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Abstract. The present paper seeks to establish an approximation of the arithmetic-geometric
mean inequality (AM-GM) using a logarithmically concave function. We utilized the specific
properties of this class of functions to derive modified versions of the AM-GM inequality as
a specific example. These findings present a fresh perspective on the subject.
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1. Introduction and preliminaries

The arithmetic-geometric mean inequality says that the arithmetic mean of non-
negative real numbers is greater than or equal to the geometric mean of the same list.
Also, equality holds if and only if every number in the list is the same. Mathematically,

for a collection of n non- negatlve real numbers aq,...,a,, we have /a1 ---a, < M
with equality if and only if a; = = a,. For n = 2 the following sunple result holds
a+b
Vab < 5 (1)

In this article, we use the succeeding symbols:

aV,b= (1 — I/) a+vb, aff,b= al_l’by, and al!,b = (a_lvub_l)_l’

where 0 < v < 1. When v = 1/2, we will write aVb, affb and a!b for brevity, respectively.
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An inequality closely related to the AM-GM inequality is the celebrated Young in-
equality (sometimes named weighted AM-GM inequality), which asserts that

af,b < aV,b (2)

for a,b > 0 and 0 < v < 1. The Young inequality has been refined and reversed in the
following forms [G, [7]:

aty,b < aV,b—2r (aVb — afh),
aV,b < at,b+ 2R (aVb — affb) .

Here, r = min{r,1 — v} and R = max{r,1 — v}. Several papers have been devoted to
generalizing and refining the classical AM-GM inequality and its cousin, Young inequality

[3, 4, B, [T, T2]. One that attracts many researchers is the logarithmic mean given by
1
[atbar= = @), Q
0
for two positive numbers a and b (see [I0], for its weighted version). It is known that

1

atb < [ (afyb) dv < aVb.
/

The Hermite-Hadamard inequality (for simplicity, we write H-H inequality) asserts that
if f:[a,b] — R is a convex function, then

f<a+b> <blaa/bf(t)dt<f(a)+f(b>.

2 2
We refer the reader to [9, T3] to see extensions of the Hermite-Hadamard inequality in

various settings, such as Hilbert space operators and matrices.

Remark 1 [2] One of the refinements of H-H inequality says that

f<a—21—b> Sb_la/bf(t)dtgi<w+f<a;b)> Sf(a);_f(b)'

If we take f (x) = e in this inequality and replace a and b by loga and logb, we get

atb < L (a,b) < = (aVb+ afb) < aVb,

1
2
where L (a,b) = m Meanwhile, if we take f (x) = —Inx and apply the exponential

function, we infer that atb < (aVb) 4t (ab) < I (a,b) < aVb, where I (a,b) = e(‘g—:)ﬁ.
This remark shows how H-H inequality is related to mathematical means.
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Remark 2 It is worth mentioning here that there is no order between I(a,b) and L(a,b),
in general. To show this, letting a = 0.1 and b = 0.2, then L(a,b) — I(a,b) ~ —6.65, on
the other hand, taking a =2 and b =4, then L(a,b) — I(a,b) ~ 2.54.

We will prove that if a,b > 0 and 0 < ¢,v < 1, then

af,b —aV,b < aV_putb —aVi_y,b

afyb =~ S < aV,b.
ab log (afyb) —log (aV,b) ~ log (aV(l_t)V+tb) — log (aV(l_t)Vb)

A nonnegative function f: R — (0,00) is log-concave if it fulfills the inequality
F(@)4,f(b) < f(aV,h); (0<v<1andabeR). (4)

If f is strictly positive, this is analogous to stating that the logarithm of the function,
log f, is concave.

We will offer new tight (lower and upper) bounds involving these functions, which
have a high-interest potential for many mathematics or theoretical physics researchers.
We demonstrate how our results extend and generalize previous inequalities involving the
arithmetic-geometric mean inequality and logarithmically concave functions. Our find-
ings contribute to the growing body of mathematical research on inequalities and function
theory, highlighting the versatility and applicability of logarithmically concave functions
in mathematical analysis. Additionally, we provide insights into the relationships between
different types of inequalities, showcasing the rich interplay between various mathemat-
ical concepts.

2. Inequalities involving log-concave functions

We start this section by refining (@) when v =1/2.
Theorem 2.1 Let f: R — (0,00) be a log-concave function. Then for any a,b € R,

1

/ f(aVb) tf (bVia))dt < f(aVb).

