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A R T I C L E  I N F O  A B S T R A C T 

Today, the production and services field faces a change in the competition 

pattern among independent companies and supply chains. The food supply 

chain is among the complex supply chains with special characteristics that can 

toughly be adapted to general evaluation systems. The current research aims to 

determine the effective indicators for evaluating the performance of the 

sustainable food supply chain. This research is descriptive-survey in terms of 

method and practical in terms of purpose. In line with the research 

implementation, based on the study of the theoretical foundations and the 

background of the research conducted concerning the effective indicators in 

evaluating the performance of the sustainable supply chain, the effective 

criteria were extracted and given to 25 research experts in the form of a 

questionnaire. Finally, to investigate the relationships between these 26 basic 

criteria, another questionnaire was prepared and given to the research experts. 

The final factors were structured based on the answers received and using the 

methods of fuzzy cognitive mapping and fuzzy DEMATEL. Regarding the 

centrality criterion in the fuzzy cognitive mapping method, the factors "income 

distribution, sustainable investment, and average annual training time of 

employees" have the most centrality, so they were recognized as the main 

factors influencing the performance evaluation of the sustainable food supply 

chain. 
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1. Introduction 

Modeling many significant real-world problems by mathematics leads to differential equations [4,6, 23, 24]. 

Some information about many problems on electronics, mechanics, medicine, etc., is ambiguous or imprecise. 

Classical mathematics does not have the necessary tools to express these ambiguities, so it eliminates the 

uncertainty. 

In traditional methods, a probability problem is often reduced to solving a differential or integral equation. 

Probability theory is related to random events and is used to predict the outcome of a random event in the future. 

The event is supposed to happen in the future and its result is currently unknown. To express ambiguities and 
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inaccuracies of events, we need another type of mathematical relationship to simulate a different model from the 

models in probability theory. The fuzzy theory is not always accompanied by an event; in fact, it supports non-

random uncertainty. Fuzzy theory accepts uncertainty as an important part of the real world and models it 

[10,22,27,28]. 

Briefly, differential equations are classified into two categories: certain and uncertain. According to the type 

of the given problems and models, the uncertain one is also divided into two parts: random and fuzzy. In 

studying fuzzy differential equations, we face with limitations and variations of fuzzy sets such as the type of 

meter, type of derivative, and types of acceptable answers for the problems. 

In 1978, Kandel and Byatt used the title of fuzzy differential equations for the first time, which was 

completely different from its present-day concept. In the same vein, Lotfi Zadeh’s theories regarding the 

probability of a fuzzy event were expanded, and differential equations with the membership function of a known 

fuzzy set were solved. Also, the concept of fuzzy numbers and the operations of addition and multiplication on 

fuzzy numbers were studied in 1978 by Dubois and Prade. Goetschel and Voxman in 1983 made minor changes 

to the previous definition of a fuzzy numbers [12].  

As a result, fuzzy modeling leads to greater efficiency of the system. Since the concept of derivative is an 

essential part of a differential equation, the evolution of fuzzy derivatives plays a key role in the evolution of 

fuzzy differential equations. Chang and Lotfi Zadeh [9] introduced the concept of a fuzzy derivative for the first 

time. After that, other types of derivatives were defined by Dubois and Prade [11], Puri and Ralescu [25], 

Goetschel and Voxman [13], and Friedman and colleagues [29]. One of the most important definitions for fuzzy 

derivative was introduced by Seikkala in 1987, which is called Seikkala’s derivative [26]. It has been proved 

that all different forms of fuzzy derivatives are equivalent, if they exist.  

In recent years, the analysis of fuzzy differential equations has attracted the attention of many researchers. 

There are three perspectives in studying fuzzy differential equations. One perspective is based on the Hukuhara 

derivative [14]. In this perspective differential equations are defined by Kaleva in 1987 [16] for the first time. 

