algebra-valued metric space and establish nice results of fixed point
on such space.

Throughout this paper, we denote A by an unital C*—algebra. We call an element
x € A a positive element, denote it by = »= 0, if x € Ay, = {z € A : x = z*} and
o(x) C R4, where o(z) is the spectrum of z. Using positive element, we can define a
partial ordering “=” on Aj as follows:

x <y if and only if y — z > 6,
where 6 means the zero element in A. We denote the set {x € A : > 0} by A, and
lz| = (2*z)2. In 2015, Ma and Jiang [20] introduced a concept of C*—algebra-valued

b—metric spaces which generalize an ordinary C*—algebra-valued space and give some
fixed point theorems.

2. C*—valued metric spaces

Definition 2.1 [I3] Let X be a non-empty set. Suppose the mapping d : X x X — A
satisfies:

1) d(z,y) = 6 for all z,y € X and d(z,y) =0 & z =y;
2) d(z,y) =d(y,x) for all z,y € X;
3) d(z,y) 2 d(x,z) +d(z,y) for all z,y,z € X.

Then d is called a C*—algebra-valued metric on X and (X, A, d) is called a C*—algebra-
valued metric space.

Definition 2.2 [13] Let (X,A,d) be a C*—algebra-valued metric space. A mapping
T : X — X is said to be a C*—valued contractive mapping on X if there exists A € A
with ||[A|| < 1 such that d(Tz, Ty) < X*d(x,y)A.

Theorem 2.3 [I3] If (X, A,d) is a complete C*—algebra-valued metric space and 7' is
a contractive mapping, there exists a unique fixed point in X.

Theorem 2.4 [6] Let (X, A, d) be a complete C*—algebra-valued metric space. Suppose
the mapping T : X — X satisfies d(Tx,Ty) = A(d(Tx,y) + d(Ty,z)) for all z,y € X,

1
where A € A/, and ||A| < 7 Then there exists a unique fixed point in X.
Definition 2.5 Let F': Ay — A, be a function satisfying

(i) F is continuous and nondecreasing;

(ii) F(t) =0 if and only if t = 0.
A mapping T': X — X is said to be a (¢, F')-C*—valued contraction of type (I) if there
exists ¢ : AL — A, an x—homomorphism such that

d(Tx,Ty) = 0 = F(d(Txz, Ty)) + ¢(d(x,y)) = F(d(z,y)) (1)

for all z,y € X.

Theorem 2.6 Let (X, A,d) be a complete C*—algebra-valued metric space and T :
X — X be a (¢, F)-contraction mapping of type (I). Then T has a unique fixed point
x* € X and for every zg € X, {T"x0}nen is convergent to z*.
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Proof. First, let us observe that 7" has at most one fixed point. Indeed, if 27, 5 € X,
then Tx] = o # o5 = T} and ¢(d(z,y)) < F(d(z], x5) — F(d(Tx7,Tx%)) = 6, which is
a contradiction. In order to show that it has a fixed point, let zg € X be arbitrary and
define a sequence {xy, }nen C X by 2p41 = Ty, for n =0, 1,.... Denote d,, = d(xp41, 2p)
for n = 0,1, .... If there exists ng € N for which z,,+1 = xp,, then T'x,, = x,, and the
proof is finished. Suppose now that z,+1 # x, for every n € X. Then d, > 6 for all
n € N and using (0I), F(d,) = F(dn—1) — ¢(dp—1) < F(dy—1) for every n € N. Hence,
F' is nondecreasing and the sequence (d,,) is monotonically decreasing in A,. So there
exists 8 <t € A such that

d(Tp, Tnt1) =t asn — oo. (2)

Letting n — oo, we obtain F(t) < F(t) — ¢(t) and ¢(t) <0 =t =0. Then lim d, = 6.

n—oo
Now, we shall show that {x,} is a Cauchy sequence in (X, A,d). Assume that {z,} is
not a Cauchy sequence in (X, A, d). Then there exist € > 0 and subsequences {z,,, } and
{zpn, } with ng > my > k such that ||d(zm,,zn,)|| = €. Now, corresponding to myg, we
can choose ng such that it is the smallest integer with n; > mj and satisfying above
inequality. Hence, ||d(z, , Tn,_,)|| < €. So we have & < [|[d(@m,,, Tn,, ) || < |d(Tm,, s Tn,_, ) ||+
ld(zn, ., 2n )l < €+ [ld(2n, s 2n, )| Using (B), we have e < lLim [[d(zmy, 2n, )l < e+6

implying

lim |[d(zm,, zn, )| =& (3)
k—o0
Again,
ld(@n,, Zm, )| < [ld(@n,, 2 )+ [ld(@n, s 2m,) |
< ld(@ne o )+ Nl d(@n, s 2 )+ A (@ zm )l (4)
Also,

|d($nk—l ’ m”k)” + Hd(xnk ’ xmk—l ) ”

Hd(xnkfuxmkfl)” g |
< Hd(xnk—17‘rnk)” + Hd(xnk?xmk)u + Hd(xmk7xmk—l)

)

Letting k& — oo in (@) and (B) and using (B8), we have klim ld(n, s Tm,_,)|| = €. Since
—00
d(xnk—17$mk—l)’ d(xﬂkvxmk) € A-i- and lim ||d(xnk—17xmk—1)|| = lim ‘|d(xnu$mk)” =&
k—o0 k—o0

there exists s € A, with ||s|| = € such that
i ld(@n,_y, 2ol = M (ld(@n 2m) || = s, (6)
—00 k—o0

which implies that F(s) = klim F(d(zn,, Tm,)) = klim F(d(zn,_,,Zm,_,)). Therefore,
—00 — 00

F(s)+ ¢(s) = F(s). Hence, ¢(s) = 6 and s = 6, which is a contradiction. Thus, {x,} is
a Cauchy sequence in (X, A, d). Hence, there exist z € X such that lim d(z,,z) = 6.

n—oo

Now, we shall show that z is fixed point of T'. Using (B), we get
AT 1,T2) = 0 = F(d(wn, T2)) + 9(d(zn_1,2)) < F(d(zn1,))
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Letting n — oo and using the concept of continuity of the function of 7', we have
d(z,Tz) =6 and so Tz = z. [ |

Definition 2.7 A mapping 7' : X — X is said to be a (¢, F) C*—valued contraction of
type (1) if there exists an x—homomorphism ¢ : A, — A, satisfying
(a)
(b) E
(c)

¢(a) < afora e Ay;
ither ¢(a) < d(z,y) or d(z,y) < ¢(a), where a € Ay and z,y € X;
F(a) < ¢(a) such that

d(Tz, Ty) = 0 = F(d(Tz, Ty) + ¢(d(z,y)) 2 F(M(z,y)),

where M (z,y) = a1d(z,y) + az[d(Tz,y) +d(Ty, )]+ as[d(Tx,z) + d(Ty,y)] with
ai,az,as3 = 0 and a; + 2a9 + 2a3 < 1.

Theorem 2.8 Let (X, A,d) be a complete C*—algebra-valued metric space and T :
X — X be a (¢, F) C*—valued contraction of type (IT). Then T has a fixed point.

Proof. Let x¢g € X and define 1 = Txg, vo = T2, ... , £, = Txp_1. We have

F(d(znt2,2n+1)) = F(d(Txni1, Tan))

= F(M(xn—&-h wn)) + Qb(d(xn-‘rl, xn))
= F(a1d(p+1,2n) + a2ld(Tpi2, 2n) + d(Tni1, Tnt1)]
+ ag[d(xn+2, Tnt1) + d(Tpt1, 2n)]) — O(d(Tnr1, n)).

Then

F(d($n+27 xn—i—l)) = F(ald(ajn—i-ly xn) + a2 [d(xn—i-Q, xn) + d(xn—i-la xn+1)]

+ a3ld(Tn+2, Tnt1) + d(Tnt1, T0)]).