0
Proof. We have for any 0 <t <1 that
f (aVb) f((aVib) V (bV¢a))
f(aVid) §f (bVia)
> (f (a) gef (0)) 8 (f (0) §¢f (a))
= f(a)4f (b)

Whence, f(a)ff (b) < f(aVib)tf (bVia) < f(aVb). Taking integral over ¢ € [0, 1], we

receive

1
/ f (@Vib) 87 (bV:a)) dt < f (aVh),
0
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as desired. [ |
We state the following result using the same approach in [6, Theorem 2.1].
Theorem 2.2 Let f: R — (0,00) be a log-concave function and let 0 < ¢,v < 1. Then
for any a,b € R,
fa) g f (b) < (f(aVub) i f (a)tn (f (VD) i f (b))

f((aV.,b) Via) ty f ((aV,0) Vib)
f(aV,b).

IN

IN

Proof. One can readily check for a,b > 0 and 0 < t,v < 1 that
aVyb = ((aV,b) Via) V, ((aV,b) Vib),
holds (see e.g., [B, (2.2)]). If f: R — (0,00) is log-concave, we have

f(aVub) = f(((aVub) Via) V,, ((aV,b) Vib))

((aVyb) Via) i f ((aV,b) Vib)

(aVyb) 8 f (a)) 8o (f (aVub) §ef (b))

(f (@) 8.f (b)) e.f (@) B ((f (a) o f (D)) te.f (D))

= (a) ﬁuf( )

f
f
(f
(

AVARNAY/

v

Accordingly,

fla)duf(b) < (f (aVub)#ef (a))
f(
f(

t (f (aVub) 8 f (b))
(aV,b) Via) f, f ((aV,b) Vib)
aVyb),

IN

IN

as desired. [ ]

3. Interpolations AM-GM Inequality

Using Theorem P, we express the next corollary connecting both sides of ().

Corollary 3.1 Let a,b > 0 with a # b. Then

(a+b)? (la—b\ | ath _
< . —_— .
afb < La—0 arcsin | — 0 + 2 < aVb

Proof. The special choice f () =z in Theorem P71 and the fact that

(aVb) (0Via) = (1 —t)* (a®40%) +t (1 —t) a® + ¢ (1 — t) b* + % (a®§b?)

= ((1 — 1) + t2) (a®$b?) + 2t (1 — t) (a*>VD?)
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gives

1
a%fi/V%ﬂ—w2+ﬂ>m%@y+%@—iﬂﬁVWﬁﬁ§aVb
0

By calculating the integral, we have

/1\/((1 —02 4 t2> (a2462) + 2t (1 — ¢) (a2Vb2)dt
0

1
(a + b)? arcsin (W) (2t —1) \/((1 -1+ t2> (a?8b?) + 2t (1 — t) (a®Vb2)
+

_ a+b
B 8la —b| 4
0
_(a+b)? o (la=bly o (_la=bl afb
" 8la—b (arcsm(a-‘rb) ( a+b))+ 2
Therefore,
b)® —b —b b
afb < éﬁ;_ l| (arcsin <|Z n b|) — arcsin <_|Z+b|>> + % < aVb.
Since arcsin (—y) = — arcsiny, we get
(a+b)* . (la—1] afb
< . — < .
afb < A =0 arcsin > + 5 = aVb
This completes the proof. [ ]

Remark 3 It follows from Corollary B that

1/ (aVb a+b . [ la=1]
ab < <2 ((W) (]a—b\ -arcsm< b )) +1>) agb < aVb. (5)

The constant appeared in (B) is always equal or greater than one, i.e.,

1 aVb a+b . (la—10]
- haig . > 1.
() (e (557)) 1) =

Of course, the above inequality is equivalent to

afb a+b . (]a—b|
< . 6
aVb = Ja—b| M“m<a+b>’ (6)

which is an obvious inequality. Indeed, the left side of (B) is always equal or greater than
one, since x arcsin (%) > 1 for > 1. The right side of (B) is equal or smaller than one
due to the arithmetic-geometric mean inequality ().

The next result improves the harmonic-geometric mean inequality.
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Corollary 3.2 Let a,b > 0 with a # b. Then
afb

1 Vb b : —b
3 ((%) (Igtbl - arcsin (|Z+b|)) + 1)

Proof. substitute @ and b by a=! and b~ in (B), respectively, we get

alb < < afb.

(agb) ™t =a 7!
<(3((m) (gt wom () )
-G (%) G mean (557)) 1) o

<a Vbl

ie.,

(ath) ™ < (; (<ijbb> <‘Z f ; - arcsin <‘Z :L Z')) + 1>> (afb) ™' < a Wbl

Now, by taking the inverse, we reach the desired inequality. [ ]

As an immediate product of Theorem P2, we introduce an improvement of the Young
inequality (2).

