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Abstract 

Laser tube bending is a new procedure for bending tubes in industrial applications. Laser scanning 

can be performed using circumferential and longitudinal schemes. In this paper, an analytical model 

was developed to predict the effects of the longitudinal scanning scheme on the laser forming of tubes. 

Moreover, the effects of laser parameters and tube dimensions on residual deformation are 

investigated for the longitudinal scanning scheme. The presented analytical model can be utilized as 

a powerful tool to determine the residual bending angle, residual strain, and curvatures. To apply the 

proposed analytical model, a hollow tube made of mild steel is considered. The residual strain and 

curvature were evaluated after one pass of laser scanning for the longitudinal scheme. The results 

revealed that increasing the laser beam diameter leads to a reduction in the residual deformation of 

the tube. Furthermore, the residual tube deformation was enhanced by increasing the laser power or 

decreasing the laser scanning velocity. 
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1. Introduction 

The papers Laser forming process has been considered a new and suitable technique for 

manufacturing and bending mechanical parts, without external forces during the last two decades. It 

allows automation of manufacturing processes in the aerospace, automobile, and shipbuilding 

industries [1-3]. The technique offers various engineering advantages compared to common forming 

processes. The known advantages consist of design flexibility, the manufacture of complex shapes, 

and the possibility of rapid prototyping [4-5]. In this process, external forces and dies are unnecessary, 

and various shapes can be produced [6]. 

Parts in the shape of the tube are used as gas/liquid pipes in automobiles, heat exchangers, hydraulic 

systems, and boilers [7]. For these applications, the tubes should be bent. Instead of mechanical 
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bending techniques, metal forming processes can be used to reduce production steps and waste of raw 

material and to increase manufacturing speed [8-9]. 

A laser forming process can be utilized to apply a temperature field due to heat imposed on the tube. 

Laser bending of tubes has several advantages over mechanical bending techniques. In laser tube 

forming, hard bending tools and external forces are not required; hence, in the case of small-batch 

production and prototyping, the final cost of the product is reduced. Smaller ovalization would occur 

in the laser tube forming process and the tube wall thickness reduction is avoided. The laser tube 

bending process can be automated using numerical control systems. When some materials are bent 

mechanically, to prevent fracture, after each pass of bending, an annealing process should be 

performed. Bending of the tubes made from such materials can be performed by the laser forming 

process, without multiple annealing. Tubes with various cross-sectional shapes, such as circular and 

square, can be bent using the laser forming process. However, most of the recent efforts have been 

conducted in the case of tubes with circular cross-sections [7]. The laser forming of the tubes with 

circular cross-sections is considered in this study since tubes with circular cross-sections have vast 

industrial applications.  

The laser tube forming can be carried out by two different kinds of laser scanning schemes, namely 

circumferential and longitudinal (axial) schemes. A schematic of these schemes is illustrated in Figure 

1. In the circumferential scheme, the laser beam is scanned along the tube’s circumference through a 

prescribed scanning angle up to 180°. The subsequent laser scans can be performed at the same 

longitudinal location with fully overlapping multiple scans along the same path or at different 

longitudinal locations with separate multiple scans. The tube bending can also be achieved by a laser 

beam scanning along the axial direction of the tube. The longitudinal scanning scheme results in a 

higher bending angle compared with the circumferential scanning scheme. 

Many efforts have been performed to study the laser tube bending by the circumferential scanning 

scheme but a few studies have been carried out using the axial scanning scheme. In the case of 

circumferential scanning, numerous experimental, analytical, and numerical analyses are found in the 

literature. Li and Yao [10] investigated the mechanism of the laser tube bending process by numerical 

and experimental procedures. Different phenomena of the deformation process such as wall thickness 

variation, ovalization, and bending radius were studied in their work. Hao and Li [11] proposed an 

analytical model to estimate the bending angle in the laser tube bending. They verified the analytical 

predictions with the experimental results and reported a good agreement between the two sets of 

results. In another research [12], they studied the mechanism of the process using the finite element 

method. They obtained spatial and temporal distributions of temperature, stress, and strain fields. 