The stated perspective had problems and disadvantages that caused Hullermeier propose a different formulation 

of fuzzy differential equations in 1997 [15]. Another perspective was expressed by Buckley and Feuring from 

Lotfi Zadeh’s generalization principle for generalizing classical differential equations to the fuzzy type [7,8]. By 

this method, the solution of classical differential equations was generalized to fuzzy differential equations. One 

of the disadvantages of this method was the lack of differentiability of the solution. The third perspective was 

expressed by Bede and Gal in 2005, in which the concept of generalized derivative was introduced and 

discussed [2]. This perspective was expressed along the concept of H-derivative. By this method, the mentioned 

disadvantages of the past methods were resolved.  

In 2007, Bede et al. studied and solved the first-order linear fuzzy differential equations under this 

derivative [3]. First, they stated that one of the disadvantages of the generalized derivative versus the H-

derivative is the non-uniqueness of the solution of the differential equation. In other words, by this method, the 

differential equation may have several solutions because the H-derivative is not unique [5]. The advantage that a 

differential equation has multiple solutions is that we can choose the one that provides a better description of the 

system in the real world.  

Due to the variety of perspectives, fuzzy differential equations are an interesting subject for research. One of 

the important applications of the proposed fuzzy differential equations in recent years has been in the field of 

control theory. In this regard, the optimal control of a linear fuzzy dynamic system based on gH differentiability 

and SGH differentiability has been studied in [19-21]. The design of an optimal feedback control for adjusting a 

linear fuzzy dynamic system with a proposed application in Boeing 747 was presented in [17], in which fuzzy 

differential equations were considered under the concept of gr differentiability. In addition, in [18], the problem 

of optimal control of fuzzy time using gr differentiability was studied. A deep analysis of the stability of linear 

fuzzy dynamic systems under the concept of gr differentiability has been reported in [1].  

Preliminary fuzzy definitions are stated in Section 2. In Section 3, at first, the definition of a fuzzy 

differential equation is stated. After that, a brief explanation is given for solving first-order differential equations 
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with fuzzy coefficients of various types: separable, exact, and linear equations. Several examples are given and 

they are solved using the mentioned methods. In Section 4, a real example which gives the application of fuzzy 

differential equations in electrical circuits is examined and solved. Section 5 is devoted to conclusion and 

summary. 

2. Basic Concepts 

In this section, some basic definitions on fuzzy numbers and fuzzy arithmetics are reviewed. 

Definition 1. A triangular fuzzy number which is shown by  ̃  〈        〉 is a convex normalized fuzzy set  ̃ 

of the real line ℝ such that: 

 There exists precisely one    ℝ with   ̃(  )    (  is called the mean value of  ̃), where   ̃ is called 

the membership function of the fuzzy set. 

   ̃( )is piece-wise continuous. 

The membership function is defined as follows: 

  ̃  

{
 
 

 
 

                                 
    

     

              

    

     

              

                                 

 

Definition 2. Let  ̃  〈        〉 and  ̃  〈        〉 be two non-negative triangular fuzzy numbers where 

(     and     ). Also, let k be a real number. Operations for fuzzy numbers are defined as follows [9]: 

  ̃  {
〈           〉        
〈           〉        

 

 ̃   ̃  〈                 〉  

 ̃   ̃  〈                 〉 

Remark 1. By Definition 2, it is obvious that if  ̃   ̃ then             and      . 

Definition 3. Let  ̃  〈        〉  and   ̃  〈        〉. We have, 

 ̃   ̃  {

   *         +          *         +                     

   *         +          *         +           

   *         +          *         +                    

 

 ̃

 ̃
 〈        〉  〈

 

  
 
 

  
 
 

  

〉 

Remark 2. By mathematical relations, we have, 

   *     +  
     

 
 |

     

 
|  

   *     +  
     

 
 |

     

 
|  

3. Fuzzy Differential Equations 

The general form of the first-order fuzzy differential equation is   ( )   (   ( )) where  ( ) is a fuzzy 

function of the certain variable  ,   ( ) is the fuzzy derivative of  ( ), and  (   ) is a fuzzy function of the 

variable   and the fuzzy variable  . 
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3.1. First-order separable differential equation with fuzzy coefficients 

A differential equation that can be written in the form 

  ( )     ( )         ℝ   

is called a first-order separable differential equation. To solve these equations, we integrate both sides of the 

equality 

 

∫  ( )   ∫  ( )   

Now, if the parameters   and   are regarded fuzzily due to the uncertainty of the problem, then the first-

order separable differential equation with fuzzy coefficients is formed as 

 ̃ ( )    ̃ ( )   

To solve these equations, the variables are multiplied by the fuzzy coefficients  ̃      ̃ according to Definition 

2. After the initial calculations, the fuzzy equation is converted into several certain equations, which should be 

solved. 