Corollary 3.3 Let a,b > 0 with a # b and 0 < v < 1. Then
af,b —aVy,b
vb <
avb < log (afiyb) — log (aV,b)
- aV—pytb —aV_p,b
- log (av(l—t)y+tb) - 10g (GV(l_t)yb)
< aV,b.

Proof. It observes from Theorem P2 that

afiyb < ((aVyb) fia) 4, ((@V,d) §:b)
< ((aVyb) Via) By ((aV,b) Vib) (7)
< aV,b.

Notice that

(aV0b) Vi) £ ((aV5) Vib) = ((aVb) Vi (aVob)) £ ((aVub) Ve (V1)
= (CLV(1—t)ub) fu (aV (1—t)p44D) -
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On the other hand,

aVi_pustb —aVi_y,b

aV v CLV v b dt
( (1-t)v )ﬁ ( (A-t)v+t ) log (aV(17t)u+tb) — log (av(lft)’/b)

afy,b —aV,b
" log (af,b) — log (aV,b)’

o ——__ o\)_l

1
((aV,b) ta) £ ((a¥,b) 1D)) / (V) s (at, b)) dt
0

due to (B). For these reasons,

ajjl, aV,,b < av(l—t)u—i—tb - GV(l_t Vb

)
aly0 < ~ S avub7
b log (at,b) —log (aV,b) ~ log (aV(l_t),,Hb) — log (aV(l_t),,b)

as desired. [ ]

Remark 4 We consider A-logarithmic function Inyxz = xx_l for x, A > 0. Notice that
Inyz <z—1 for0< <1 [I4, Lemma 1]. This inequality can be improved by Theorem
232. It follows from (@) that

A< (@ =242t < (L= A+ M) Vi) (1= A4+ dx) Vi) <1 — A+ Az

forO< A<1and0<t<1. Whence

(1 — X+ Az) e — 1 (A=A M) Vi) i (L= A+ Ax) Vir) — 1

Inyx < \ < 3 <z-1.
4. Further improvements
We understand that if f : I — R is a concave function, then
f(a) Vo f (b) < f(aVyb) = 2r (f (aVD) — f (a) VS (b)) (8)
f(@Vyb) = 2R (f (aVb) = f(a) Vf (b)) < f(a) V. f(b) (9)

for any a,b € I, where r = min{r,1 — v}, R = max{r,1 —v}, and 0 < v <1 [0]. We
initiate this subsection by improving the first inequality in Theorem P21

Theorem 4.1 Let f: R — (0,00) be a log-concave function. Then

1
f(aVb) — f (a)4f (b)
Flavp) \/(@E0) (f( / (aVib) if (bVia)) dt < f (aVD).
In (A55%5) /

Proof. Asstated overhead, the function f : R — (0, 00) is log-concave if log f is concave.
Consequently, from the inequality (8), we acquire

log (7 () 1 (1) < log L ©¥0) (10)
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where 7 = min {¢,1 — ¢} and 0 < ¢ < 1. Applying exp from both sides of (M) gives

2r
Fans o) < (B @), (1)

From the inequality (I0), we have

f(aVb) = f ((aVb) V (bV1a))
> f(aVib) if (bV¢a)

2r
( aVb(b ) F(a)tef (0)E(f (0) 8] (@)

)i
(LY s o)

v

i.e.,

a 1—|2¢t—1]
(M) (f (a) #f (b)) < f (aVb) £f (bVia) < f (VD). (12)

Here we used the fact that min (a, b) = %M for a,b € R. If we take the integral over
0 <t <1 in the inequality (I2), we conclude that

1

1 1—|2t 1|
‘/<f€gg2%0 ‘/ (aVib) 4f (bVsa)) dt < f (aVb). (13)
0 0
Since
j (Lem ) Feroy — L
) \F(@)Ef () In (AS0)

£ (aVh) - £ (a) 8 (0
(f (@) 2 (4) n (55

_ [ (aVb) — f(a)tf (b)

= F@i70)
/(avh)
L (ﬂ@wwﬂ

we can write (I3) in the following arrangement

1
f(aVb) — f(a)df (b)
Flavn) \J @) / f(aVib)§f (bVia))dt < f (aVD).
In (k) ’

This concludes the proof of the theorem. [ |
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Remark 5 Note that, 1 > 1 when u > 1. This signifies that

[ (@Vb) — f(@)2f () _
(a) '

F@if®) =
f(a¥b)
In (f(a)ﬁf(b)>

The reverse of the first inequality in Theorem P is shown in the next result.

Theorem 4.2 Let f: R — (0,00) be a log-concave function. Then

<f{(‘)‘t§b >(f( )tif(b))2 )
f(aVCIL) —fla / f(aVeb) i f (bVia))dt < f (a)tf (b) .