Hsieh and Lin [13] simulated the transient state of a thin metal tube deforming by the laser buckling 

mechanism and applying an axial preload. They have verified the FEM results by comparing them 

with experimental results and showed that by using the compressive axial preload, a larger bending 

angle can be achieved.  
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Figure 1. Schematic of the scanning schemes a) longitudinal (axial) scanning b) circumferential scanning 

 

In the case of the axial scanning scheme, less effort has been carried out in contrast to the 

circumferential scheme. Zhang et al. [14] assessed the bending mechanism and characteristics of 

longitudinal and circumferential scanning schemes by a numerical analysis. They reported that using 

the axial scanning scheme, a higher bending angle compared with the circumferential scanning 

scheme is obtained. The scanning scheme has a significant influence on the laser forming of tube 

specimens. Safdar et al. [15] studied the effects of scanning schemes on bending angle in laser tube 

bending using a finite element model. The results revealed that the longitudinal scanning scheme 

results in twice the bending angle as compared to the circumferential scheme.  

Parameters such as laser power, beam diameter, scan speed, specimen thickness, and heating position 

can significantly affect the resulting bending angle in the laser bending process. Hao and Gai [16] 

performed a transient thermo-mechanical analysis of a thin wall tube using the FE method. They 

studied the effects of laser bending parameters and concluded that the protrusion at bending intrados 

is more severe for thinner tubes. Zahrani, and Marasi [17] modeled the laser bending process via a 

response surface method and investigated the influence of model parameters on the bending angle. A 

thermo-mechanical FE model has been developed by Venkadeshwaran et al. [18] to simulate the laser 

bending process. They investigated laser power, scan velocity, and specimen thickness on the bend 

angle and obtained optimum parameters to increase productivity and decrease the operating cost. 

Guan et al. [19] simulated the single and multi-scan laser tube bending process using a thermo-

mechanical FE model. The study’s results revealed that the bending angle induced by the first 

irradiated time was largest and the relation between the number of scans and the bending angle was 

in direct ratio. Jamil et al. [20] presented an FE analysis of laser bending of nickel tubes. The results 

indicated that the tube bending angle increases by applying a constraint at the tube free-end. Li et al. 

[21] studied the mechanism of the laser tube bending process and the effects of process parameters, 

such as laser power, scanning time, and speeds, on the bending angle with both the FE method and 

experiments. They found that the bending angle increases with increasing the laser power and 

decreasing the scanning speed. Keshtiara et al. [22] studied the effects of various laser beam 

parameters on the tube bending process. They achieved optimum process parameters for tube bending 

angle with minimum ovality and wall thickening. Safari [23] experimentally investigated the effects 

of the irradiating length and irradiating passe number on the bending angle in laser bending of a mild 

steel tube. The results indicated that with an increase in the irradiating length and passes, the main 

bending angle increases. 
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Folkersma et al. [24] developed a tube laser bending process to align optical fibers to a photonic 

integrated. They achieved a high precision in the alignment of optical fiber. Imhan et al. [25] 

presented a modified analytical model of laser tube bending, by considering the effects of material 

specifications variation due to the temperature rise in the laser of the tubes. He et al. [26] reported 

that several main defects, such as springback phenomena, thinning in the tube wall, cross-section 

deformation, and wrinkling instabilities, which appear in traditional tube bending processes, happen 

rarely in the laser tube bending process. Khandandel et al. [27] analyzed the bending angle and 

microstructure of the tube after laser tube bending by imposing forced cooling at different distances 

from the laser beam. With applying local cooling, the duration of the tube bending process was 

reduced considerably. Safari et al. [28] have investigated the effects of process parameters on main 

and lateral bending angles in the laser tube bending process. They reported that the main bending 

angle increases by increasing the irradiation length, irradiation pass number, and laser power. The 

results indicate the axial scanning scheme produces a much higher bending angle than the 

circumferential scanning scheme for similar conditions. The effects of different laser scanning 

strategies on the bending angle of steel plates are investigated by Dong et al. [29]. Wang et al. [30] 

conducted the method of irradiating schemes for laser tube bending, which evaluates the curvatures 

of the tubes. They have concluded that the presented scanning path planning was feasible and 

effective. The circumferential scanning scheme achieves a small bending angle per scan and thus 

requires multiple scans to obtain practical bending angles. This process is too time-consuming. 