Example 1. Consider the first-order separable differential equation with fuzzy coefficients: 

 

   
〈     〉 

〈     〉  
 

In the first step, the fuzzy coefficient 〈     〉is divided by 〈     〉 

   〈
 

 
 
 

 
 
 

 
〉

 

  
 

After that 
 

   is multiplied fuzzy in the resulting coefficient 

  

  
 〈   {

 

 

 

  
 
 

 

 

  }  
 

 

 

  
    {

 

 

 

  
 
 

 

 

  }〉 

After applying Remark 2, the following equation is obtained 

  

  
 〈

 

 
 
 

  
 

 

 
 |

 

  |  
 

 
 
 

  
  
 

 

 

  
 

 

 
|
 

  |〉 

For ease of display, we remove the absolute value term; since the sign of    is always positive, here the sign of 

x matters, so we have: 

  

  
 

{
 
 

 
 〈

 

 

 

  
 
 

 

 

  
 
 

 

 

  
〉         

〈
 

 

 

  
 
 

 

 

  
 
 

 

 

  
〉         

 

By solving the above certain first-order separable differential equations, we have: 

{
〈            

                  〉         

〈            
                  〉         

 

So, the final solution can be written as: 
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 ( )  

{
 
 

 
 
〈√

 

 
     

 

 √     
 

 √
 

 
     

 

〉           

〈√
 

 
     

 

 √     
 

 √
 

 
     

 

〉           

 

The graphs of the solution are shown in Figure 1. The classical graphs for   ,    - are given in Figure 1a, 

and the fuzzy form of the solution is shown in Figure 1b for   ,   - 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(a) classical graphs                                                                    (b) fuzzy form                 
Figure 1. Obtained results for Example 1 

 

Example 2. Consider the differential equation 

   ⟨         ⟩      

In the first step, multiply the fuzzy number ⟨         ⟩ by     :  

   ⟨        |    |              |    |⟩ 

 Since      is always positive, it is equivalent to its absolute value:  

  

  
 ⟨                    ⟩ 

For ease of calculation, the last equation is converted into the following three certain first-order separable 
differential equations, which are solved as follows:  

 

{
 
 

 
 

  

  
         

  

                       
  

  
      

  

                 

  

  
         

  

                       

 

 Finally, the fuzzy answer is:  

 ( )  ⟨   (         )    (      )    (         )⟩ 
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3.2. Solving first-order linear differential equations with fuzzy coefficients 

A differential equation in the form  

     ( )    ( )           

 is called a first-order linear equation. The general solution of the equation is as follows:  

  
 

 ( )
[∫    ( ) ( )    ]  

where  ( )   ∫    ( )  . Now, if the parameters   and   are presented fuzzy due to the uncertainty of the 

problem, then we have a first-order linear differential equation with fuzzy coefficients:  

    ̃ ( )   ̃ ( )  

To solve this equation, at first, the fuzzy parameters  ̃  and  ̃  are multiplied by the variables according to 

Definition 2. After the initial calculations, the equation with fuzzy coefficients is converted into several certain 

first-order linear equations, which should be solved.  

 

Example 3. Consider the following first-order linear differential equation with fuzzy coefficients:  

  

  
 ⟨     ⟩  ⟨       ⟩   

 Initially, by multiplying the fuzzy coefficients in the variables, we will have:  

  

  
 ⟨        | |           | |⟩  ⟨                              ⟩ 

 After performing the fuzzy addition, the equation is converted as follows:  

 ⟨
  

  
         | | 

  

  
   

  

  
         | |⟩  ⟨             ⟩ 

 So, the final equations are as follows:  

{
 
 

 
 
  

  
         | |       ( )

  

  
     ( )

  

  
         | |     ( )

 

To obtain the solution, each of the equations should be solved separately. Here, we give the solution for Eq. (1) 
for instance. The other ones will be solved in the same manner. 