Using the strongly monotone property of F, we have

d(Tny2, Tpy1) = a1d(@pg1, Tn) + az(d(Tni2, ) + d(Zng1, Tng1)]

+ as [d($n+2a xn+1) + d($n+1a xn)]v

that is,
(1 —a2 —a3)d(Txny1, Twy) = (a1 + ag + a3)d(Tn1, Tn).

ay +az +asg

S0 d(Tnt2; Tnt1) X ———————
1-— a2 — asg

a1 +as +as
— a2 —as

u € Ay such that d(xn41,2,) — u as n — oo. Taking n — oo in

d(l'nJrla l’n)a which implies d(anrQ» xn+1) = d($n+1, :En)'
Since < 1, {d(xp41, )} is monotone decreasing sequence. There exists

F(d(zny2,2n11)) 2 Flard(zni1, o0) + a2ld(Tny2, Tn) + d(Zns1, Tnit)]

+ as3ld(xn+2, Tnt1) + d(Tni1, 2n)]),

and using the continuities of F' and ¢, we have

F(u) = F((a1 + 2a2 + 2a3)u) — (u) = F(u) = F(u) — ¢(u) = ¢(u) 20 = u=
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Hence,
d(xpi1,2n) — 0 as n — oo. (7)

Next, we show that {z,} is a Cauchy sequence. If {z,} is not a Cauchy sequence then
there exists ¢ € A such that F(c) < d(zp,xn) for all n,m € N with n > m > ny,
no € N. Thus, there exist sequences {my} and {ny} in N so that for all positive integers
k, ng > my >k and d(zn,,, Tm,) = ¢(c) and d(2n,, s Tm,,) = ¢(c). Then

(;S(C) j d($n(k) ) xm(k)) j d(xn(k) ’ $Tl(k)71) + d(xn(lc)—l ’ xm(k) );

that is, ¢(c) = d(Tng)> Tma,) =2 [ @0y, Tng, . ) + ¢(c)]. Letting & — oo, we have

lim d(2n,, Tm,,) = ¢(c) (8)

k—oo

Again d(Tn ), Tmy,) = [d(Tng» Tngy) + A Tng s Tmay,) + d(a:m(wrl,u’ﬂ.m(k))] and
d(xn(k)+1 ) ajm(k)+1) j [d(wn(k)+1 ) xn(k)) =+ d(mn(k) ) xm(k)) + d(xm(k) ) xm(k)+1)]' Lettlng k — 0
in previous inequalities, we have

hm d(wn(k)+1 ) xm(k>+1) = ¢(C) (9)

k—o00

Again d(Tn ), Tmyi) 2 [ Tngy, Tmy) + A(Tmy  Tm, ;)] and
[

d(XTL(k)+1’ xm(k)) j d(xn(k)+1’ xn(k)) + d(xn(k)7xm(k)+l) + d(xm(k)+17xm(k))]' FUI'—
ther, d(xn(k)+1 ) xm(k)) j [d(xn(k)+1 ) xn(k)) + d(wn(k) ) xm(k) )] a'nd d('xn(k) ’ xm(k)) j
[d(Zng Trgysr) + A(Tngy sy T, )] Letting & — oo in above four inequalities, we have

hm d(xn(k)’xm(k)+l) = ¢(C) and hHI (xn(k)+17':vm(k)) = ¢(C) (10)

k—o0 k—o0

Using (@), (8), (A) and (IM), we have

khanolo M(:L‘n(k) ) xm(k)) = klggo ald(l‘n(m ) xm(k)) + az [d(l‘n(k) ) xm(k)) + d(':vm(k) ) :Em(k)ﬂ)}

+ a3 [d(xn(k) ) xm(k)+l) + d(:l:m(k) ) xn(k)+1)]

= (a1 + 2a2)¢(c) (11)

Clearly, zp, =X xp,. Putting z =z, and y = 4, we have

F(d(xn(k)+1 ) xm(k)+1) = F(d(Txn(k) ) Txm(k)) j F(M(xn(k) ’ xm(k))) - d)(a’:n(k) ) wm(k))'

Letting k — oo in the above inequality and using (@), (8) and (M), and the continuity
of F and ¢, we have by virtue of a property of ¢ that

F(¢(c)) = F((a1 + 2a2)¢(c)) — ¢(p(c))
= F(¢(c)) 2 F(9(c)) — ¢(¢(c)) = ¢(¢(c)) 20 = é(c) =0,

Hence, {z,} is a Cauchy sequence. From the completeness of X, there exists z € X such
that z,, — z asn — oo. Since T is continuous and Tz, — Tz asn — oo, lim z,11 =Tz,
n—oo

that is z = T'z. Hence z is a fixed point of T [ |
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Corollary 2.9 Let (X,A,d) be a complete C*—algebra-valued metric space and 7" :
X — X be a (¢,F) C*—valued contraction of type (II). If a; = a3 = 0 and a3 = 3,
a mapping 7T is said to be (¢, F)—Kannan-type C*—valued contraction. Then T has a
fixed point.

Corollary 2.10 Let (X, A,d) be a complete C*—algebra-valued metric space and 7" :
X — X be a (¢, F) C*—valued contraction of type (II). If a1 = a3 = 3 and a2 = 0, a
mapping T is said to be (¢, F')—Reiche-type C*—valued contraction. Then 7" has a fixed
point.

2.1 Application to Fredholm’s integral equations

Here, we apply Theorem P8 to prove the existence and uniqueness of the solution to
Fredholm’s integral equations x(t) = X [ K(t, s, z(s))ds.

Theorem 2.11 Let E = [0,1] be a measurable Lebesgue set of finite measure and
X = L*(E). Consider the Hilbert space L?(E). We denote B(L?(FE)) the set of all linear
operators bounded in L?(E), it is a unitary C*—algebra with the usual norm of operators.
For z,y € X, we define the metric d : X x X — B(L*(E))* by d(x,y) = m(;_y)2, where
7, (f) = hf for f € L?(E). It is clear that (X, B(L?(E)),d) is a complete C*—valued
metric space. Suppose that there exists 1 > A > 0and K : Ex E xR — R is a continuous
application. For all x,y € X and t,s € F, consider Fredholm integral equation:

2(t) = /E K(t, s, 2(s))ds. (12)

and suppose the kernel function K satisfies |K(t,s,x(s)) — K(t,s,y(s))] <
Ae =O—v@I|z(t) — y(t)|. Then, (I2) admits a unique solution.

Proof. Let T : X — X be defined by T'(x)(t) = [, K(t, s, z(s))ds for all z € X. Suppose
that z,y € X and t,s € E. Then

||d(Tx,Ty)H = H7T(Tx7Ty)2|| = ! S‘]IJp1<7T(Ta:7Ty)2gvg> v.g € LQ(E)
gll2=

= swp [ (10 TR0t
llgll2=1JE

— s /E | /E K(t,5,2(s)) — K (t, 5,y(s))ds]g(t)g(D)de

llgll2=1

— sup /E | /E K(t,5,2(s)) — K (t, 5,y(s))ds|*|g(t) Pt

llglla=1

< sup /AQ(/ e BT [a(s) — y(s)|ds)?|g (1) 2dt
E E

llglla=1

< sup [ ([ e Ee sty Pl e - )2t
E JE

llglla=1

<N / ¢TI ds]?. sup / 19(6) 24tz — 4)?]oo-
E E

llgll2=1
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Note that the set {s € E/xz(s) = y(s)} is negligible. In addition, we have

1 L1
—y(3)| 7 [z —yllo

2(s) — y(s)] <sup|z(s) —y(s)| = [z = ylloo =
scE |z(s)

-1 -1 —1 -1
= < 4:)/ el==)—v() ds < / ellz(s)—v( e ds.
lz(s) —y(s)| " llz—vllo  JE B

and as lnfEf < fE In(f) where (E = [0, 1]),

F(|d(Tz, Ty)|)) < 2n(A) + 2In(|ld(, y)) + 2 /E Hx—_zuoods
__m(E)
< 2(tn(Y) + In(d(z, )1 — g7 —5)

<2[E(ld(z, y)l) — m(E)(ld(z, y)I))]-
If we take F(d(z,y)) = F(|d(z,y)|)] and ¢(d(z,y)) = é(|ld(z, y)[)I, then
F((d(Tz, Ty)) + ¢(d(z,y)) < F(d(z,y)) -

Then T satisfies the condition (), and the equation (I2) has a unique solution. [ |

3. C*—valued b—metric spaces

In this section, we introduce the notion of C*—valued b—metric space.

Definition 3.1 [B] Let X be a non-empty set and A be a unital C*—algebra. Let b € A
such that ||b]| > 1. A C*—valued b—metric on X is a mapping 7' : X x X — A satisfying
the following conditions:

(1) d(x,y) = 0, Vo,y € X and d(z,y) = 0 < = = y;

(2) d(z,y) = d(y,z);

(3) d(z,z) 2 bld(z,y) +d(y, z)] for all x,y,z € X.
(X, A,d) is called a C*—valued b—metric space with the coefficient b.
Definition 3.2 [B] Let (X, A,d) be a C*—algebra-valued b—metric space. A mapping
T : X — X is said to be a contraction if there exists A € A with ||A|| < 1 such that
d(Tz,Ty) < X*d(x,y)\ for all z,y € X.

Theorem 3.3 [3] Let (X, A,d) be a complete C*—algebra-valued b—metric space. Let
T : X — X be a contraction with the contraction constant A € A such that [|b[|||A||* < 1.
Then T has a unique fixed point in X.

Lemma 3.4 Let (X, A, d) be a C*—algebra-valued b—metric space with b > I. Suppose
that {x,} is a sequence in X such that d(zp4+1,2,) < 0d(xy,znp—1) for all n € N and

1
§ €10,1) with [|p]| < 5 Then {z,} is a Cauchy sequence.
Definition 3.5 [[] Let (X, A,d) be a C*—algebra-valued b—metric space and {z,} a
sequence in X.

(1) {zn} converges to x € X if d(x,,x) — 0 as n — co.
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(2) {zn} is a Cauchy sequence if d(zy,,x,) — 0 as m,n — 0o
(3) (X,A,d) is complete if very Cauchy sequence in X is convergent.

Definition 3.6 [7] Let 7: X — X and o : X x X — A’, be two mappings. T is said
to be a—admissible if a(x,y) = I implies a(T'z, Ty) = I.