However, the advantage of the axial scanning scheme is that it generates sufficient bending in a single 

axial scan [14]. Hence, the axial scanning scheme results in greater angular deformation than the 

circumferential scanning scheme. The produced bending angle is greater in the axial scanning 

scheme, which would decrease the number of scans required. Therefore, the axial scanning scheme 

in laser tube forming is considered in the presented study.  

To the best of the authors’ knowledge, there is not any analytical model yet in the literature to analyze 

the axial scheme in the laser tube forming process. Therefore, in this work, an analytical model is 

developed to predict the effects of different laser parameters, such as laser scanning velocity, laser 

power, and laser beam diameter and dimensions of the tube, on the deformation of the tube in the 

axial scheme. Moreover, the proposed analytical model can predict the bending angle in terms of 

residual strain and curvature of the tube.  

 

2. Materials and Methods 

To inquire about the deformation of the tube, at first, the temperature distribution along the thickness 

direction of the tube should be known. According to Shen et al. [4], the temperature change along the 

thickness direction can be expressed as Equation (1), 

 

(1) ΔT =
2P A

ρ C u h d
exp (−

ρ C u

2 k
(z +

h

2
)) 

 

Where z is the distance from the middle of the tube thickness, ΔT the temperature change, P is the 

laser power, A the absorption coefficient of the material, u is the laser scanning velocity, h is the tube 

thickness, d is the laser beam diameter, and ρ, C, and k are the density, specific heat, and thermal 
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conductivity of the tube material, respectively. By taking the integration from both sides of Equation 

(1), the average temperature change in the z direction is obtained as Equation (2), 

 

(2) Tup =
2PA

ρ C u h
2
d

∫ exp (−
ρ C u
2 k

(z +
h
2

))

h
2

−h
2

 dz =
4PA k (1 − exp(− ρ C u h

2 k
)

ρ2C2u2h
2
d

 

 

Where Tup is the average temperature change due to laser irradiation. The half angle of the irradiated 

tube material in the hoop direction (Φ), which is illustrated in Figure 2, can be expressed as Equation 

(3) [28]. 

 

(3) Φ = arcsin (
d

2b
) 

 

To develop the analytical model, the following assumptions were made: 

(1) Any plane normal to the neutral axis remains plane during the bending.  

(2) The material properties are independent of temperature and direction. 

(3) The temperature distribution of the tube does not change with time. So, the heat conduction in the 

specimen, thermal radiation to the air, and free convection are balanced and temperature distribution 

is not affected by them. 

(4) The laser intensity distribution is uniform. 

(5) The heat generation due to the strain energy is negligible. 

(6) Any phase change and its effects are neglected. 

(7) The behavior of the tube material in tension and compression is the same. 

(8) The tube material is incompressible in the plastic deformation range. 

(9) The tube material is elastic-perfectly plastic. 

(10) Any normal and shear stress, except the axial stress, is negligible. So the state of stress is one-

dimensional. 

 
Figure 2. Schematic of the cross-section of the tube 

Regarding the last assumption, the elastic strain energy per unit volume, Π, can be expressed as 

Equation (4), 
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(4) Π =
1

2
∫ σ̅ε̅e

V

dV =
1

2
∫ σ̅xε̅x

e

V

dV =
1

2
∫Eε̅x

e

V

ε̅x
edV 

Where  

(5) ε̅x
e = ε̅x − ε̅x

th 
 

In Equation (4) and Equation (5) ε̅x,ε̅x
th,ε̅x

e, E and σ̅xare the total strain, the thermal strain, the elastic 

strain, the young modulus, and the stress component in axial direction, respectively. According to the 

first assumption, the total strain component can be expressed as Equation (6). 

(6) ε̅x = εx + z kx 
 

The strain εx and curvature kx of the neutral axis are given in Equation (7) and Equation (8), 

respectively. 

 

(7) εx =
∂u

∂x
+

1

2
(

∂w

∂x
)

2

 

 

(8) kx = −
∂

∂x
(

∂w

∂x
) 

 

In Equation (6) to Equation (8), w and u are the lateral and axial displacement components, 

respectively. To maintain the equilibrium, the first variation of the strain energy per unit volume 

should be zero. By putting the first variation equal to zero, one can get, 

 

(9) kx = ∫
(ε̅x

thz)

It
 

At

dA 

 

and 

 

(10) εx = ∫
ε̅x

thdA

AtAt

 

 

Where It and At are the moment of inertia and the area of the total cross-section of the tube, 

respectively. In the derivation of Equation (9) and Equation (10), the coordinate system was located 

at the centroid of the cross-section, according to Equation (11). 

