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Abstract. In this article, we introduce a new concept of fuzzy measurement, the space of fuzzy measurable
functions and fuzzy integral, which has a dynamic position and is different from previous approaches. With this
concept, we create a new version of measurement theory and fuzzy integral. The main goal of this paper is to define
the fuzzy integral in the fuzzy size space. First, we introduce fuzzy measurable functions and L+ essential and
related concepts in fuzzy space. In the continuation of the work, with the help of fuzzy measurable functions, we
define the fuzzy integral in the fuzzy measurement space and examine the theorems related to it and the relationship
between them in the fuzzy measurement space. The next step is to establish one of the fundamental convergence
theorems with the uniform convergence theorem in the fuzzy measurement space and prove it. Finally, we prove
Fatou’s lemma as an application of the theorems raised in the fuzzy measurement space.
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1 Introduction

Here, we let Ξ = [0, 1], Υ = [0,∞] and ℧ = (0,∞).

Let us assume ⋆ : Ξ × Ξ → Ξ is a topological monoid with unit 1 and ϱ ⋆ γ ≤ ς ⋆ δ whenever ϱ ≤ γ
and ς ≤ δ (ϱ, ς, γ, δ ∈ Ξ). In this case, ⋆ is called a continuous t-norm and ⋆∞i=1 = limn→∞ ⋆ni=1. For some
examples ϱ ⋆ ς = ϱ.ς and ϱ ⋆ ς = ∧(ϱ, ς) are continuous t-norms.

Let us consider U ̸= ∅, ⋆ is a continuous t-norm and ρ is a fuzzy set on U2 × ℧. Then (U, ρ, ⋆) is said to
be a fuzzy metric space where for arbitrary ε, υ, η ∈ U and τ, θ > 0,

(FM1) ρ(ε, υ, τ) = 1 for every τ ∈ ℧ iff ε = υ;

(FM2) ρ(ε, υ, τ) = ρ(υ, ε, τ), ∀ε, υ ∈ U , ∀τ ∈ ℧;

(FM3) ρ(ε, η, τ + θ) ≥ ρ(ε, υ, τ) ⋆ ρ(υ, η, θ), ∀ε, υ, η ∈ U , ∀τ, θ ∈ ℧;

(FM4) ρ(ε, υ, ·) : ℧ → (0, 1] is continuous.([1, 2, 3, 4, 5, 6, 7, 8])

Definition 1.1. Suppose that X ̸= ∅ and C ⊆ 2X such that
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(i) ∅ ∈ C and X ∈ C;

(ii) if A ∈ C, then Ac ∈ C;

(iii) if A1, · · · ,An ∈ C, then ∪n
i=1Ai and ∩n

i=1Ai are in C.

(iv) whenever A1,A2, · · · are in C, then ∪∞
i=1Ai and ∩∞

i=1Ai are in C.

So C is called a σ-algebra and (X, C) is called a measurable space.

Definition 1.2. Let us assume that X ̸= ∅ and C ⊆ 2X a σ-algebra. A fuzzy function ν : C × ℧ → Ξ such
that

(i) ν(∅, τ) = 1, ∀τ ∈ ℧;

(ii) if Ai ∈ C, for i = 1, 2, · · · are pairwise disjoint,

ν(∪∞
i=1A

∞
i , τ) = ⋆∞i=1ν(Ai, τ), ∀τ ∈ ℧.

So ν is said to be a fuzzy measure and (X, C, ν, ⋆) is said to be a fuzzy measure space.

Definition 1.3. Consider (X,M) and (Y,N ) measurable spaces, a mapping ȷ : X → Y is called (M,N )-
measurable if ȷ−1(E) ∈ M for all E ∈ N . We know BR as σ-algebra on R.

2 Main Results

Theorem 2.1. Consider X is a metric (or topological) space, then every cotinuous ȷ : X → R is (BX,BR)-
measurable.

Proof. ȷ is continuouse iff ȷ−1(U) in X for every U ⊆ R. □

Theorem 2.2. Consider (X,M), (R,BR) measurable spaces and ȷ : X → R, then the following statements
are equivalence.

(i) ȷ is M-measurable;

(ii) ȷ−1((q,∞]) ∈ M, ∀q ∈ R;

(iii) ȷ−1([q,∞]) ∈ M, ∀q ∈ R.

Lemma 2.3. Suppose ȷ, ı : X → R are M-measurable so F : X → R × R with F(p) = (ȷ(d), ı(p)) is M-
measurable.