Solving equation (1):  

  

  
         | |        {

  

  
            

  

  
            

 

 First, we compute the integral  ( )   ∫    ( )  :  
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{

  

  
          ( )   ∫           

  

  
           ( )   ∫            

 

 Finally, the general solution is obtained: 

For    :  

  
 

  [∫               ]     [∫             ]     (    
 

 
      )  

 

 
      

   

 For    :  

  
 

   [∫                ]     [∫             ]      (    
 

 
      )  

 

 
      

    

 Solving equation (2):  

  
 

  [∫            ]     [∫          ]     ( 
 

 
      )  

 

 
      

   

 Solving equation (3): 

For    :  

  
 

   [∫              ]     [∫           ]      (  
 

 
      )  

 

 
      

    

 For    :  

  
 

  [∫             ]     [∫           ]     (  
 

 
      )        

    

Example 4. Consider the following first-order linear differential equation with fuzzy coefficients:  

   
⟨     ⟩ 

⟨     ⟩ 
 ⟨     ⟩  

At first, the fuzzy coefficient ⟨     ⟩ is divided to ⟨     ⟩, we will have:  

   ⟨
 

 
    ⟩

 

 
 ⟨     ⟩  

 By multiplying 
 

 
 and   by fuzzy coefficients, we have:  

   ⟨   {
 

 

 

 
  

 

 
}   

 

 
    {

 

 

 

 
  

 

 
}⟩  ⟨        | |            | |⟩  

 After performing the operations, the equation is converted as follows:  

   ⟨    
 

 
     |

 

 
|   

 

 
     

 

 
     |

 

 
|⟩  ⟨        | |            | |⟩  

 At last, the following equations are obtained:  

                                  

{
 
 

 
        

 

 
     |

 

 
|          | | ( )

    
 

 
   ( )

       
 

 
     |

 

 
|          | | ( )

  

 To obtain the solution of the equations, each of the them should be solved separately. Here, we solve Eq. (4) for 
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instance. The other ones will be solved in the same manner. 

Solving equation (4): To solve the equation, the sign of | | and |
 

 
| should be determined:  

{
 
 
 

 
 
       

 

 
          

      
 

 
           

    
 

 
           

    
 

 
          

 

 By solving these equations, the final solution is:  

{
 
 
 
 

 
 
 
   

 

√ 
(
    

   
   )  

  

   
 

  

√ 
        

  
 

√ 
( 

    

   
   )  

  

   
 

  

√ 
        

  
 

  
 

   

 
 

  

  
 

  

 
 

  

  
        

  
 

  
 

  

 
 

  

  
 

  

 
 

  

  
        

 

 Solving equation (5): The solution is:  

  
 

  
 

   

 
 

  

  
 

  

 
 

  

  
 

 Solving equation (6): The solution is:  

{
 
 
 
 

 
 
 
   

 

  
 

   

 
 

 

  
   

  

 
 

  

  
        

  
 

  
 

  

 
 

 

  
   

  

 
 

  

  
        

  
 

√ 
 (

    

   
   )  

  

   
 

  

√ 
        

  
 

√ 
 (

     

   
   )  

   

   
 

  

√ 
        

 

Example 5. Consider the following first-order linear differential equation with fuzzy coefficients [3]. 

  

  
   〈     〉  

By multiplying the variable   by the coefficient 〈     〉, we get: 

  

  
   〈   | |       | |〉 

As a result, the following three equations are obtained: 
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{
 
 

 
 

  

  
      | |       ( )

  

  
                        ( )

  

  
      | |         ( )

 

Next, we will solve each equation separately: 

Solution of Equation (7): For ease of calculation, we consider   to be positive or negative. 