 

(11) ∫ z dA
At

= 0 

 

Replacing for kx and εx from Equation (9) and Equation (10) in Equation (6) and using the Hook’s 

law yields, 
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(12) σ̅x
e = E { ∫

ε̅x
th dA

At
At

+ Z ∫
(ε̅x

thZ) dA

It
− ε̅x

th

At

} 

 

Equation (9), Equation (10), and Equation (12) are derived based on the elastic deformation 

assumption. To analyze the elastic-plastic deformation in the laser tube forming, the domain where 

yielding takes place should be known. This domain is achieved by comparison of the absolute value 

of axial stress achieved from Equation (12) with the yield stress of the material. The cross-section of 

the tube can be divided into two areas; laser affected area (A1) and none affected area (A2). So the 

thermal strain can be defined as Equation (13), 

 

(13) ε̅x
th = {

αTup   in A1

0         in A2
} 

 

Where α is the thermal expansion coefficient of the tube material. Taking Ai, Zi and Ii as area, first 

moment of area, and second moment of area of the tube, respectively, then they are defined as, 

(14) 

Ai = ∫ dA
Ai

Zi = ∫ z dA
Ai

Ii = ∫ z2dA
Ai

 

 

Where the i notation is equal to 1 for the laser-affected area, equal to 2 for the none-affected area, and 

equal to t for the total area. Figure 2 shows A1, A2, and Φ for a circular tube. In this figure, a and b 

are the inner and the outer radius of the tube, respectively. Referring to Figure 2, and using Equation 

(14), one can write Equation (15). 

 

(15) 

At = π (b2 − a2)     A1 = Φ (b2 − a2)

A2 = (π − Φ) (b2 − a2)     It =
π

4
(b4 − a4)

I1 =
(Φ + 0.5sin(2Φ))

4
(b4 − a4)

I2 =
(π − Φ − 0.5sin(2Φ))

4
(b4 − a4)

Zt = 0     Z1 = −Z2 =
p

3 b
(b3 − a3)

 

 

As the thermal strain is independent of the axial direction, C1 and C2 can be defined as, 

(16) C1 = ∫
ε̅x

th 

AtAt

 dA 

 

and 
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(17) C2 = ∫
(ε̅x

thz) 

It
 

At

dA 

 

Where C1 and C2 in Equation (17) are constant. Therefore, Equation (12) can be rewritten as, 

 

(18) σ̅x
e = E{C1 + Z C2 − ε̅x

th} 

 

By replacing Equation (13) with Equations (16) and (17), C1 and C2 can be derived. The relations of 

C1 and C2 are given in Equation (19) and Equation (20), respectively.  

 

(19) C1 =
α TupΦ

π
 

 

and 
 

(20) C2 =
4 α Tupd (b3 − a3)

3 b π (b4 − a4)
 

 

C1 and C2 refer to the state that the material behavior is elastic. At this stage, the material in A1 is 

subjected to yielding, while A2 is still in the elastic region as given in Equation (21). 

  

(21) 

Y

E α (1 −
Φ

π
−

4p

3π

b3−a3

b4−a4)
≤ Tup ≤

Y

E α (
Φ

π
+

4p

3π

b3−a3

b4−a4)
 

 

Combining Equation (2) and Equation (21) leads to Equation (22). 

