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Abstract: Plasmon-Solitons are quasi-particles resulting from coupling the plasmon 

modes and solitary solutions. This coupling can be intrinsically resonant in order to 

form plasmon-solitons with a high localization and large propagation length. This paper 

deals with the temporal nonlinear dynamics of plasmon-solitons in a plasmonic 

waveguide. Duffing equation is recognized as the temporal part of the nonlinear 

amplitude equation governing the plasmonic waveguide. Duffing equation is 

analytically solved for the low nonlinearity regime. It is shown that the Duffing 

oscillator waveforms stand for the temporal nonlinear dynamics of plasmon-solitons. 

The energy exchange of Lorentz-type bright and dark modes gives rise to a Fano 

resonance. It is thus shown that the interaction of solitons and the formation of plasmon-

solitons is inherently nonlinear. It is accordingly indicated that the nonlinear modulation 
of the plasmon-solitons is achievable via tuning the nonlinearity of the plasmonic 

waveguide. The results can be appealing for the researchers intending to design the 

plasmonic waveguides with the high localization as well as the large propagation length. 

In particular, an all-plasmonic modulation method can be contemplated. 
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1. INTRODUCTION 

Duffing equation is a mathematical tool to model a nonlinear dynamical 

system with damped and driven oscillations. Although it has been generally 

used for the mechanical systems, a variety of studies has addressed Duffing 

equation role in the nonlinear optical systems. K. Senthilnathan, et al developed 

an inharmonic oscillator equation for bright solitons in photorefractive media. 

Then, they showed that the equation can be reduced to undamped/unforced 

Duffing equation [1]. E Babourina-Brooks, et al. determined the noise response 

                                                        
* Corresponding author. Email: m.abdolahisharif@ee.uut.ac.ir 



88 * Journal of Optoelectronical Nanostructures     Winter 2021 / Vol. 6, No. 1 

 

of a quantum nanomechanical resonator using a Duffing oscillator-based model 

due to the dynamical equivalency [2]. Heung-Ryoul Noh indicated that the 

Duffing oscillator can be realized in an intensity-modulated magneto-optical 

trap [3].  

On the other hand, Surface Plasmons (SPs) are intrinsically electrons that 

oscillate at an interface (between two materials) or a surface (like a quantum dot 

surface or a 2D material). Their physical properties are closer to the bosons 

implying that SPs can intensely be localized beyond the diffraction limit of the 

light [4]. This is essential for the next generation nanophotonic devices[5-16]. 

Plasmonic waveguides have been investigated and developed aiming to 

increasing the propagation length and keeping the strong localization [15-19]. 

An exact study of SPs dynamics in a waveguide requires considering the effect 

of nonlinearity. Sergey Mikhailov showed that the influence of nonlinearity on 

plasmon resonances are the broadening and reducing the propagation length at 

special frequencies [20]. Considering the Kerr nonlinearity, Wiktor Walasik, et 

al. modeled the field profiles of plasmon-solitons in planar slot waveguide using 

the Jacobi elliptic special functions [21]. Jacobi elliptic functions are indeed the 

stationary solutions of the Duffing equation [22]. M. Scalora, et al. employed a 

Duffing oscillator-based model to investigate the third harmonic generation in 

metal nanostructures [23]. We have recently proposed Duffing oscillator model 

for delineation of dynamical states and chaotic maps in a surface plasmon laser 

[24]. As well, we found that unstable solutions and breather modes can be 

resulted for a plasmonic waveguide in consequence of the large nonlinear 

response [25].  

Optical modulation is used in optical communication [26], optical computing 

and signal processing [27], sensing [28], pulse generation [29], 

cryptography[30] and integrated photonic circuits[31]. Meanwhile, nonlinear 

optical modulation has been recently contemplated for specific purposes 

including the tunable optical switching [32-36]. As well, SPs modulation is a 

novel study field which still needs further investigation due to the large 

nonlinear optical response appeared in nanostructure SPs’ waveguides. 

In this article, Duffing equation is re-considered to derive temporal stationary 

solutions in a plasmonic waveguide. However, only stable solutions obtained 

for the low nonlinearity regime are to be explored. It is shown that the 

nonlinearity is responsible for a Self-Amplitude Modulation (SAM) effect. It is 

also indicated that Lorentz-type soliton as well as Fano resonance can be 

obtained as the solitary solution if the absorption and nonlinear coefficients with 

complex values are proportionally tuned. The ratio of the nonlinear to 

absorption coefficient is recognized as a determining factor for modulating the 

temporal dynamics of the plasmon-solitons. 
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2. THEORY  

The nonlinear equation to describe the spatiotemporal SPs' amplitude   in a 

plasmonic waveguide is given by Eq.(1)[37]. 
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temporal part of Eq.(1) as in the form of Eq.(2).  
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which can be further reduced to the form given in Eq.(3). 
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where it has been assumed that 2 / k   and 2 /i k    . Considering 

A as an observable wave function, time-energy uncertainty principal will be 

written as Eq.(4). From the viewpoint of quantum theory, representation of 

A vs. the time also implicates the system energy eigenvalues explainable by 

Eq.(4) [38]. 