  

  
      | |  {

  

  
            

  

  
             

 

First, we calculate the integral of    ∫  ( )  : 

{

  

  
              ∫ ( )    ∫                   

  

  
               ∫ ( )    ∫               

 

Solution of Equation (7): 

{
 

   
 

   [∫         ]          
               

  
 

   [∫          ]           
         

 

Solution of Equation (8): 

  
 

   [∫          ]           
  

Solution of Equation (9): 

{
            

            

          
              

 

By considering the initial condition  ( )  〈     〉, the constant values are calculated: 

                                         

Finally, the general solution is obtained: 

  {
〈                            〉            
〈                            〉            

 

Bede et al. [3] solved this example by considering the fuzzy function and derivative. Through lengthy and 

complex calculations, they obtained the general solution, whereas our proposed calculations are much simpler 

and shorter. 

3.3. Solving exact differential equations with fuzzy coefficients 

A differential equation  

  (   )     (   )               
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is called exact if there exists a continuously differentiable function  (   ), so that 

  

  
       

  

  
    

To find the solution of the equation in the form  (   )   , the following steps must be done:   

Step 1. Initially, assume   is constant and integrate   (   ) with respect to  ; the variable   will be presented 

as the constant of integration, as  ( ), so the answer is:  

 (   )  ∫   (   )    ( )  

Step 2. Derive  (   ) with respect to   and set it equal to   (   ).  

Step 3 . Integrate the resulting function,   ( ), and obtain  ( ).  

Step 4. Finally, substitute the obtained  ( ) into the relationship from Step 1 and obtain  (   )   .  

Now, if the parameters  ,  , and the zero on the right side of the equation be fuzzy due to the uncertainty of the 

problem, then we have the exact differential equation with fuzzy coefficients  

 ̃ (   )    ̃ (   )   ⟨     ⟩  

To solve this equation, at first, the variables are multiplied by the fuzzy parameters  ̃  and  ̃  according to 

Definition 2. After the initial calculations, the main equation with fuzzy coefficients is converted into several 

certain linear equations that should be solved.  

Example 6. Consider the following first-order exact differential equation with fuzzy coefficients:  

(⟨     ⟩   ⟨     ⟩    ⟨     ⟩ )   (⟨     ⟩    ⟨     ⟩  ⟨     ⟩  )   ⟨     ⟩ 

Initially, the variables are multiplied by the fuzzy coefficients. The result is as follows:  

(⟨    |  |         |  |⟩  ⟨     |   |           |   |⟩ ⟨   | |       | |⟩)  
 (⟨     |   |           |   |⟩
 ⟨   | |       | |⟩ ⟨         |  |              |  |⟩)   〈     〉 

The terms with even power are positive, so the equation can be simplified as follows:  

(⟨          ⟩  ⟨     | |             | |  ⟩  ⟨   | |       | |⟩)    

 (⟨       | |             | |⟩  ⟨   | |       | |⟩  ⟨           ⟩)   ⟨     ⟩ 

After the initial computations, the following three equations are obtained:  

 {

(          | |      | |)   (       | |     | |     )    (  )

(           )   (           )    (  )

(         | |      | |)   (       | |     | |     )    (  )

 

Each equation is an exact differential equation with certain coefficients. The solutions of these equations are as 
follows:  

  (   )  

{
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   (   )  
 

 
                  

  

  (   )  

{
 
 
 

 
 
    

 

 
                     

   
 

 
                     

   
 

 
                     

   
 

 
                     

 

  
Example 7. Consider the following differential equation:  

(⟨     ⟩  ⟨     ⟩ )   (⟨     ⟩  ⟨     ⟩  ⟨     ⟩)   ⟨     ⟩ 

 Multiplying the variables by the coefficients, the result is follows:  

(⟨   | |       | |⟩  ⟨     ⟩)   (⟨        | |           | |⟩
 ⟨        | |            | |⟩  ⟨     ⟩)   ⟨     ⟩ 

Finally, the following three equations should be computed: 

{
 
 

 
 (   | |   )   (

 

 
  

 

 
| |  

 

 
  

 

 
| |)     (  )

(    )   (      )    (  )

(   | |   )   (
 

 
  

 

 
| |  

 

 
  

 

 
| |   )   (  )

 

 By solving each equation separately, we have:  

  (   )  

{
 
 
 

 
 
 
 

 
               

 

 
       

 

 
         

 

 
      

 

 
         

 

 
                

 

  

  (   )                

  

  (   )  

{
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3.4. Bernoulli Differential Equations with Fuzzy Coefficients 

Bernoulli differential equations have the form      ( )    ( )    where  ( )  and  ( )  are 

continuous functions of   and   is a real number. In the case of     and    , the equation becomes a first-

order linear differential equation. This equation is recognized as a type of nonlinear differential equation that 

can be transformed into linear equations through suitable variable changes  . This special feature aids in solving 

these equations. To solve them, both sides of the equation are divided by   . Then, by changing the variable 

      , the equation is transformed into a first-order linear differential equation in terms of  . We will then 

solve the resulting linear equation according to the specified method. 