 

(22) 

Y (ρ C u h)2p

4EαAk (1 − exp(−
1

2

ρ Cuh

k
)) (1 −

Φ

π
−

4p

3π

b3−a3

b4−a4)
≤ Pr

≤
Y (ρ C u h)2p

4EαAk (1 − exp(−
1

2

ρCuh

k
)) (

Φ

π
+

4p

3π

b3−a3

b4−a4
)
 

 

Equation (22) indicates that by choosing the proper laser power, the situation that only material in A1 

is subjected to yielding can be employed. In this situation, the stress distribution in the tube is as 

Equation (23), 

 

(23) σ̅x
ep

= {
Y in   A1

E(C3 + ZC4) in   A2
   } 

 

Where C3 and C4 are unknown constants. In the absence of external moment and force, to maintain 

equilibrium, Equation (24) and Equation (25) should be satisfied. 
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(24) ∫ σ̅x
At

dA = 0 

 

and 

 

(25) ∫ σ̅xz 
At

dA = 0 

 

Considering that At=A1+A2 and substituting Equation (23) in Equation (24) and Equation (25), C3 

and C4 constants are determined by solving Equation (26) and Equation (27),  
 

(26) C3 =
 
Y

E
(

d2

9b2 (b3 − a3)2 + 0.25 Φ (π − Φ − 0.5sin(2Φ))(b4 − a4)(b2 − a2))

0.25 (π − Φ)(π − Φ − 0.5sin(2Φ))(b4 − a4)(b2 − a2) −
d2

9b2 (b3 − a3)2
 

 

and 
 

(27) C4 =
 
Yπ d

3 b E
(b3 − a3)(b2 − a2)

0.25 (π − Φ)(π − Φ − 0.5sin(2Φ))(b4 − a4)(b2 − a2) −
d2

9b2 (b3 − a3)2
 

The residual deformation of the neutral axis can be obtained using Equation (28) and Equation (29), 

respectively. 

 

(28) εx
p

= C3 − C1 
 

(29) kx
p

= C4 − C2 
 

where εx
pand kx

pare residual strain and curvature of the neutral axis, respectively. Substituting Equation 

(19) and Equation (26) in Equation (28) and substituting Equation (20) and Equation (27) in Equation 

(29) yields to Equation (30) and Equation (31). 

 

(30) 

εx
p

=
 
Y

E
(

d2

9b2 (b3 − a3)2 + 0.25 Φ (π − Φ − 0.5sin(2Φ))(b4 − a4)(b2 − a2))

0.25 (π − Φ)(π − Φ − 0.5sin(2Φ))(b4 − a4)(b2 − a2) −
d2

9b2 (b3 − a3)2

−
αTupΦ

π
 

 

(31) 

kx
p

=
 
Yπ d

3 b E
(b3 − a3)(b2 − a2)

0.25 (π − Φ)(π − Φ − 0.5sin(2Φ))(b4 − a4)(b2 − a2) −
d2

9b2 (b3 − a3)2

−
4 α Tupd (b3 − a3)

3 b π (b4 − a4)
 

 

The residual bending angle is calculated as Equation (32),  

 

(32) θp = kx
p

 L (1 + εx
p

) 
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where θpis the residual tube bending angle and L is the tube length. Using Equation (2), Equation (3), 

Equation (30), and Equation (31), the resultant bending and stretching deformation of the tube are 

determined during one pass of the laser scan.  

 

3. Results and Discussion 

To utilize the proposed analytical model, a tube made of mild steel with a Young modulus of 

E=200GPa, an absorption coefficient of A=0.6, a density of ρ=7860 kg/m3, specific heat of Cth=481 

J/kg.k, thermal conductivity of kth=45 W/m.k, thermal expansion coefficient of α=11.6×10-6 1/K, 

yield stress of Y=250 MPa, internal radius of a=13.5 mm and external radius of b=15 mm is 

considered. The laser power and the scanning velocity were assumed as P=300 W and u=25 mm/s, 

respectively. Figure 3 shows the effect of laser beam diameter on the residual strain and curvature of 

the neutral axis of the tube. An increase in laser beam diameter leads to a decrease in the magnitude 

of residual deformation of the tube. As is seen by an increase in the laser beam diameter, the yielded 

area is increased and the spring-back force is reduced. Thus, the decline in the residual deformation 

may be attributed to the decrease in the spring-back force. 

 

 
Figure 3. Effect of laser beam diameter on the residual deformation of the tube under axial scanning scheme 
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Figure 4. Effect of outer tube radius on the residual deformation of the tube under axial scanning scheme 

 

Figure 4 exhibits the effect of the outer tube radius on the residual deformation of the tube. The laser 

parameters were assumed as P=300 W, u=25 mm/s, d=5 mm, and the tube thickness h=1.5 mm. The 

area and inertia of the cross-section increase with the enhancement of outer radius magnitude, so the 

resistance of the tube to the deformation is increased. Therefore, with an increase in the outer radius, 

the residual deformation in the tube is reduced. 