,
2

A
E d A

dt


            (4) 

where E  and A are respectively, the energy and wave function eigenvalues; 

A is the expectation value and  is the reduced Planck’s constant. Analytical 

solution of Eq.(3) can be given by Eq.(5) [5]. 
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where cn , sn and dn are the Jacobi elliptic functions and 1c  and 2c are to be 

obtained from the initial conditions given in Eq.(6) [5]. 
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where 0A and 
0zA are the initial and boundary values of the wave amplitude 

A at 0z  and 0z z . Answers given in Eq.(5) are stationary solutions prior to 

unstable states. Transition to instability is beyond this study and has been 

investigated in our previous study [7]. If 2
02 / A    , solution of Eq.(5) will 

be reduced to Eq.(7)[5]. 

   0 sech .A t A t           (7) 

Solitary solution given in Eq.(7) stands for negative values of  which is thus 

fulfilled for the real values of  . If otherwise,   is generally a complex 

parameter, the solution of Eq.(7) will be accordingly modified. 

3. SIMULATION RESULTS AND DISCUSSION 

A. Ansatz I. Real positive absorption coefficient  

Fig.1 shows the solitary solution given in Eq.(7) for different values of the 

nonlinear coefficient   . As the latter increases, the soliton width decreases. 

 
Fig 1. soliton width for different values of nonlinear coefficient 

However, solution of Eq.(7) is insufficient to deduce a generalized result. 

Once introducing the parameter   , the effects of carrier wave frequency and 

dispersion will be latent. A proper investigation can be instead carried out by 
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introducing the independent parameter /   . General solutions of Eq.(6) are 

very sensitive to the ratio of the nonlinear coefficient to absorption coefficient 

/   . Oscillatory behavior in Fig,2 unveils a SAM. This modulation feature is 

to be broadened for the lower nonlinear coefficients as the nonlinear coefficient 

increases (Fig.2(a)) and vice versa (Fig.2(b)). The broadening also means 

increasing the number of pulses per wave envelop. This result may also explain 

the broadening of the plamonic waves for special frequencies when the 

nonlinearity increases [24]. In better word, one can deduce that plasmon-

solitons influenced by the nonlinearity may show both the widening and 

contracting depending on the plasmonic waveguide absorption coefficient. 

 

 
Fig 2. Oscillatory Duffing waveforms for different values of nonlinear coefficient γ 

when (a) γ/η~10-8; (b) γ/η~10-5. 

 

Time evolution of the Duffing oscillator is depicted in Fig. 3 for different 

values of /   . The amplitude evolves from the single periodic state (Fig. 

3(a)) to quasi-period state (Fig.3(b), (c) & (d)). The phase and group velocities 

are interpreted to be identical in Fig.3(a). Then, a difference in phase and group 

velocities leads to SAM as shown in Fig.3(b), (c) & (d). Modulation depth 

raises up to 0.89 for Fig.3(c) and 0.97 for Fig.3(d) while the modulation rate 

significantly increases. This triggers an idea for all-plamonic modulation, 

tunable with the nonlinearity and absorption. The presented theory in this study 

can truly support the corresponding experimental observations [41]. 
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Fig 3. Time evolution of Duffing waveforms for (a) γ′1/η′1=1.675×10-6; (b) 

γ′2/η′2=3.75×10-5, γ′2=0.22 γ′1 , η′2=1/100 η1
′ ; (c) ) γ′3/η′3=7.5×10-6, γ′3=1/5γ′2 , η′3= η′2 

and (d) γ′4/η′4=7.5×10-8, γ′4=1/5γ′3 , η′4= η′3. 

B. Ansatz II. Complex absorption coefficient, plasmon-soliton modes 

For a complex absorption coefficient, if 2
02 / A    , a solitary shape can 

be obtained as depicted in Fig.4 for different values of the nonlinear coefficient 

  and initial amplitude 0A . An important issue is the formation of flat-top 

plasmon-solitons in comparison with Fig.1. The larger nonlinear coefficients as 

well as the lower initial amplitudes (Fig.4(a) compared to Fig.(b)) still lead to 

decreasing the soliton width. 
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Fig 4. (a) Soliton width for different values of nonlinear coefficient, (b) the same for 

10 times higher initial amplitude A0. 