Now, if the parameters   and   are presented in a fuzzy form due to the uncertainty of the problem, then 

Bernoulli differential equations with fuzzy coefficients are displayed as     ̃ ( )   ̃ ( )  . To solve this, 

first, the fuzzy parameters   ̃  and  ̃  are multiplied into the variables according to the definition 2, After 

performing the initial calculations, the equation with fuzzy coefficients will be transformed into several 

deterministic Bernoulli equations and solved. 

Example 8. Consider the Bernoulli equation below: 

  

  
 〈       〉  〈         〉  

 
  

First, by multiplying the fuzzy coefficients into the variables, we get the following equation: 

  

  
 〈        | |            | |〉  〈     

 
     |  

 
 |     

 
       

 
     |  

 
 |〉 

Then, by performing fuzzy addition, the equation transforms as follows: 

〈
  

  
         | | 

  

  
    

  

  
         | |〉  〈     

 
     |  

 
 |     

 
       

 
     |  

 
 |〉 

After performing the initial calculations, the following equations are obtained: 

{
 
 

 
 

  

  
         | |       

 
     |  

 
 |        (  )

  

  
       

 
                                                        (  )

  

  
         | |       

 
     |  

 
 |         (  )

 

Solution of the Equation (16) 

  

  
         | |       

 
     |  

 
 | 

For ease of calculation,   and   will be taken out of the absolute value: 

{

  

  
        

 
               

  

  
        

 
                

 

With the help of the variable change    
  

  and   
  

 
 

  

   , the equations transform into the following 

linear forms: 

{
                         

                           
 

As a result, the general solution of the equation (16) is as follows: 
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{
 
 

 
 

  (
 

            
 
 
 
)

 

            

  (
 

            
 
  

)

 

             

 

With the help of the variable change    
  

  and    
  

 
 

  

   , Equation (17) also transforms into the 

following linear forms: 

             

The final answer of the above equation is as follows: 

  (
 

       
 
)
 

 

The general solution of the Equation (18) 

{
 
 

 
   (

 

               
     

)
 

            

  (
 

               
     

)
 

            

 

4. Application in Electrical Circuits 

 

Figure 2 shows an electrical circuit that includes a resistance   (ohms), a coil with self-inductance   

(henries), and a battery   (volts), where these three electrical elements are connected in series. In general,   and 

  are assumed to be constant and positive, but    ( ) is regarded to be a function of time,  . When the switch 

is closed, the circuit is said to be closed, the battery delivers an electric current with intensity  ( ) amperes to 

the circuit. We recall that:   

 The voltage drop across the resistance is        

 The voltage drop across the coil is     
  

  
  

 
 

 

 

 

 

 

Figure 2. Electrical Circuit 

 

Now, we recall Kirchhoff’s laws:   

In an electrical circuit, the sum of current intensities entering a node is equal to the sum of current intensities 

leaving that node.  

In a closed loop, the sum of voltage drops across resistances and coils is equal to the total electromotive force.  

According to the Kirchhoff’s second law, in the closed circuit, as shown in Figure 1, we can write        . 

Thus, we have the following first-order linear differential equation  

                                                              
  

  
               (19) 
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From which,    ( ) is obtained. In Equation (19),   and   are not definitive and they have uncertainty due to 

heat, wire thickness, and other circuit parameters. Therefore, by considering these parameters as fuzzy values, 

the differential equation will be converted to a fuzzy differential equation. 