Definition 3.7 [7] Let T: X — X and a: X x X — A’ be two mappings such that T
is a—admissible. T' is said to be triangular a—admissible if a(z,y) = I and «a(y,z) = I
imply a(z,z) = I.

Definition 3.8 [7] Let 7: X — X and o : X x X — A’, be two mappings. T is said
to be a—orbital admissible if a(z, Tz) = I implies a(Tz, T?z) = I.

Definition 3.9 [7] Let T: X — X and a: X x X — A’, be two mappings such that
T is a—orbital admissible. T is said to be triangular a—orbital admissible if a(z,y) = I
and a(y,Ty) = I imply a(x, Ty) = 1.

4. Fixed point theorems for C*—multivalued contractions in
b—metric space

The concept of multivalued contraction mappings was introduced by Nadler [[4]. He
established that a multivalued contraction mapping has a fixed point in a complete
metric space. In 2017, Amer [I] introduced a new concept known as generalized o, — 1)-
Geraghty contraction type for multivalued mappings. Let (X, A,d) be a C*—algebra-
valued b—metric space. We will denote by CB(X) the set of non-empty bounded closed
subsets of X. For M, N € CB(X) and x € X, we define d(z, M) = inf,ecps d(z,a) and
d(M,N) = sup,cjr d(a, N). The mapping h : CB(X) xCB(X) — A, given by h(M,N) =
max{sup,cys d(a, N),supycn d(b, M)} is the Hausdorff distance between M and N in
CB(X). A point z is said to be a fixed point of multivalued mapping T': X — CB(X)
provided z € T'(z).

Definition 4.1 [1] Let (X, A, d) be a C*—algebra-valued b—metric space and « : X X
X — A’ be a mapping. The space X is said to be a—complete if every Cauchy sequence
{zn} in X with a(z,,x,41) = I for all n € N converges in X.

Definition 4.2 [I] Let o : X x X — A’, be a mapping and T : X — CB(X) be a
multivalued mapping satisfying the property that if a(z,y) = I implies . (Tx, Ty) = I,
where a, (M, N) = inf{a(z,y) : 2 € M,y € N}, then T is said to be a,—admissible.

Definition 4.3 [I] Let (X,A,d) be a C*—algebra-valued b—metric space and a,n :
X x X — Ay be two mappings. T is said to be a —n—continuous on (X, A, d) if for given
x € X and a sequence {x,} in X with a(xy,,z,41) = I for all n € N such that z,, — = as
n — oo imply that Tz, — Tz as n — oo. If n(xy, xp+1) = I, then T is an av—continuous
mapping.

Definition 4.4 [0] Let 7,5 : X — CB(X) be two multivalued mappings and « : X X
X — A’; be a function. Then the pair (T, S) is said to be triangular «,—admissible if
the following conditions hold:

(i) a(z,y) = I = ax(Tz,Sy) = I and a,(Sz,Ty) = I;
(i) a(z,y) = I and a(y,z) = I = a(z,z) = 1.

Definition 4.5 [] Let 7S : X — CB(X) be two multivalued mappings and « :
X x X — A’L be a function. Then the pair (7, .5) is said to be triangular «,—orbital
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admissible if the following condition holds:
a(z,Tz) = I and au(x, Sz) = I = a.(Tx,S%x) = I and a.(Sz, T?z) = I.

Definition 4.6 [1] Let 7,5 : X — CB(X) be two multivalued mappings and « :
X x X — A’} be a function. Then the pair (7,5) is said to be triangular a.—orbital
admissible if the following conditions hold:

(i) (T,S) is a,.—orbital admissible.
(i) a(z,y) = I, a(y,Ty) = I and aw(y, Sy) = I imply a.(x, Ty) = I and a.(x, Sy) =
1.

Lemma 4.7 [0] Let 7,5 : X — B(X) be two multivalued mappings such that the pair
(T, S) is triangular a,—orbital admissible. Assume that there exists g € X such that
ax(xo, Txo) = I. Define a sequence {x,} € X by xo,411 € Tro, and xo,12 € S(T2n41),
where n =0, 1, .... Then, for all n,m € N with m > n, we have a(z,,zy) = I.

Using C*—Hausdorff metric on CB(X), we give a generalization of some common fixed
point results for rational contraction of multivalued mappings defined on a C*—algebra-
valued b—metric space.

Lemma 4.8 Let M, N € CB(X) such that (X, A, d) be a C*—algebra-valued b—metric
space. Suppose that the range of the metric d is a totally ordered subset of AT. For all
a € M, we have d(a, N) < h(M,N).

Lemma 4.9 Let M, N € CB(X) such that (X, A, d) be a C*—algebra-valued b—metric
space. Suppose that the range of the metric d is a totally ordered subset of A*. For all
a € M, if r = 0, there exists u € N such that d(a,u) < h(M,N) + .

Lemma 4.10 Let M, N € CB(X) such that (X, A, d) be a C*—algebra-valued b—metric
space. Then for all a € M and g < 1, there exists u € N such that qd(a,u) < h(M,N).

Definition 4.11 Let (X, A, d) be a C*—algebra-valued b—metric space. Let o : X x X —
A’} be a mapping and T : X — CB(X) be a multivalued mapping. Then T is said an
a—continuous multivalued mapping on (CB(X), h).

Definition 4.12 Let (X, A, d) be a C*—algebra-valued b—metric space with a coefficient
b > I. A mapping T : X — CB(X) is called a C*—multivalued contraction if there exists
A € A with ||\l < 1 and ||b]|[|\|> < 1 such that h(Tx, Ty) < A\*d(z,y)A for all x,y € X.

Theorem 4.13 Let (X, A,d) be a complete C*—algebra-valued b—metric space with a
coefficient b = [ and T : X — CB(X) be a C*—multivalued contraction. That is, there
exists A € A with |[A]| < 1 and ||b]||A||> < 1 such that h(Tz,Ty) < A\*d(z,y)\ for all
xz,y € X. Then T has a fixed point.

Proof. Let zyp € X. Consider ;1 € Tzp and zo € Tz such that d(xi,x2) =
h(Txo,Tz1) + A*A. Again, since Tz; and Txy are closed and bounded subsets of
X and z9 lies in Tz, there will be a point x3 € Txo, which satisfies d(z2,z3) =<
h(Tz1,Tx) + (A*A)2. Proceeding in this way, we obtain a sequence {Tntnefi 2,y of
points of X such that z,11 € Tz, and d(zp, xnt1) = M(Tzp—1,Tzy) + (A*A)" for all
n > 1. We note that

d(xp, Tpt1) S h(Txp—1,Txy) + (NN 2N d(2p-1,20)A) + (A"
<X N[h(Txp—2,Txn_1)+ ()\*)\)"_1])\ + (NN = XN [h(Trp—2, TTp_1)]A + 2(A"N)"
< AN "d(zo, 1) A" + n(ATA)".
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for all n > 1. Hence, for all n,m > 1,

d(Tpmy Tn) 2 0[d(Tm, Tmt1) + d(@mp1, Tn)]
=2 bd(Tm, Timt1) + b2d(xm+1, Tm42) F oo 0" (21, Tp)
< BN d(z0, £1)A™ + m(NN)™] 4 BN D d (20, )N 4 (m4 D) (VN)
+ o DTN (g, 2N 4 (0 — (VAT

n—1

n—1
SISO (o, 1)) [P 2a + > 116"l A2 1]
k=m

k=m

n—1 n—1
< Bl I o, 20)) 2 1P Y BN NP Ta + (161> k|| IAFP1a
k=m k=m

n—1 n—1
<6l (o, 1) 2 117D (IBIINIDFIa + 1617+ Y - kBl IN1)*Ta — 6,
k=m k=m

as m — oo. It follows that {x,} is a Cauchy sequence in X. Since X is complete,
the sequence {z,} will converge to some xzy € X. Also, h(Tzp, Txo) = XNd(zp,x0)A.
Therefore, the sequence {T'x,} converges to Txy. Also, x,, € Tz, for all n € {1,...}
and d(x,, Trg) — 6 as n — co. We obtain that z¢ € Txg. [ ]

If whenever {z,} is a sequence in X with a(zy,xny1) = I for alln € N and z € X
such that lim d(zp,z) =6, then lim h(Tz,,Tz)=26.
n—-+00 n—-+00

Definition 4.14 Let (X, A, d) be a C*—algebra-valued b—metric space. Let o : X x X —
A’} be a mapping and T, S : X — CB(X) two multivalued mappings said to be a pair
of generalized rational o, —contraction type for multivalued mappings if «(x,y) = I and
h(Tz,Sy) = XM (x,y)\ for all z,y € X, where A € A with ||[A|| < 1 and ||b]|[|\]|? < 1,
and M(z,y) = max{d(z,y), d(z,Tz),d(y, Sy)}.

Theorem 4.15 Let (X, A, d) be a C*—algebra-valued b—metric space with b > I and
a: X xX — A’} be amapping. Let T, S : X — CB(X) be a pair of generalized rational
ax—contraction type for multivalued mappings and

(i) (X,A,d) is an a—complete;

(ii) (7,9) is triangular a,—orbital admissible;
(iii) ax(xo,Txo) = I for zg € X;
(iv) T and S are a—continuous.