Proof. We know BR×R = BR
⊗

BR. So F is a (M,BR×R)-measurable. □

Theorem 2.4. If ȷ, ı : X → R are M-measurable, then ȷ + ı : X → R with (ȷ + ı)(p) = ȷ(p) + ı(p) is a
M-measurable.

Proof. Define F : X → R × R with F(p) = (ȷ(p), ı(p)), ϕ : R × R → R with ϕ(z, w) = z + w. Since
BR×R = BR

⊗
BR, F is (M,BR×R)-measurable, wherease ϕ is (BR×R,BR)-measurable by theorem 2.1. Thus

ȷ+ ı = ϕ ◦ F is M-measurable. □
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Theorem 2.5. If ȷj is a sequence of R-valued measurable functions on (X,M), then the functions ın(p) =
supj≥n ȷj(p), ı(p) = lim sup ȷj(p), hn(p) = infj≥n ȷj(p), h(p) = lim inf ȷj(p) are M-measurable. If ȷ(p) =
limj→∞ ȷj(p) exists for every p ∈ X, then ȷ is M-measurable.

Proof. We have ı−1
n ((q,∞]) = ∪∞

j=nȷ
−1
j ((q,∞]) ∈ M, h−1

n ((q,∞]) = ∩∞
j=nȷ

−1
j ((q,∞]) ∈ M, more generally, if

hk(p) = supj≥n ȷj(p) then hk is measurable for each k, so ı(p) = infk≥1 hk(p) is measurable, and likewise for
h. Finally, ȷ exists then ȷ = ı = h, so ȷ is measurable. □

Corollary 2.6. If ȷ, ı : X → R are fuzzy measurable, then so max{ȷ, ı} and min{ȷ, ı}.

Proof. We now discuss the functions that are building blocks for the theory of integration. Let (X,M) be
a measurable space. If E ⊆ X, the characteristic function χE of E is given as

χE(p) =

{
1 p ∈ E,
0 p /∈ E.

χE is measurable iff E ∈ M. A simple function on X is a finite linear combination, with coefficients in R, of
characteristic functions of sets in M. So ȷ : X → R is simple iff ȷ is measurable and the range of ȷ is a finite
subset of R. Indeed, we have ȷ =

∑n
j=1 zjχEj , where Ej = ȷ−1({zj}) and range(ȷ) = {z1, z2, · · · , zn}, we call

this the standard representation of ȷ. □

Theorem 2.7. If ȷ, ı : X → R are simple functions, so then ȷ+ ı.

Theorem 2.8. Consider (X,M) measurable space. If ȷ : X → R is fuzzy measurable, there exist a sequence
{ϕn} of fuzzy simple functions such that 0 ≤ ϕ1 ≤ ϕ2 ≤ · · · ≤ ȷ pointwise, and ϕn → ȷ uniformly on X.

Definition 2.9. Consider (X, C, ν) measure space, define

L+ = {ȷ : X× ℧ → [0,∞) | ȷ is measurable function and increase with second component} .

Consider ϕ ∈ L+ a simple function by ϕ =
∑n

i=1 qiχEi , for every qi ≥ 0, we define the fuzzy integral of ϕ with
respect to ν by ∫

X
ϕ(p)dν(p, τ) = ⋆ni=1ν(Ei,

τ

qi
),

for every τ ∈ ℧. If A ∈ C, then ϕχA is also simple function and define
∫
A ϕ(p)dν(p, τ) to be

∫
X(ϕχA)(p)dν(p, τ).

Theorem 2.10. Consider ϕ and ψ simple functions in L+.

(i) If c ∈ Ξ then
∫
X(cϕ)(p)dν(p, τ) ≥ c

∫
X ϕ(p)dν(p, τ), if c ∈ (1,∞) then

∫
X(cϕ)(p)dν(p, τ) ≤ c

∫
X ϕ(p)dν(p, τ),

∀τ ∈ ℧;

(ii)
∫
X(ϕ+ ψ)(p)dν(p, τ) ≥

(∫
X ϕ(p)dν(p, τ) ⋆

∫
X ψ(p)dν(p, τ)

)
, ∀τ ∈ ℧;

(iii) If ϕ ≤ ψ, then
∫
X ϕ(p)dν(p, τ) ≥

∫
X ψ(p)dν(p, τ), ∀τ ∈ ℧;

(iv) The map A →
∫
A ϕ(p)dν(p, τ) is a measure on C, ∀τ ∈ ℧.