Example 9. Consider an electrical circuit with      ,           and       . Exerting uncertain 

circuit parameters, we have the following first-order linear differential equation with fuzzy coefficients:  

  

  
 ⟨         ⟩  ⟨            ⟩ 

 Initially, by multiplying the fuzzy coefficients by the variable, we will have:  

  

  
 ⟨      | |          | |⟩  ⟨            ⟩ 

 By performing fuzzy addition, the equation is transformed as follows:  

⟨
  

  
       | | 

  

  
    

  

  
       | |⟩  ⟨            ⟩ 

 After the initial computations, the following equations are obtained:  

{
 
 

 
 
  

  
       | |       (  )

  

  
       (  )

  

  
       | |      (  )

 

 Each of the equations will be solved separately. 

Solving equation (20): By separating the equation for positive and negative  , we have:  

  

  
       | |       {

  

  
             

  

  
             

 

The obtained equations are first-oreder liner differential equations and can be solved as mentioned before. At 

first,  ( )  ∫   ( )   is computed:  

{
 ( )   ∫                

 ( )   ∫                
 

 Finally, the general solution will be obtained as follows:  

{
 

   
 

     
(∫                )        (

    

   
        )         

        

  
 

     
(∫                )        (

    

   
        )         

        

 

 Solving equation (21): The obtained solution is:  

  
 

   
(∫             )       

    

 Solving equation (22): Using the same scheme as (20), we have:  
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(∫                )        (

    

   
        )         

        

  
 

     
(∫                )        (

    

   
        )         

        

 

 Since the problem has an initial condition as following:  

                       ( )                     (23) 

the constant parameters are obtained as follows:  

                                                    (24) 

Besides, since time is a positive quantity,    , all of the obtained solutions should be positive, so the final 

solution is:  

  ( )  ⟨                                   ⟩     (25) 

The results are given in Figure 3. Figure 3a shows the graphs of current intnsity for   ,   -. In Figure 3b, the 

fuzzy form of the results is shown for   ,       -.   
 

 

( 
 

 

 

 

 

 

 

         (a): Current intensity                                                      (b): Fuzzy form of current intensity 

Figure  3. Obtained results for current intensity in Example 7. 

5. Conclusion and Summary 

Classical mathematics eliminates the uncertainty in the real world, because it lacks the ability to model it. 

Fuzzy theory is a framework that has the capability to model reality as it is and accepts uncertainty and 

imprecision as an important part of the real world. In this paper, due to the uncertainty of problems in the real 

world, we used fuzzy theories to solve differential equations. In this paper, numerous examples of differential 

equations with fuzzy coefficients are examined and solved. The equations are of different types: separable, 

linear, and exact differential equations. The process of solving such equations is such that by performing initial 

calculations, the equation with fuzzy coefficients will be converted into several definite equations, each of 

which is examined and solved, and finally, the solution is presented in a fuzzy form. 
 

Conflict of interest: The authors declare that they have no known competing financial interests or personal 

relationships that could have appeared to influence the work reported in this paper. 

 

 

 



N. A. Tahi-Nezhad et al. / FOMJ 5(3) (2024) 88–104                                                                                   103 

References 

1. Abbasi, S.M.M., & Jalali, A. (2020) Some new performance definitions of second-order fuzzy systems. Soft 

Computing 

24(6), 4109–4120. 

2. Bede, B., & Gal, S.G. (2005) Generalizations of the differentiability of fuzzy-number valued functions with 

applications 

to fuzzy differential equations. Fuzzy sets and systems 151(3), 581–599. 

3. Bede, B., Rudas, I.J., & Bencsik, A.L. (2007) First order linear fuzzy differential equations under generalized 

differentiability. Information sciences 177(7), 1648–1662. 

4. Betounes, D. (2010) Differential Equations: Theory and Applications. Springer. 

5. Bhaskar, T.G., Lakshmikantham, V., & Devi, V. (2004) Revisiting fuzzy differential equations. Nonlinear 

Analysis: Theory, Methods & Applications 58(3-4), 351–358. 

6. Braun, M., & Golubitsky, M. (1983) Differential Equations and Their Applications vol. 2. Springer. 

7. Buckley, J.J., & Feuring, T. (1999) Introduction to fuzzy partial differential equations. Fuzzy sets and systems 

105(2), 241–248. 