Then there exists a common fixed point of 7" and S in X.
Proof. Let xg € X such that au.(zg,Tz) = I. Let x1 € Tz so that a(zg,z1) = I and
x1 # xo. We have 0 < d(x1, Sz1) 2 h(Txo, Sz1) = XM (20, 21)\. There exists z2 € Sz,
such that d(z1,z2) < h(Txo, Sz1) = A*M (20, 1)\ With
M (g, 1) = max{d(xo, z1),d(xo, Txo),d(x1,Sz1)}
= max{d(xg, x1),d(z0, 1), d(x1, Sz1)} = max{d(zo,x1),d(z1,Sx1)}.

If max{d(xg,x1),d(x1,Sx1)} = d(x1,Sx1), we get d(x1,Sz1) < AN*d(x1, Sz1)\, implying
that ||d(z1, Sz1)|| < ||M|?|d(21, Sz1)|| < ||d(21, Sz1)||, which is a contradiction. Hence,
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max{d(zo,z1),d(x1,Sx1)} = d(xo,21), by Lemma BEI0 with ¢ = 1/[|b||, there is z3 €
Sy so that [|d(z1,22)| < ||b]l |MI? ld(zo,z1)|] < ||d(wo,21)||. Similarly, for z3 € T,

Wd($2,$3) < h(Sx1,Try) X N*M(x1,x2)\, where

M(x1,x9) = max{d(z1,z2),d(x1,Sx1),d(x2, Tx2)} = max{d(x1,x2),d(x2, Tx2)}.
We obtain d(x2,x3) = h(Sx1,Txy) 2 N*M(x1,x2)\ where

M(z1,22) = max{d(x1, z2),d(x1, Sz1),d(x2, Tx2), } = max{d(z1,x2),d(x2, Tx2)}.

If M(x1,22) =d(xe,Txs), by 0 < d(x9, Txs) < h(Sx1,Txs) =< N*d(x9, Tx2)\, we have

1

HbHd(J?znﬂ,lénJrz) = WTz2n, Stont1) = XM (z2n, Ton41)A,

and ||d(xg, Tz2)| < ||A||[|d(x2, Tz2)||, a contradiction. So max{d(z1,x2),d(ze, Tx2)} =
d(z1,22) and ||d(xa, 23)|| < [|B]| [|A]|? ||d(z1, 22)||. We define a sequence {x,,} by 2,41 €
Txo, and x9, € Sxoyy1 for n =0,1,.... Thus, a(xy, xny1) = I for all n € N and

0 < d(xont1,STan+1) = h(Txopn, Stont1) = N M(z2p, Tont1)A, (13)
and
1
Hb”d(w2n+1,$2n+2) = h(Twan, Stant1) 2 N M (220, T2n11) A,
we have

M (zon, xon+1) = max{d(zan, Ton+1), d(T2n, TT2,), d(T2n+1, STont1)}

= max{d(z2,+1,T2n), d(T2n41, ST2n41)}-

If max{d(z2n+1, Ton), d(T2n41, STant1)} = d(T2n11, ST2,41), then we have by (I3) that
d(w2n+1, ST2n41) = AN d(Tant1, ST2041)A = ||d(@2n41, ST2n41)|l < [[Alld(z204+1, ST2011)|5

which is a contradiction. Hence, max{d(x2n+1, Z2n), d(T2n+1, STont1)} = d(xan, Ton+1)

and d(xont1,STan+1) = AN*d(xon, Tant+1)A, which implies that ||d(z2n+1,Tont2)| <

6] | A\1? |d(z2n+1, ¥2,)|| and by Lemma B4, {x,} is a Cauchy sequence. By complete-

ness of (X, A, d), there is z € X so that for all n € NU {0}, lirf d(xy, z) = 0 implying
n—-+0oo

ngrfoo d(zont1,2) = ngr}rnoo d(xon+2,2) = 0. As S is a—continous, nggloo h(Sxzop42,S%) =

6. Therefore, d(z,Sz) = bld(z,x2n+1) + d(z2n+1,52)] — fas n — oo then, z € Sz.
Similarly, we obtain z € T'z. Thus, z is a common fixed point of T" and S. [ ]

In the following, the a—continuity proprety is replaced by a new condition.

Theorem 4.16 Let (X, A, d) be a C*—algebra-valued b—metric space with b = I and
a: X x X — A’, beamapping and T, S : X — CB(X) be a pair of generalized rational
ax—contraction type, where

(i) (X,A,d) is an a—complete;
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(ii) (T,9) is triangular a,—orbital admissible;

(iii) ax(xo,Txo) = I for zg € X;

(iv) If {z,} is a sequence in X such that a(xy,x,41) = I for all n € NU {0} and
nlirgo d(wpn,z) = 0, then there exists a subsequence {x,)} of {z,} such that

Ty, 2) = I for all k € NU{0}.
Then, T and S have a common fixed point in X.

Proof. Let {z,,} be a sequence in X such that xs,11 € Ty, and xo,t2 € Swoy4 for
n=0,1,..., with a(zy, xnt1) = I and z,, — z € X. By (iv), we have for all k¥ € N that

d(zv TZ) = b[d(z7 xQn(k)Jrl) + d(x2n(k)+17 TZ)] = bd('za x2n(l€)+1) + bh(SxZn(k)a TZ)
=2 bd(z, Tan(ky+1) + DN M (T2 k), 2)A, (14)
where M (zoy,(), 2) = max{d(Ta, k), 2), A(Tan(k)s STonk)), d(2, Tz)}. Letting k — oo, we
get M (wopx), 2) — d(z,Tz), and by (Id), we have
d(z,Tz) X bA*d(z, T2)A = ||d(z, Tz)|| < [BI[IAI?[ld(z, T2)]l,
which is a contradiction. Then z € Tz i.e, 2z is a fixed point of T. Proceeding in this
manner we prove that z € Sz, i.e, z is the common fixed point of T and S. [ |
We denote ® the class of all functions ¢ : AL — A, such that for any bounded
sequence {t,} of positive real numbers, li_>m ¢(tn) = I implies li_)m t, =6 and ||¢] < 1,
and W the class of the functions ¥ : A, — A, satisfying the conditions:

(i) % is nondecreasing and continuous;
(ii)) ¥(t) =0 =t=4.

Definition 4.17 Let (X, A,d) be a C*—algebra-valued b—metric space with b > I and
a: X x X — A’y be amapping. Let T, S : X — CB(X) be a pair of generalized rational
oy —1— Geraghty contraction type for multivalued mappings if there is ¢ € ® and ¢ € ¥
such that for z,y € X with a(x,y) = I, the pair (T, S) satisfies the following inequality:

a(z, y)p(h(Tz, Sy)) 2 o(Y(M(z,y)))¢ (M (z,y)), (15)

where M(x,y) = max{d(z,y),d(z,Tz),d(y, Sy)}.

Theorem 4.18 Let (X, A,d) be a C*—algebra-valued b—metric space with b = I, « :
X x X — A’y be a mapping and T, S : X — CB(X) be a pair of generalized rational
ax — W—Geraghty contraction type, where
(i) (X,A,d) is an a—complete;
(ii) (7,9) is triangular a,—orbital admissible;
(iii) ax(xo,Txo) = 1 for zp € X;
(iv) T and S are a—continuous.

Then there exists a common fixed point of 7" and S in X.
Proof. Let zp € X. Construct the sequence {x,} such that xe, 1 € Tra, and zo,42 €
Sxopy1 for n =0,1,... with a(zy, zp41) = I. By (I3), we have
0 < ¥(d(xy,Sx1)) 2 (h(Txz,Sz1)) 2 alxg, x1)Y(h(Txo, S1))
= O(V(M (w0, 1)) (M (0, 71)).
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There exists xo € Sz such that

Pld(wr, 22)) = olwo, 21) Y (W(Txo, Sx1)) = H(P(M (20, 1)) (M (20, 21))
with
M (20, 1) = max{d(zo, 21), d(zo, To), d(z1, Sz1)} = max{d(zo,z1), d(x0, 21, d(x1, S1)}

— max{d(zo, z1), d(x1, Sz1)}.