Proof.
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(i) : If c ∈ Ξ then

∫
X
(cϕ)(p)dν(p, τ)

=

∫
X

(
n∑

i=1

caiχEi(p)

)
dν(p, τ)

= ⋆ni=1ν

(
Ei,

τ

cai

)
≥ ⋆ni=1ν

(
Ei,

τ

qi

)
=

∫
X
(cϕ)(p)dν(p, τ)

≥ c

∫
X
ϕ(p)dν(p, τ),

if If c ∈ (1,∞) then

∫
X
(cϕ)(p)dν(p, τ)

=

∫
X

(
n∑

i=1

caiχEi(p)

)
dν(p, τ)

= ⋆ni=1ν

(
Ei,

τ

cai

)
≤ ⋆ni=1ν

(
Ei,

τ

qi

)
=

∫
X
(cϕ)(p)dν(p, τ)

≤ c

∫
X
ϕ(p)dν(p, τ).

(ii) :

∫
X
(ϕ+ ψ)(p)dν(p, τ) (1)

=

∫
X

( n∑
i=1

qiχEi(p)

)
+

 m∑
j=1

bjχFj (p)

 dν(p, τ)

=

∫
X

∑
i,j

(qi + bj)χEi∩Fj (p)

 dν(p, τ)

= ⋆ni=1 ⋆
m
j=1 ν

(
(Ei ∩ Fj) ,

τ

(qi + bj)

)
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Since

(∫
X
ϕ(p)dν(p, τ) ⋆

∫
X
ψ(p)dν(p, τ)

)
(2)

=

(∫
X

(
n∑

i=1

qiχEi(p)

)
dν(p, τ)

)
⋆

∫
X

 m∑
j=1

bjχFj (p)

 dν(p, τ)


=

(
⋆ni=1 ⋆

m
j=1 ν

(
(Ei ∩ Fj) ,

τ

qi

))
⋆

(
⋆mj=1 ⋆

n
i=1 ν

(
(Ei ∩ Fj) ,

τ

bj

))
= ⋆ni=1 ⋆

m
j=1

(
ν

(
(Ei ∩ Fj) ,

τ

qi

)
⋆ ν

(
(Ei ∩ Fj) ,

τ

bj

))
≤ ⋆ni=1 ⋆

m
j=1

(
ν

(
(Ei ∩ Fj) ,

τ

(qi + bj)

)
⋆ ν

(
(Ei ∩ Fj) ,

τ

(qi + bj)

))
≤ ⋆ni=1 ⋆

m
j=1

(
ν

(
(Ei ∩ Fj) ,

τ

(qi + bj)

))

(iii) :If ϕ ≤ ψ, then qi ≤ bj whenever Ei ∩ Ej = ∅, so

∫
X
ϕ(p)dν(p, τ)

=

∫
X

(
n∑

i=1

qiχEi(p)

)
dν(p, τ)

=

∫
X

(
n∑

i=1

qiχEi∪(∩∞
j=1Ej)(p)

)
dν(p, τ)

=

∫
X

 n∑
i=1

m∑
j=1

qiχEi∩Ej (p)

 dν(p, τ)

= ⋆ni=1 ⋆
m
j=1 ν

(
(Ei ∩ Fj) ,

τ

qi

)
≥ ⋆ni=1 ⋆

m
j=1 ν

(
(Ei ∩ Fj) ,

τ

bj

)
≥ ⋆mj=1ν

(
Fj ,

τ

bj

)
=

∫
X
ψ(p)dν(p, τ).
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(iv) : Assume that Ak ∈ C is a disjoint sequence and A = ∪∞
k=1Ak where,∫

A
ϕ(p)dν(p, τ)

=

∫
X
(ϕχA)(p)dν(p, τ)

=

∫
X

(
n∑

i=1

qiχEi

)
χA(p)dν(p, τ)

=

∫
X

(
n∑

i=1

qiχ∪∞
k=1(Ak∩Ei

)

)
(p)dν(p, τ)

=

∫
X

(
n∑

i=1

qi

∞∑
k=1

χAk∩Ei

)
(p)dν(p, τ)

=

∫
X

∑
i,k

qiχAk∩Ei

 (p)dν(p, τ)

= ⋆ni=1 ⋆
∞
k=1 ν

(
(Ei ∩ Ak) ,

τ

qi

)
= ⋆∞k=1

∫
X
(ϕχAk

) (p)dν(p, τ)

= ⋆∞k=1

∫
Ak

ϕ(p)dν(p, τ).