  

Furthermore, temporal dynamics obtained for some assumed values for /    

are shown in Fig.5 which are in accordance with the modified form of the 

general solutions in Eq. (6) provided for the complex values considered for the 

absorption coefficient. The results include the Lorentz-type solitons [40] 

(Fig.5(b) & Fig.5(d)), Fano resonance [42-44] (Fig.5(c)) and a combination of 

both (Fig.5(a) & Fig.5(d)). 

 
Fig 5. Time evolution of Duffing waveforms for (a) γ′1/ η′1=0.6×10-4; (b) 

γ′2/η′2=2.5×10-7, γ′2=0.01 γ′1, η′2=10 η1
′ ; (c) γ′3/η′3=5×10-6, γ′3=2γ′2 , η′3=0.1 η′2, (d) 

γ′4/η′4=1×10-6, γ′4=2γ′3, η′4= η′3 and (e) γ′5/η′5=8×10-5, γ′5=8γ′4, η′5=0.1 η′4. 

 

Finally, the spatiotemporal solutions of Eq.(1) can be obtained in accordance 

with the wave function    Ψ=A t Z z  if one considers that the spatial part to 

be conventionally given by Eq.(8)[37]. 
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where X  is the localization coordinate perpendicular to the propagation 

direction[5]. Some spatiotemporal plasmon-soliton modes are shown in Fig.6 

for different values assumed for /   . 

 
Fig 6. Spatiotemporal evolution of plasmon-soliton modes for (a) γ′1/ η′1=0.8×10-4; 

(b) γ′2/η′2=0.9×10-3, γ′2=11.25 γ′1, η′2= η′1; (c) γ′3/η′3=1.4×10-4, γ′3=11 γ′2, 

η′3=7.6×103 η′2; (d) γ′4/η′4=8×10-7, γ′4=8×102γ′3. η′4=1.3×105 η′3. 

 

C. Considering actual parameters 

In real systems (like the plasmonic waveguides), the values of the nonlinear 

and absorption coefficients read the relations  3   and  1   where  3  

and  1  are the third order and linear susceptibility of the system structure 

respectively [45]. If  1  is reduced to unity, one can write 

   
6

3 8 4 10
04 / m e   [44]. Even so, one may notice that the ratio of /    
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can be varied depending on the characteristics of the waveguide such as the 

working wavelength, number of 2D layers, Fermi energy, driving voltage/light 

intensity, etc. A variety of studies has shown the Fano resonance and Lorentz-

type solitons as prevalent dynamical regime of the plasmonic waveguide in the 

time domain [41-43]. In corroboration, the results obtained for Ansatz II can be 

truly assigned to the temporal nonlinear dynamics of the plasmon-solitons. 

Energy exchange between the dark and bright modes causes a Fano resonance. 

This in turn, reveals that the plasmon-solitons entity is intrinsically nonlinear. 

The resonant interaction of SPs as the spatial localized modes and solitary 

waves as the temporal wave envelops can be controlled by tuning the 

nonlinearity and absorption. While the large absorption implies the more 

localization, the strong nonlinearity can convey an amplification, beneficial for 

generating the long range SPs. 

The results also suggest that the analytical solutions of Duffing equation 

(Eq.(3)) can describe the stationary states in a plasmonic waveguide with a 

simple but comprehensive manner. 

4.  CONCLUSION 

Solitary solutions of the temporal nonlinear dynamics in a plasmonic 

waveguide has been derived using the analytical solution of the Duffing 

equation as the temporal part of the spatiotemporal nonlinear amplitude 

equation. It has been proposed that the Duffing oscillator waveforms obtained 

for the complex values of the absorption and nonlinear coefficients stand for the 

temporal nonlinear dynamics of plasmon-solitons. It has been shown that the 

ratio of the nonlinear to absorption coefficient is an effective factor for 

determining the plasmon-soliton modes. Accordingly, the nonlinear modulation 

of plasmon-solitons can be achieved by tuning the nonlinearity and absorption. 

The results are thus useful for effective design process of the plasmonic 

waveguides. In particular, this paper suggests an all-plamonic modulation 

method to attain highly localized SPs with long propagation range.  The simple 

quasi-classical model presented in this study is simple yet mathematically 

rigorous. The results are in a good agreement with those of previously proposed 

models based on the quantum theory. 
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