1f max{d(zo, 21), d(1, Sa1)} = d(xy, S1), we get

U(d(zr, S71)) 2 G((d(z1, S21))) ¢ (d(21, S71))

= [[¢(d(z1, S21))|| < [|p(¥(d(1, S21))) [ [ (d(1, Sz1)),

which is a contradiction. Hence, max{d(zo, z1),d(x1, Sz1)} = d(zo,x1). Then

P(d(xr, 22)) 2 o(Y(d(wo, 21)))¢(d(20, 21))-

In the same way, for x5 € Sx; and x3 € Tz, we obtain

Y(d(z2, 23)) = a1, x2)Y(h(Sz1, T2)) 2 G(P(M (21, 22)))Y (M (21, 2))

where M (z1,z2) = max{d(z1,x2),d(z1,Sz1),d(x2, Tx2)} = max{d(x1,x2),d(x2, Tx2)}.
If M(x1,22) = d(x2,Tx2), we obtain

Y(d(w2,73)) 2 (Y (d(w2, Tx2)))p(d(z2, TT2))
= [[¥(d(w2, Txe))[| < |[p(0(d(x2, Tx2)))|||¢0(d(z2, T22))|s

which is a contradiction. Hence, max{d(z1,x2),d(z2,Tx2)} = d(x1,2z2) and we have

Y(d(x2,x3)) = d(Y(d(z1,x2)))(d(x1,22)). We define a sequence {x,,} by zon+1 € Txap
and 2, € Stapt1 for n =0,1,.... So a(zy,xn41) = I for all n € NU {0} and

P(d(zant1, Stans1)) 2 (M(Twon, Stant1)) 2 G(p(M (220, 22n11))) 0 (M (220, T2n11)),
and

O(d(@2n+1, Tan+2)) 2 Y (W(T22n, Ston11)) = G(W(M (220, T2n41))) V(M (220, T2041)),
where

M (2, xon+1) = max{d(zan, Ton+t1), d(X2n, TTon), d(T2n+1, STont1)}

= max{d(x2p+1,T2n), d(T2n41, ST2n41)}-
If max{d(xon+1,22n), d(X2n+1, STon+1)} = d(x2n+1, STan+1), then

Y(d(T2n41, SToant1)) 2 d(Y(d(zan+1, ST2n+41)))(d(T2n+1, STont1))
= |[Y(d(z2n+1, STont1))|l < (W (d(@2n+1, ST2n+1))I[ 1Y (d(T2n41, ST20+1)) |5
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which is a contradiction. Hence, max{d(z2n+1,Z2n), d(T2n+1, STon+1)} = d(xont1, Ton)

and we have ¥(d(x2n+1,ST2n+1)) = (Y(d(x2n+1, T2n))) Y (d(z2n+1, T2p)). Using prop-
erties of ¢ and ¢, we conclude that {z,} is a Cauchy sequence. By completeness of

(X, A, d), there exists z € X such that

ngrfw d(xn,z) =0 = ngrfm d(xont1,2) = ngrfoo d(xony2,2) = 0.

for all n € N U {0}. Since S is a—continuous, lirf h(Sxont2,S5z) = 0. Therefore,
n——+0o0

d(z,Sz) 2 bld(z, x2n+1) +d(x2n+1,S2)] = 6. So, z € Sz. Similarly, we show that z € T'z.
Then T and S have a common fixed point in X. [ |

5. C*—valued extended b—metric spaces

Definition 5.1 [2] Let X be a non-empty set and £ : X x X — A". A function d :
X x X — A is called a C*—algebra-valued extended b—metric spaces on X if

1) d(z,y) =0 < xz =y for all z,y € X and d(z,y) = 0;
2) d(z,y) =d(y,x) for all z,y € X,
3) d(x,y) = E(z,y)[d(z, z) + d(z,y)] for all z,y,z € X.

(X, A, d) is called a C*—algebra-valued extended b—metric space.

Theorem 5.2 [2] Let (X, A, d) be complete C*—algebra-valued extended b—metric space
and T : X — X satisfies d(Tx,Ty) < Ad(z,y)\ for all z,y € X, where \ € A with
Al < Tand lim FE(zp,Zm)||A|| < I. Then T has a unique fixed point z € X.

n,M—00

6. C*—valued rectangular metric spaces

In 2000, Branciari [d] introduced the notion of a generalized (rectangular) metric space.
Rectangular metric space is different with metric space and b—metric space. The differ-
ence is located in the last properties, that is triangle inequality, which is in this space we
used rectangular inequality.

Definition 6.1 Assume X is a non-empty set and the mapping d : X x X — Ay
satisfies:

(i) d(z,y) = 0 if and only if x = y;

(ii) d(z,y) = d(y, z) for all distinct points z,y € X;

(iii) d(z,y) = d(z,u) + d(u,v) + d(v,y) for all x,y € X and for all distinct points
u,v e X —{x,y}.

Then (X, A, d) is called a C*—valued rectangular metric space.

Definition 6.2 Let (X,A,d) be a C*—valued rectangular metric space. A mapping
T : X — X is said to be a contraction if there exists A € A with ||A|| < 1 such that
d(Tz,Ty) < X*d(x,y)\ for all z,y € X.

Theorem 6.3 Let (X, A, d) be a complete C*—algebra-valued rectangular metric space.
Let T': X — X be a contraction with the contraction constant A € A such that ||[A|| < 1.
Then T has a unique fixed point in X.
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Proof. Choose zg € X and define 1 = Txq, xo = Tx1, ... , £ = Txp_1. Then

d(Tpt1,2n) = A(Txn, Txp—1) I N d(Tp, Tp_1)\
< (M) 2d(2n_1, Zn_2)A% < (X)d(21, 20) A" = (X\*)"BA",

where B = d(x1,x0). For any m > 1 and p > 1, we have

A @Zmtps Tm) 2 A @mtps Tmtp-1) + A@mtp—1, Tmtp—2) + A(Tmsp—2, Tm)
= d(Zmap, Tmtp—1) + AZmtp—1, Tmap—2) + A Tmtp—2, Tmtp—3) + ...
+ d(Tmt3, Tmt2) + A(Tmt2, Tmt1) + A(Tms1, Tm)
< (AF)mAPTLpAmAP=L y (\rymEp=2pAmtp=2 | (\*ymtp=3 pymtp-3
HymAp=Ag mrr=d L (AL AL L (A )mBA™

P—1

+
>~

P—

<D BT EREDRT LN BT GO 4 BT

N
[

k=1 k=1
< IBID D APt CRELL B T APPTCRT 4| B[P = 6
k=1 k=1

as m,p — oo. Hence, {x, } is a Cauchy sequence in X with respect to A. By completeness

of (X,A,d), z, »x € X, ie., lim x, = lim Tx,_; = x. We have
n—oo n—oo

d(Tx,x) X d(Tz,Txy,) + d(Txn, Trps1) + d(TTpe1, )
SN d(x, zp) A + N d(Tp, Tpg1)A + d(Tp42, T),
which implies that d(Tx,z) — 6 as n — oco. Hence, Tz = x. To prove the uniqueness
of the fixed point x, suppose that u is another fixed point of 7. We have d(z,u) =
d(Tz,Tu) = XNd(z,u)\. Using the norm of A, we have
(2, y)|| = ld(Tx, Ty)|| < [Nz, y)A| < X [[[ld, 9] = AP 1d(z, y)]
=d(z,y) =0=2x=y.

Theorem 6.4 Let (X, A, d) be a complete C*—algebra-valued rectangular metric space.
Assume the mapping T : X — X satisfies d(T'z,Ty) = ANd(Tz,x) + d(Ty,y)) for all
z,y € X, where A € A} such that [|A]| < 3. Then T has a unique fixed point in X.

Proof. Choose zg € X and define 1 = Tzg, 20 = Tx1, ... , £, = Txp_1. We have
d(Xpt1,2n) = d(Txn, Txn-1) I Nd(Txpn,x0) +d(TTH—1,Tn-1))

= Md(Tpt1,2n) + d(Xp, Tp—1)).

1
As ||B|| < 3 and I — )\ is invertible, d(xp41, 7n) =< (I —X) " Ad(20, 1) = ad(Tn, Tn_1),

where o = (I — \) 7'\ So d(2p11,70) = ad(2p, n_1) = &?d(2y_1,Tn_2) = a"d(z1, 7).
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For any m > 1 and p > 1, we have

A(@mtp, ¥m) 2 d(@mtp, Tmip-1) + A(@mtp—1; Tmap—2) + d(Tmip—2, Tm)

2 d(@Tmips Tmap-1) + ATmap—1, Tmap—2) + A(Tmip-2, Tmip-3)---

+ d(xm+37 $m+2) + d(xm—i-% xm+1) + d(xm—&-l: $m)

j am+p—lB +am+p—2B +am+p—3B o am+2B + am—HB + amB
=B Mel™ =D+ B el ™21 + || B]|[|ef™ T

k=1 k=1
e lof PF -1
= [|B[[lf ™ I[W]IvL 1B][[|e] ™ P~ IH[WU

+ || B|[|e||™ T — 6 as m,p — .

Therefore, {z,} is a Cauchy sequence with respect to A. By the completeness of (X, A, d),

there exists x € X such that lim z, = lim Tz,_1 = x. Since
n—oo n—oo

0 <d(Tz,x) Xd(Tz,x,) + d(Txy, Txpi1) + d(Tepp1, )
S MN(Tz,z) + Nd(Txp, xn) + d(Txp, Txpni1) + d(Txny1, ),

we have
d(Tz,z) = (I —N) " Nd(Tzp, Trp_1) + (I — N d(Txp, Tzp) I — N Ld(T2pg, z).
Then,

(T, )| < |1 = A" ATz, Ten-1)|| + (T = X))~ d(T 20, Tnr) |
+[[(I = N YT zrp1, z)|| — 0 as n — oco.
This implies that x is a fixed point of 1. Now if y # x is another fixed point of 7', then

0 2 d(z,y) =dTz,Ty) 2 Nd(Tz,y)+d(Ty,y)) = 0. Hence, x = y. Therefore, the fixed
point is unique. |

7. C*—valued b—rectangular metric spaces

Definition 7.1 [11] Let X be a non-empty set and b = I. Assume d: X x X — A
satisfies
(i) d(z,y) = 0 if and only if z = y;

(i) d(z,y) =
(i) d(z,y) <
Then (X, A,d) is called a C*—valued rectangular b—metric space.