 
Figure 5. Effect of inner tube radius on the residual deformation of the tube under axial scanning scheme 

 

The effect of the inner tube radius on the residual deformation, for a tube with an outer radius of b=15 

mm, is depicted in Figure 5. The laser parameters are P=300 W, u=25 mm/s, and d=5 mm. As it is 

observed, the increase in the inner radius leads to the decline of the magnitude of the area and the 
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inertia of the cross-section of the tube. Hence, the resistance to the deformation is decreased and the 

final resultant deformation is enhanced. 

Figure 6 exhibits the dependence of the residual deformation of the tube on the laser scanning 

velocity. The inner and outer diameter of the tube are a=13.5 mm and b=15 mm, respectively. Other 

laser parameters are P=300 W and d=5 mm. Referring to the figure, by increasing the scanning 

velocity, the lesser heat is imposed on the tube, so the resultant deformation is decreased. 

Figure 7 shows the effect of the laser power on the resultant deformation of the tube. The inner and 

the outer diameter of the tube are a=13.5 mm and b=15 mm, respectively. The laser scanning velocity 

and beam diameter are supposed to be u=25 mm/s and d=5 mm, respectively. It is observed that the 

increase in laser power leads to the enhancement of the imposing heat and so the resultant deformation 

is increased. 

 
Figure 6. The effect of laser scanning velocity on the residual deformation of the tube 

 
Figure 7. The effect of laser power on the residual deformation of the tube 
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Figure 8. Evaluation of the residual tube bending angle in the axial scheme of the laser forming process; effects of a) 

laser beam diameter, b) tube thickness, c) laser scanning velocity, and d) laser power on the resulted bending angle  

 

After establishing the effects of laser forming and geometrical parameters on the residual deformation 

of the tube, the residual bending angle can be obtained according to Equation (32). The results of the 

calculated bending angle are presented in Figure 8. The residual bending angle decreases with 

increasing laser beam diameter as shown in Figure 8(a). The laser power, scanning velocity, and tube 

thickness were assumed as P=300 W, u=25 mm/s, and h=1.5 mm, respectively. Other material 

properties are the same as in previous investigations. The decline in the residual deformation, by 

increasing the laser beam diameter, can be attributed to the increase of the yielded area, and hence 

decrease in the spring-back force. 

The bending angle is decreased by increasing the tube thickness as depicted in Figure 8(b). The laser 

beam diameter was set to d=5 mm and other parameters are the same as in the previous investigation. 

The stiffness of the tube is increased by increasing the tube thickness, and hence the bending 

resistance of the tube is increased. Figure 8(c) indicates that by increasing the scanning velocity, the 

heat imposed on the tube is decreased. Therefore, the resultant deformation and the residual bending 

angle are decreased. Finally, the effects of laser power on residual bending angle are investigated, by 

setting u=25 mm/s in Figure 8(d). A linear relationship is obtained between the laser power and the 
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residual bending angle. In fact, by increasing the laser power, more heat is imposed on the tube. 

Hence, the resultant deformation and the bending angle are increased. 

 

4. Conclusion 

Laser tube bending is a new procedure for bending the tubes for the industrial applications. The laser 

scanning can be performed in circumferential and axial schemes. In this study, an analytical model 

was developed to estimate the residual deformation after one pass of scanning for the axial scheme. 

The following conclusions were drawn from the results: 

1. By increasing in laser beam diameter, more region of the tube was subjected to yielding. Thus, 

the spring-back force was reduced and the residual deformation of the tube was decreased. 

2. By enhancement of the tube's outer diameter with a constant thickness or by an increase in 

thickness for a constant outer diameter, the area and inertia of the cross-section were increased. 

Hence, the resistance of the tube to the deformation was enhanced. Hence the resultant 

deformation and the residual bending angle were decreased. 

3. By an increase in laser power and/or decrease in laser scanning velocity, more heat has been 

imposed on the tube, hence the residual deformation of the tube was enhanced. The residual 

bending angle was increased consequently.  
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