8. Buckley, J.J., & Feuring, T. (2001) Fuzzy initial value problem for nth-order linear differential equations. Fuzzy 

sets and systems 121(2), 247–255. 

9. Chang, S.S., & Lofti Zadeh, A. (1972) On fuzzy mapping and control. IEEE transactions on systems, man, and 

cybernetics 2(1), 30–34. 

10. Chakraverty, S., Tapaswini, S., & Behera, D. (2016) Fuzzy Differential Equations and Applications for 

Engineers and Scientists. CRC Press. 

11. Dubois, D., & Prade, H. (1982) Towards fuzzy differential calculus part 3: Differentiation. Fuzzy sets and 

systems 8(3), 225–233. 

12. Goetschel Jr, R., & Voxman, W. (1983) Topological properties of fuzzy numbers. Fuzzy Sets and Systems 10(1-

3),87–99. 

13. Goetschel Jr, R., & Voxman, W. (1986) Elementary fuzzy calculus. Fuzzy sets and systems 18(1), 31–43. 

14. Hukuhara, M. (1967) Integration des applications mesurables dont la valeur est un compact convexe. Funkcialaj 

Ekvacioj 10(3), 205–223. 

15. Hullermeier, E. (1997) An approach to modelling and simulation of uncertain dynamical systems. International 

Journal of Uncertainty, Fuzziness and Knowledge-Based Systems 5(02), 117–137.  

16. Kaleva, O. (1987) Fuzzy differential equations. Fuzzy sets and systems 24(3), 301–317. 

17. Mazandarani, M., & Pariz, N. (2018) Sub-optimal control of fuzzy linear dynamical systems under granular 

differentiability concept. ISA transactions 76, 1–17. 

18. Mazandarani, M., & Zhao, Y. (2018) Fuzzy bang-bang control problem under granular differentiability. Journal 

of the Franklin Institute 355(12), 4931–4951. 

19. Najariyan, M., & Farahi, M.H. (2013) Optimal control of fuzzy linear controlled system with fuzzy initial 

conditions. Iranian Journal of Fuzzy Systems 10(3), 21–35. 

20. Najariyan, M., & Farahi, M.H. (2014) A new approach for the optimal fuzzy linear time invariant controlled 

system with fuzzy coefficients. Journal of Computational and Applied Mathematics 259, 682–694. 

21. Najariyan, M., & Farahi, M.H. (2015) A new approach for solving a class of fuzzy optimal control systems 

under generalized hukuhara differentiability. Journal of the Franklin Institute 352(5), 1836–1849. 

22. Oberguggenberger, M., & Pittschmann, S. (1999) Differential equations with fuzzy parameters. Mathematical 

and Computer Modelling of Dynamical Systems 5(3), 181–202. 

23. Parand, K., Dehghan, M., & Shahini, M. (2010) New method for solving a nonlinear ordinary differential 

equation. Nonlinear Functional Analysis Applications 2. 

24. Parand, K., Shahini, M., & Dehghan, M. (2009) Rational Legendre pseudo spectral approach for solving 

nonlinear differential equations of lane–emden type. Journal of Computational Physics 228(23), 8830–8840. 

25. Puri, M.L., & Ralescu, D.A. (1983) Differentials of fuzzy functions. Journal of Mathematical Analysis and 

Applications 91(2), 552–558. 



104 N. A. Tahi-Nezhad  et al. / FOMJ 5(3) (2024) 88–104 

26. Seikkala, S. (1987) On the fuzzy initial value problem. Fuzzy sets and systems 24(3), 319–330. 

27. Taghi-Nezhad, N., & Babakordi, F. (2023) Fully hesitant parametric fuzzy equation. Soft Computing 27(16), 

11099–11110. 

28. Taghi-Nezhad, N.A., & Taleshian, F. (2023) A new approach for solving fuzzy single facility location problem 

under l1 norm. Fuzzy Optimization and Modeling Journal 4(2), 66–80. 

29. Friedman, M., Ma, M., & Kandel, A. (1996) Fuzzy derivatives and fuzzy cauchy problems using lp metric. 

Fuzzy Logic Foundations and Industrial Applications, 57–72. 

 

 