0

Proof. We can write from (H) that

f (aVyb)
log ————
(Ass)

where R = max {¢,1 — ¢} and 0 < ¢ < 1. Consequently,

g (f(a)ef (b)),

f(a) 8] (0)\*"
(L) ravi < r@ur o). (1)

From the inequality (04), we arrive

2R
F@ 0= (f @af O3 O 1S @) = (L) (1 (@921 0910)
a 1+[2t—1]
P 09 < (ZE0) T @ o) (15)

since max (a, b) = %M for a,b € R. Taking integral over 0 < ¢ < 1 in the inequality
(I3), we receive

1 1 (a 1+|2t—1]
/ F (V) 4 (5 0a)) di < / ( Vb ) dt (f (a) £ (b))
0 0
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due to

1 _ f(aVb) f(aVb) f(aVb) N
/ (ﬂaVb))“'” RO (0 (At — 1) _ Gy S (@V0) — f(a)1f ()
a)if (b D) /(aVh)
) @) In (4557%) In (4555
S @V - f@if () f(aVh)— f(a)f (b)
(f(a)tf(0))* 1 ( _f(aVb) Favp) \ LG
et (537 In (A5
|

Remark 6 Notice that % > 1 for u > 1. Accordingly, Theorem [-3 provides a

reverse for the first inequality in Theorem 2.

By [@, (1.4)], we know that if f is a non-negative log-concave function and a, b are in
the domain of f, then

f(a) f(b) <exp (bl(l/blogf(t)dt) §f<a;b>,

a

From the above inequality, we have

FO) 1) < exp (/logf(t)dt) <1(3)- (16)
0

Notice that if f is a log-concave on [0, 1], then f (t) = g ((1 — t) a + tb) is also log-concave

on [0, 1]. Indeed,
s+t s+t s+t
1(5) o ((=5) e 50)

:g<(1—5)a+sb—2{—(1—t)a+tb>

> \Vg(T—s)a+sb)g((1—Da+ )
~ VI TO.

Thus, from (I8), we get

7@ 9 < exp (jloggwtb)dt) <o(37).

0

We give refinement and a reverse for the above mentioned first inequality in the fol-
lowing result.
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Theorem 4.3 Let f:R — (0,00) be a log-concave function. Then

7 () 1
\/7 W < exp /logf (aVib)dt |,
0

and

esxp /mwmmwﬁ <<‘“@”f 00
“\WVF @) ) '

0

Proof. Since 2min {¢,1 —t} =1 — |2t — 1|, from (B), we get

jf““ b (5 (150) - L s,

Furthermore, due to the fact that 2max {t,1 —t} = 1 + |2t — 1|, we can write from (9)
that

0/1f aV;b) dt—<f<a;rb>_f(a);rf(b)> Sf(@;f(b)'

If f is log-concave, then log f is also concave. Thus, from the two inequalities in the
above, we reach

1CD) 1
o8\ ﬂwﬂws!mwmmw@
and
jMHWMﬁ§%<f@ﬂ>gf@ﬂw
/ YOO
Taking the exponential gives the desired inequalities. n

Remark 7 One can see that for concave function f and for any 0 <t,v <1,

f(@)Vyf(b) < (f(aVub) Vif(a)) Vy (f (aVid) Vif (b))
f((av b) vta) Vf ((avub) th)
< f(aVyb).
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Taking integral over 0 <t <1, we get

1
F@Vr® < | [ (F@vb)Vef @)t | v, / (f (@V,b) Vef (b)) dt
0

AN
O\H

1

§ /f aVtha Vl, /f Gvat)d

0
< f(aV,b).
If f is log-concave, we have
1 1
log (7 @54 () < | [ o5 (7 @V,0)2f @)t | Vo | [ (los (7 @V,b)2ef ()
0 0
1 1
< /logf ((aVyb) Via)dt | V, /logf ((aV,b) Vib) dt
0 0
<log f (aV,b),
which easily implies that
1 1
fl@td ®) <o | | [ Qog(f @Vubaf @) dt | . { [ Gog (s @V s 4)
0 0
1 1
< exp /log f((aVyb) Via)dt | V, /logf ((aV,b) Vib) dt
0 0
< f(aV,b).
Conclusion

In this research, we have demonstrated the versatility and power of logarithmically
concave functions in establishing refined versions of the arithmetic-geometric means in-
equality. Our results further highlight the depth and breadth of applications for these
functions in various mathematical inequalities. The similarities between the inequali-
ties for logarithmically concave functions and the Hermite-Hadamard inequality suggest
promising new avenues for exploration and future research. Our findings contribute to
the ongoing development and enrichment of mathematical inequalities theory.
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