Now we will have the definition of integral with expansion for all functions ȷ ∈ L+ as follows∫
X
ȷ(p)dν(p, τ) = inf

{∫
X
ϕ(p)dν(p, τ) | 0 ≤ ϕ ≤ ȷ, ϕ is a simple

}
. (3)

□
It is obvious from the definition that theorem 2.10 satisfying for every ȷ, ı ∈ L+.

Theorem 2.11. Consider ȷn ∈ L+ such that ȷi ≤ ȷi+1 for every i, and ȷ = lim ȷn(= supn∈N ȷn), then∫
X ȷ(p)dν(p, τ) = limn→∞

∫
X ȷn(p)dν(p, τ).

Proof. The sequence {ȷn(p)}, for every p ∈ X, is an increasing sequence of numbers, therefore limn→∞ ȷn(p) =
ȷ(p), moreover ȷn(p) ≤ ȷn(p), for every n ∈ N, so∫

X
ȷ(p)dν(p, τ) ≤

∫
X
ȷn(p)dν(p, τ),

then

lim
n→∞

∫
X
ȷn(p)dν(p, τ) ≥

∫
X
ȷ(p)dν(p, τ). (4)

Now, Consider ϕ a simple function with 0 ≤ ϕ ≤ ȷ and En = {p | ȷn(p) ≥ ϕ(p)}, then En is a measurable set.
We claim En ⊆ En+1 and ∪n∈NEn = X, sine for any p ∈ En

ϕ(p) ≤ ȷn(p) ≤ ȷn+1(p),
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so p ∈ En+1. If p ∈ X and p /∈ ∪n∈NEn, we have ȷn(p) ≤ ϕ(p), for all n ∈ N , so ȷ(p) ≤ ϕ(p), it is a
contradiction. Then ∪n∈NEn = X and there is m ∈ N such that p ∈ Em, we have∫

X
ȷn(p)dν(p, τ) ≤

∫
En

ȷn(p)dν(p, τ) ≤
∫
En

ϕ(p)dν(p, τ).

limn→∞
∫
En
ϕ(p)dν(p, τ) =

∫
X ϕ(p)dν(p, τ) and hence limn→∞

∫
X ȷn(p)dν(p, τ) ≤

∫
X phi(p)dν(p, τ). By taking

the infimum over all simple 0 ≤ ϕ ≤ ȷ, we get

lim
n→∞

∫
X
ȷn(p)dν(p, τ) ≤

∫
X
ȷ(p)dν(p, τ). (5)

Frome (4) and (5) we have

lim
n→∞

∫
X
ȷn(p)dν(p, τ) =

∫
X

lim
n→∞

ȷn(p)dν(p, τ) =

∫
X
ȷ(p)dν(p, τ).

□

3 Application

In this section, as an application of the theorems raised in the previous section, we prove Fatou’s lemma
fuzzy measure space.

Theorem 3.1. If ȷn is any sequence in L+, then

lim inf

∫
X
ȷn(p)dν(p, τ) ≤

∫
X
lim inf ȷn(p)dν(p, τ).

Proof. For each k ≥ 1, infn≥k ȷn ≤ ȷj for j ≥ k, hence∫
X
inf
n≥k

ȷn(p)dν(p, τ) ≥
∫
X
ȷj(p)dν(p, τ),

for j ≥ k, hence ∫
X
inf
n≥k

ȷn(p)dν(p, τ) ≥ inf
j≥k

∫
X
ȷj(p)dν(p, τ).

Now let k → ∞ and apply the monotone convergence theorem

lim

∫
X
inf
n≥k

ȷn(p)dν(p, τ) =

∫
X
lim inf ȷn(p)dν(p, τ) ≥ lim inf

∫
X
ȷn(p)dν(p, τ).

□

4 Conclusion

We worked on a new concept of fuzzy measurement. We define a new type of fuzzy measure with distance
functions. With this concept, we introduced a new version of measurement theory and fuzzy integral and
addressed theorems about it. As a continuation of this research, by defining the fuzzy outer measure, a new
concept of fuzzy measurement can be defined and using it, new theorems in the fuzzy measure theory can be
proposed.
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