0
d(y,z) for all z,y € X;
b[d(x u) +d(u,v)+d(v,y)] for all z,y € X and for all u,v € X —{x,y}.

Definition 7.2 [I] Let (X, A, d) be a C*—valued b—rectangular metric space. A map-
ping T': X — X is said to be a contraction if there exists A € A with ||[\|] < 1 such that
d(Tz, Ty) < X*d(x,y)\ for all z,y € X.
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Theorem 7.3 [I1] Let (X, A, d) be a complete C*—algebra-valued b—rectangular metric
space and T : X — X be a contraction with the contraction constant A € A such that
|All < 1. Then T has a unique fixed point in X.

Theorem 7.4 [[1] (Kannan type) Let (X,A,d) be a complete C*—algebra-valued
b—rectangular metric space. Suppose the mapping T : X — X satisfies d(Tz,Ty) =
Md(Tz, ) + d(Ty,y)) for all 2,y € X, where A € Ay such that ||[A| < 3. Then T has a
unique fixed point in X.

We give some fixed point theorems in C*—algebra-valued rectangular b—metric space
using a positive function.

Theorem 7.5 Let (X,A,d) be a complete C*—algebra-valued rectangular b—metric

space. Assume T : X — X satisfies d(Tz,Ty) < a*d(x,y)a — (d(x,y)), where 1 is

*—homomorphism and lim (a) = oo and ||b]|||a||> < 1. Then T has a unique fixed
a—r 00

point.

Proof. Choose zg € X and define 1 = Txg, xo = Tx1, ... , xp = Txp_1. We have

d(xpi1, o) = d(Txp, Trp_1) < a*d(zn, xn—1)a — Y(d(zyn, n-1))
= (a")"d(x1,20)(a)" — ¢"(d(21, 20))-

Then, for m > 1 and p > 1, we have

A(@mtp, Tm) 2 0[d(@msp, Tmap—1) + A(Tmap—1, Tmap—2) + d(@Tmtp—2, Tim)]
2 bd(Tmip, Timtp-1) + 0d(Tmip—1, Tmip-2) + OO[d(Tmip—2, Tmip-3)
+ d(@m4p-3; Tmtp-a) + ATmip—a, Tm)]]

p—l

12 11 (@*)™ =Dy, o) > |2 — (|47~ 5D (d(wr, 20)) |11
k=1

Z 1% ([} (@)™ =2 d(r, wo) 2| — [P (d(w, o) 11
k=

+ ubﬂmw(d(m,xoﬁu? — ™, 2o)|[[T 6 (m — o).

Therefore, {x,} is a Cauchy sequence with respect to A. By the completeness of (X, A, d),

there exists an z € X such that hm T, = lim Tz, 1 =x =Tx. Let y be another fixed
n—oo

point of T, where

d(xa y) = d<Tx7l7 Tyn) = (a*)”d(x, y)an - wn(d<m7 y))

We have ||d(z,y)|| < [|a|*||d(z,v)|| — [¥™(d(z,y))|| = 6 as n — oo, which implies that
the fixed point is unique. [ |

8. C*—algebra-valued extended hexagonal b—asymmetric metric
spaces

The notion of extended hexagonal b—metric spaces was introduced by Kalpana et al.

(2]
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Definition 8.1 Let X be a non-empty set and b € A’ such that b = I. Suppose the
mapping d : X x X — A satisfies

1) d(z,y) = 0 and d(z,y) =0 < z =y for all x,y € X;

2) d(z,y) =d(y,z) for all z,y € X

3) d(z,y) = bld(z,u) +d(u,v) +d(v,w) +d(w, z) + d(z,y)] for all z,y,u,v,w,z € X
and x # u,u # v, v £ w,w # 2,2 £ Y.

d is called a C*—algebra-valued hexagonal b—metric and (X, A, d) is called a C*—algebra-
valued hexagonal b—metric space.

The definition of C*—algebra-valued extended hexagonal b—metric space was defined
in the following way in [T2].

Definition 8.2 Let X be a non-empty set and E : X x X — A’. Suppose the mapping
d: X x X — A satisfies

1) d(x,y) = 0 and d(z,y) =0 < x =y for all z,y € X;

2) d(z,y) =d(y,x) for all z,y € X

3) d(z,y) = E(x,y)d(z,u)+d(u, v)+d(v,w)+d(w, 2)+d(z,y)] for all z, y, u, v, w, z €
X and = # u,u # v, v F w,w F# 2,2 F Y.

(X,A,d) is called a C*—algebra-valued extended hexagonal b—metric space.

Many generalizations of the concept of metric spaces are defined and some fixed point
theorems were proved in these spaces. In particular, asymmetric metric space were intro-
duce by Wilson [I9] as metric spaces, but without the requirement that the asymmetric
metric d has to satisfy d(z,y) = d(y, x).

Definition 8.3 Let X be a non-empty set and b € A’ such that b = I. Suppose the
mapping d : X x X — A satisfies

1) d(z,y) = 6 and d(z,y) =0 & =y for all z,y € X
2) d(z,y) =2 bld(z,u) +d(u,v) + d(v,w) + d(w, z) + d(z,y)] for all z,y,u,v,w,z € X
and x # u,u # v,V £ W, W #£ 2,2 £ Y.
d is called a C*—algebra-valued hexagonal b—asymmetric metric and (X, A, d) is called
a C*—algebra-valued hexagonal b—asymmetric metric space.

Definition 8.4 Let X be a non-empty set and F : X x X — A". Suppose the mapping
d: X x X — A satisfies

1) d(z,y) = 6 and d(z,y) =0 & v =y for all z,y € X
2) d(z,y) = E(x,y)d(z,u)+d(u, v)+d(v,w)+d(w, 2)+d(z,y)] for all z, y, u, v, w, z €
X and x £ u,u £ v,v #w,wWF£ 2,2 £ .

(X,A,d) is called a C*—algebra-valued extended hexagonal b—asymmetric metric space.

Definition 8.5 Assume that (X,A,d) is a C*—algebra-valued extended hexagonal
b—asymmetric metric space. A sequence {x,} in X is said to be

(i) {xn} b—forward (respectively, b—backward) converges to x € X with respect to
A iff for all € > 6, there exists N. € N such that d(z,z,) < ¢ (respectively,
d(zp,x) = €);

(ii) {z,} converges to x if nh_{go d(z,zy) = nh_}ngo d(zp,x) =6,

(iii) {zn} is b—forward Cauchy sequence respect with A if for all € > 6, there exists
N. € N such that d(zy,, z,) <€ for all m >n > N_;
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(iv) {zp} is b—backward Cauchy sequence respect with A if for all £ > 6, there exists
N. € N such that d(zy,, z,) <€ for all n > m > N,.

Definition 8.6 Let (X,A,d) be a C*—algebra-valued extended hexagonal
b—asymmetric metric space. X is said to be b—forward (respectively, b—backward)
complete if every b—forward (respectively, b—backward) Cauchy sequence {x,} converges
to x in X.

Definition 8.7 Let (X,A,d) be a (C*—algebra-valued extended hexagonal
b—asymmetric metric space. X is said to be complete if X is b—forward and
b—backward complete.

Lemma 8.8 Let (X, A,d) be a C*—algebra-valued extended hexagonal b—asymmetric
metric space and {z,}, be a forward (or backward) Cauchy sequence with pairwise
disjoint elements in X. If {z,}, forward converges to z € X and backward converges to
y € X, then x = y.

Theorem 8.9 Let (X, A, d) be a complete C*—algebra-valued hexagonal b—asymmetric
metric space and 7' : X — X be a mapping satisfying d(Tz, Ty) < N*d(x,y)A for all
xz,y € X with A € A and ||A|| < 1. Then T" has a unique fixed point in X.

Proof. Let 29 € X and define a sequence {z,} by z,11 = Tz, = T" 2q for all n € N.
Then

d(xps1,2n) = d(Txp, Txn—1) 3 XNd(Xn, Tp—1)\
< (M) 2d(zp_1, Zn_2) A2 = (N)d(z1, 20) A"

Thus, d(zp41,Tn) — 6 as n — oo. For m > 1 and r > 1, it follows that

d(merra xm) = b[d($m+r, xm«H"fl) + d(l‘err,l, xm+r72) + ...+ d(l’m+7«,4, -Tm)]
2 b[d(xm—i-r’ xm+r—l) + .+ d(l‘m-‘,—r—?)a xm+r—4)]
+ b? [d(xm+r—47 $m+r—5>--- + d(xm—l—r—'?y $m+7’—8)]

e 0 d (@5, Tnga) e+ A1, )]

4
Z )\* m+r— kd 331 xo))\m+r k+ Y o IZ \* m+kd(l‘1 330)>\ m—+k
k=1 k=1

+ 0" )™y, o) ™

4 4
=< (o1 D I8 (e, zo)l| oo+ 10f7 D IAIPCH) d (1, 20)
k=1 k=1

+ Hb’"_lHH)\HQde(:cl,xo)H)I — 0 as m — o0.

Similarly, we obtain d(x;,, Tm+r) — 6 as m — oo. Consequently, {x,} is b—forward
and b—backward Cauchy sequence. By completeness of X, there exists z € X such that
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lim z,, = z. Now, we show that d(z,Tz) = d(Tz,z) = 6.

n—o0

d(Tz,z) b[d(Tz,Txy) + d(@nt1, Tnt2) + d(Tnt2, Tnys) + Ad(Tnt3, Tnya) + d(Tpta, 2)]
< bN*d(z, 2p) A + d(pi1, Tnt2) + d(Tnt2, Tnts) + d(Tnts, Tnra) + d(Tnta, 2)]
& [|ld(z, T2)|| <IN Id(z, zn) | + ld(@nt1, zns2) | + ld(@nre, Tnss)]
(s Tnsa)| + [dEnsas 2] = 0 (0 > 00).
Hence, Tz = z and z is a fixed point of T'.
Unicity: Let 2/ # z be another fixed point of T. We have 0 < |[|d(z,2")| <

[N d(z, 2N < |IM?]ld(2,2")||, which is a contradiction (|[A]|> > 1). Hence, the fixed
point z is unique. |

Theorem 8.10 Let (X, A, d) is a complete C*—algebra-valued hexagonal b—asymmetric
metric space and 7' : X — X be a mapping satisfying d(Tx, Ty) < A[d(z,Tz)+d(y, Ty)]

1
for all z,y € X with A € A and ||\|| < 3 Then T" has a unique fixed point in X.

Proof. Let 29 € X and define a sequence {z,} by z,41 = Tz, = T"2q for all n € N.

d(xru xn—&-l) = d(T-Tn—la TSUn) = )\[d(fEn—la xn) + d([L‘n, xn—i—l)]
= (I = Nd(xn, Tnt1) 2 Ad(Tp—1,2p) 2 B"d(z0,21).

1
Let 8= (I — X)71()). Since ||| < 50 We have ||3]| < 1. Then

(I - )\)d(xnvxn-l-l) j )\d(‘rn—hxn) j (ﬁ)nd(.%'o, xl)
and d(xp, Tny1) = 0 as n — oo. For m > 1 and r > 1, it follows that

bld(Tmy Tmt1) + d(Tmt1, Tma2) + oo + d(Tma, T

20[d(zm;s Tmt1) + d(Tma1, Tma2) + A @mt2; Tt s) + A(Tm3, Tmea)]
O [d(@mras Tmts) + d(Tmts, Tnts) + A(@mrs, Tmar) + d(@mit, Tops )]+
o+ VT d(@mtr—5s Tmr—a) + A(Tmpr—d, Tmr—3)+

d(SUm—i-r—Sa xm+r—2) + d(l'm—i-r—Za Jf'm—i—r—l) + d($m+r—1a l'm-‘,-r)]

4

< bz m—l—r kd (zo, 1) + ... + b~ 1 Z m+kd(l’0,$1) + br_lﬁmd(l'ml'l)
k=1

4
= ([loll Z 1P 4 [ld(wo, @) | + oo+ 17 Y IBIP ) (0, 21)+

k=1 k=1

1B BI*™ (2o, z1)I)I — 6 as m — cc.

Similarly, we obtain d(xn4r,Tm) — 6 as m — oo. Consequently, {x,} is b—forward
and b—backward Cauchy sequence. By completeness of X, there exists z € X such that
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ILm xn, = z. Now, we show that d(z,7Tz) = d(Tz,z) = 6.

d(Tz,z) 2b[d(Tz,Txy) + d(Xni1, Tni2) + d(Tpt2, Tnts) + Ad(Tn+3, Tnta) + d(Tppa, 2))
< bAd(2,Tz) + d(xp, Tzy)) + d(Tpt1, Tnyo) + .. + d(Tpta, 2)]
& [ld(z, T2)[| < [IBl[[IM[ld(z, z) || + A d(@n, 2n41) + (@041, 2ns2)

+ lld(@nt2, 2nga)ll + ld(znss, Tnsa) | + |d(@nra; 2)[]] = 0 (n = o0).

Hence, Tz = z and z is a fixed point of T'.

Unicity: Let 2’ # z be another fixed point of 7. We have d(z,2") < A\(d(z,Tz) +
d(z',TZ")) = Md(z,2) + d(Z,2")) = 0, which is a contradiction (d(z,z’) =0 z
hence the fixed point z is unique. [ ]

9. (C*—algebra-valued S-metric spaces

Definition 9.1 [9] Let X be non-empty set and S : X x X x X — AT be a function
satisfying the following properties:

1) S(z,y,,2) = 6 for all z,y,z € X;

2) S(z,y,z) =0 if and only if z =y = z;

3) S(z,y,2) 2 S(z,z,a) + S(y,y,a) + S(z,z,a) for all x,y,z,a € X.
Then S is said to be C*—algebra-valued S—metric on X and (X, A, S) is said to be a
C*—algebra-valued S—metric space.

Definition 9.2 Suppose that (X, A,S) be a C*—algebra-valued S—metric space. Let
{zn}n be a sequence in X. If ||S(zp, zn, x)|| — 0 as (n — 00), then it is said that {xy},

converges to « and we denote it by lirf zy, = z. If for any p € N ||S(Zpn4p, Tnip, Tn)|| =
n—-+0o0

0 as (n — 00), then {z,} is called a Cauchy sequence in X. If every Cauchy sequence is
convergent in X, then (X, A, S) is called a complete C*—algebra-valued S—metric space.
Lemma 9.3 [4]
1) If {bp}, C A and lim b, = 0, then lim a*b,a = 0 for any a € A.
n—oo n—oo

2) Ifa,be Apand c€ A a <Xb= ca <cbh.

Lemma 9.4 [d] Let (X, A, S) be a complete C*—algebra-valued S—metric space. Then,
S(x,z,y) =Sy, y, x).

Lemma 9.5 [U] Let {z,,} be a sequence in X. If {x,,} converge to x and y, then x = y.

Theorem 9.6 [J] Let (X, S, d) a complete C*—algebra-valued S—metric space. Suppose
that the mapping f : X — X satisfies S(fz, fz, fy) = a*S(z,z,y)a for all z,y € X with
la]| < 1. Then there exists a unique fixed point in X.

10. C*—algebra-valued G-metric spaces

Definition 10.1 [[7] Let X be non-empty set and S3 be the permutation group on
{1,2,3}. G: X x X x X — A" be a function satisfying the following properties:

1) G(x1,x9,23) = 0 & x1 = 19 = T3;
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2) G(Z4(1) To(2), To3)) = G(x1, 22, 73) for all x1, 79,23 € X and o € Ss;

3) G(z1,x1,23) 2 G(x1,x9,23) for all x1,x9,x3 € X with xo # x3;

4) G(x1,21,23) = G(r1,0a,a) + G(a,z2,x3) for all x1,x9, 23,0 € X.
Then G is said to be C*—algebra-valued G—metric on X and (X, A, G) is said to be a
C*—algebra-valued G—metric space.

Definition 10.2 [I7] Let (X, A, G) be a C*—algebra-valued G—metric space and {x,, },

be a sequence in X. If | G(zp, xn, z)|| = 0 as (n — 00), then it is said that {x, }, converges

to  and we denote it by hl}rl n = . If |G(@ntp, Tntp, Tn)|| — 0 for any p € N as
n—-+0oo

(n — o0), then {z,} is called a G— Cauchy sequence in X. If every G—Cauchy sequence
is convergent in X, then (X,A,G) is called a complete C*—algebra-valued G—metric
space.

Proposition 10.3 [17] Let (X,A,G) be a C*—algebra-valued G—metric space and
{zn} C X. Then {z,} is a G—Cauchy sequence if and only if for any € > 0, there
is an N € N so that ||G(zm, Tn, zy)|| < € for all m,n > N.

Definition 10.4 [I7] Let (X, A, G) be a C*—algebra-valued G—metric space and T :
X — X is a mapping. If there exists A € A with ||[A|| < 1 such that

G(Tx,Ty,Tz) 2 N'G(x,y, 2)\

for all z,y,z € X, then T is called a contractive mapping on (X, A, G).

Theorem 10.5 [I7] Let (X, A, G) be a C*—algebra-valued G—metric space. If T : X —
X is a contractive mapping on (X, A, G), then there is a unique fixed point of 7" on X.

11. C*—algebra-valued partial metric space

Definition 11.1 [5] Let X be a non-empty set. A mapping p: X x X — A is called a
C*—algebra-valued metric on X if the following conditions are satisfied:

(i) 0 < p(z,y) for all z,y € X and p(z,x) = p(y,y) = p(z,y) if and only if x = y;
(ii) p(z,y) = p(y,z) for all z,y € X;
(iii) p(z,x) = p(:c y) for all z,y € X;
(iv) p(x,y) X p(z,z) + p(z,y) — p(z, z) for all z,y,2 € X.

Then (X, A, p) is called a C*—algebra-valued partial metric space.

If we take A = R, then the new notion of C*—algebra-valued partial metric space
becomes equivalent to the definition of the real partial metric space.

Definition 11.2 [H] Let (X, A, p) be a C*—algebra-valued partial metric space.

(1) A sequence {z,} C X converges to x € X, whenever for every ¢ > 0, there is a
natural number N such that for all n > N, ||p(xy, z) + p(x,x)|| < . We denote
it by lim p(xn,z) —p(z,x) =6.

n—aoo

(2) {zn} is a partial Cauchy sequence respect to A, whenever € > 0 there is a natural
number N 8111Ch that ) . .

(p(xnvl'm) - ip(xnafn) - ip(xmaxm))((p(xnvxm) - ip(xn’xn) - ip(m?”mxm))* = 52
for all n,m > N.



H. Massit and M. Rossafi / J. Linear. Topological. Algebra. 13(04) (2024) 271-296. 293

(3) (X,A4,p) is said to be complete with respect to A if every partial Cauchy

sequence with respect to A converges to x € X such that lim (p(z,,x) —
n—oo

1 1

ip(xn,xn) — 5])(%,5{?)) =0.

If we take p®(x,y) = 2p(x,y) — p(z,x) — p(y,y), then p° is a C*—algebra-valued metric.
Lemma 11.3 [5] Let (X, A, p) be a C*—algebra-valued partial metric space.

(1) {zy} is a partial Cauchy sequence in (X, A, p) if and only if it is Cauchy sequence
in the C*—algebra-valued metric (X, A, p%).

(2) A C*—algebra-valued partial metric space (U, A,p) is complete if and only if
C*—algebra-valued metric space (X, A, p®) is complete. Furthermore,

lim p*(x,,z) =60 < lim 2p(zy, ) — p(Tn, zn) — p(x, ) =0

n—oo n—oo

or

lim p*(zp,2z) =0 < lim (p(xn,x)—p(xn, zy)) = 60 and lim (p(zy,, z)—p(z,x)) = 6.

n—oo n—o0 n—oo

Lemma 11.4 [§] If z, — = and y,, — y as n — oo in a C* —algebra-valued partial metric

space (X, A, p), then lim (p(zn,yn) — p(Tn,zn)) = p(x,y) —p(z,z) and lim (p(xn, yn) —
n—oo n—oo

P(Yn,Yn)) = p(2,y) — p(Y,y)-

Definition 11.5 [I8] Let (X, A, p) be a C*—algebra-valued partial metric space. A map-
ping T : X — X is said to be a C*—valued contractive mapping on X if there exists
A € A with ||A]| < 1 such that p(Tz, Ty) < XNp(z,y)A.

Theorem 11.6 [IR] If (X, A, p) is a complete C*—algebra-valued partial metric space
and T is a contractive mapping, then T has a unique fixed point.

Definition 11.7 Let F' : Ay — A, be a function satisfying

(i) F is continuous and nondecreasing;
(ii) F(T) =0 if and only if T = 6.

A mapping T : X — X is said to be a (¢, F') C*—valued partial contraction of type (I)
if there exists ¢ : AL — A, an x—homomorphism such that

p(Tx,Ty) = 0 = F(p(Tx, Ty)) + ¢(p(x,y)) = F(p(z,y)) (16)

for all z,y € X.

Theorem 11.8 Let (X, A, p) be a complete C* —algebra-valued partial metric space and
T:X — X bea (¢, F) C*—valued partial contraction mapping of type (I). Then T has
a unique fixed point z* € X and for every zyp € X a sequence {T"xo}nen is convergent
to z*.

Proof. First, let us observe that 7" has at most one fixed point. Indeed if z7, =5 € X:
T} = af # 23 = Ta, then we get ¢(p(, 1)) < F(p(a},23) — F(p(Tw;, Ta5)) = 6, which
is a contradiction. In order to show that it has a fixed point, let o € X be arbitrary
and fixed. We define a sequence {z,}neny C X by 2p41 = Tz, for n = 0,1, .... Denote
Pn = P(Tpt1,2n) for n = 0,1,.... If there exists ng € N for which z,,+1 = x,, then
Txn, = xpn, and the proof is finished. Suppose now that x,+; # x, for every n € X,
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Then p,, > 0 for all n € N. Using (I8), the following holds

F(pn) = F(pn-1) — ¢(Pn-1) < F(pn-1) (17)

for every n € N. Hence, F is non decreasing and so the sequence (p,) is monotonically
decreasing in A . So there exists § <t € A such that p(x,,x,+1) — t as n — oo. From
(IC7), we obtain lim F(p,) = 0 that together with (ii) gives

n—oo

lim p, = 0. (18)

n—oo

Now, we shall show that {z,} is a Cauchy sequence in (X, A,p). By Lemma [14, it
is sufficient to prove that {z,} is a Cauchy sequence in (X, A, p®). We have proved
li_>m prn = 0. Keeping in mind that 0 < p(xy, z,) < p(xn, Tpi1), we get

n o

lim p(zy,z,) = 6. (19)

n—o0

Also, 0 < p(Tn41, Tnt1) = p(Tn, Tny1) implies lim p(zp41, Tnr1) = 6. Assume that {z,}
n—oo

is not a Cauchy sequence in (X, A, p®). Then there exist £ > 0 and subsequences {x,, }
and {zp, } with ngy > my > k such that ||p*(zm,,xn,)|| > €. Now, corresponding to my,
we can choose ng such that it is the smallest integer with n; > my satisfying above
inequality. Hence, ||p*(Zm, , Zn, )| < €. So, we have

e < p°(@my, zn, )|
< Hps(xmk’ ‘/'Enk—l) + ps(xnkf1 ) xnk) - ps (xnk—l ) ‘/'Enk—l)H
< |p° @, )+ 1° (@i 2, )|
< e+ p°(@nys Tn)- (20)
We know that
ps('rnk—l ) xnk) = 2p(xnk—1 ) :Unk) - ps(xnk—l ) 'xnk—l) - ps(xnk ) xnk) (21)

Using (I3), (¥), (20), and (1), we have ¢ < klim lp*(zn,_,»xn, )| < e+ 0. This implies
—00
W (|p® (2, 20, ) || = €. (22)
k—o0

Again,

1P (@ns, Ty, )| P° @y, Tnp—1) + 0" (Tn—1, Ty ) = PP (Tny—1, Tny—1) ||
P (s Tny )| + 1P° (@015 2y )|

P*(@ny, Tr—1) | + 1P°(@np—1, Tmy—1) + P (Tmy—1, Ty, )
— P (@my—1; Tymy—1) |

< P (@, a1+ 10 (En—1; T - | + [19° (@1, 2, )l (23)
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Also,

S

”p (xnk,7xmk_1) _ps(xnk7xmk)H

1P (@15 Ty 1) (

12° (@1, )| + 1P (@, Ty 1) |
(
(

xTLk—17 xTLk

S

Ip I+ 1P (@, 2mi) + P (@ Emi—1) = P (Cmis Ty )|
12° (@1, 2 ) [| £ [12° (@i, i) | + 107 @y i 1) - (24)

Tng—15Tnk

INCINININ

)+
)
)
)

Letting k — oo in (23) and (24) and using (I9) and (22), klim 1p* (s s Ty )|l = €.
—00
Thus,

. 1.
khm ||p(xnk—1?$mk—1)|| = 5 lim ||2ps($nk—1’xmk—l) _ps(xnk—17$nk—l) _ps(xmk—17$mk—1)||
—00 k—o0

1
= — lim Hp (xnk 19 Tmy, 1)”

2 k—o00
-
AS p(xnk—17xmk—l)?p(xnk7xmk) S A+ and hm ||p(xnk—17xmk—l)H = hm ||p($nk?xmk)” =
k—o0 k—o0

, there is s € A} with ||s|| = € such that
i p(zn, ., @m, )l = Im(|p(zn,, 2m,)|| = s (25)
k—o00 k—o0

By (28), we have F'(s) < F(s)—¢(s). Thus, ¢(s) = 6 and so s = 0 which is a contradiction.
Hence, {z,} is a Cauchy sequence in (X, A,p*) and {z,} is partially Cauchy in the
complete C*—algebra-valued partial metric space (X, A, p). Hence, there exist z € X such
that nlLH;Op(mn, 2)—p(xpn, x,) = 0. Using (), we get 7}1_{20]9(33”’ z) = 6 and thus, p(z, z) =

0. Now, we shall show that z is fixed point of T'. Using (I8), we get 0 < F(p(T'z,Tz)) <
F(p(z,z)) = F(0) = 0. Thus, F(p(Tz,Tz)) = 0, which implies p(Tv,Tv) = 6. On the
other hand, F(p(x,,Tz)) < F(p(xn-1,2)). Letting n — oo and using the concept of
continuity of the function of T, we have p(z,Tz) = 6. Hence, by Definition I1, we have
p(z,2) =p(Tz,Tz) = p(z,Tz) = 0 and then Tz = z, which completes the proof. [ |
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