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This paper presents a fixed point analytical approach to one of the most commonly used optimization tech-
niques known as particle swarm optimization (PSO) and established that the solution space of PSO is a
Banach space. With the help of well constructed fixed point theorem, the iterative intelligence algorithm of
the PSO was shown to converge to the unique global fixed point. The PSO iterative algorithm was further
proven to be T-stable. An example was provided and used to demonstrate the applicability of the stability
result. Our results complement other methods of obtaining solutions for PSO in the literature.
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1. Introduction and Preliminary Definitions

Particle swarm optimization (PSO) is one of the classical
optimization techniques. It is a heuristic global optimiza-
tion technique based on bird flocking or fish schooling. It
is one of the Swarm intelligence algorithms. The iteration
emanated from Kennedy and Eberhart in 1995. It has enor-
mous applications in diverse subject areas including Biol-
ogy (artificial immune systems), Chemistry, Communica-
tion Systems, Engineering, Mathematics (Topology) and
Medicine. The techniques of PSO have gained in-depth in-
sight and a lot of theoretical analyses have been done on
the algorithm. Many authors have given their perspectives
on the convergence and stability of PSO, chief among them
are: [1], [2]-[3], [4]- [8], [9], [10] and [11]. Many of these

papers concentrated on the behaviour of a single particle in
PSO and analyzing the particle’s trajectory or its stability
using a deterministic approach. In addition, a huge amount
of work was done through empirical simulations in advanc-
ing the original version of PSO. In [12], Clerc considered an
alternative version of PSO by including a parameter called
constriction factor which should replace the restriction on
velocities. In order to provide the most general result pos-
sible, rather than focusing on just the original or the canon-
ical PSO (CPSO), a large class of PSO variants are con-
sidered. In the general case, all positional memory, such
as the personal and neighborhood best positions, are mod-
eled as sequences of random variables. This generality im-
plies that variants such as the fully informed PSO [8] and
the unified PSO [10]. Concerning PSO’s success, a consid-
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erable amount of theoretical work has been performed on
the stochastic search algorithm to try and predict and under-
stand its underlying behaviour (see [2] and [4]). Almost all
the theoretical research performed has to some extent relied
upon the stagnation assumption, whereby the personal and
neighborhood best positions of a particle are assumed to be
fixed, which is not a true reaction of the behavior of PSO
algorithms. Itis important to state that the non-stagnant dis-
tribution assumption is a weaker assumption than all previ-
ously made assumptions placed on the particles’ personal
and neighborhood best positions, as each of the mentioned
assumptions can be constructed as a specialization of the
non-stagnant distribution assumption. Also, it is known
that the non-stagnant distribution assumption is in fact a
necessary assumption for order-1 and order-2 stabilities. In
[9], Minglun et al. optimized PSO algorithm based on the
simplicial algorithm of fixed point theory.

Nature - inspired optimization algorithms make use of it-
erative procedure in order to solve real-world optimization
problems and provide near- optimal solutions correspond-
ing to such problems [1]. Since near-optimal solution is
obtained, it leads to generation of error in subsequent itera-
tions. Thus, parameter selection based on stability analysis
plays a vital role in making algorithm efficient.

Fixed point approach is another very useful way of prov-
ing the convergence and stability analysis of PSO. Fixed
point theorems for contraction mappings, have always been
a vibrant field of research with the celebrated Banach con-
traction mapping principle since 1922. Several other fixed
point theorems of various iterative schemes for contraction
mappings have been proved to date, chief among them are:
[13], [14], [15], [16], [17] and [18].

The study of stability of iterative schemes plays a crucial
role in numerical mathematics due to chaotic behaviour
of functions and discretization of computations in com-
puter programming. Several authors have contributed to
the study of stability of iterative schemes, for a comprehen-
sive survey of the literature, see [15], [3], [16], [19], [20]
and [21] for details. The first predominant result on 7-stable
contractive mapping was obtained by Ostrowski [19] for Pi-
card iteration.

The long-established result on stability due to Ostrowski
has been extended to multi-valued mappings by Singh and
Chadha [20] and further broaden by Singh and Bhatnagar
[22] and Singh et al. [21]. Supplementary, stability of itera-
tive schemes has an exceptional importance in fractal graph-
ics while generating fractals. Its functionality lies in the fact
that in fractal graphics, fractal objects are generated by an
infinite recursive process of successive approximations. An
iterative scheme produces a sequence of results and tends to-
wards one final object called a set attractor (fractal), which
is independent of the initial choice. This stable disposition
of set attractor is due to the stability of iterative scheme, oth-
erwise, the system of underlying successive approximations
would show chaotic behaviour and will never settle into a
stationary state. Nevertheless, fractals themselves have a
variety of applications in digital imaging, mobile comput-
ing, architecture and construction, different branches of en-
gineering and applied sciences. For a survey of study on
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potential applications of fractal geometry in related fields
see: [23], [24] and [25]. The link between the round-off sta-
bility with the concept of limit shadowing for a fixed point
problem involving multi-valued maps can be found in [26].
The complete normed linear space is well suitable for the in-
vestigation of physical events, and also has important appli-
cations in nonlinear analysis. Thus, in this article, we shall
propose a fixed point approach for obtaining convergence
and stability of PSO. Firstly, we shall prove that the solu-
tion space of PSO is a complete normed linear space. Also,
we shall employ convergence theorem to obtain fixed point
of the PSO algorithm in the space and finally, establish that
a PSO algorithm is stable with respect to the mapping 7.

Definition 1.1 [6] Let PSO represent particle swarm opti-
mization.

(i) Particle: A particle i, in a PSO is defined as the basic
component of solution in the solution space. The di-
mension of the solution is N. The number of iteration
is t. The position of particle, i, is given by
xi (1) = x;1 (1), xi2(1), x33(2), ..., Xinv (1)

(ii) Particle Swarm: This is made up of N particles. It
stands for the N candidate solution. The population
after iteration t is given by

POP(t) = x1(t), x2(t), x3(t), ..., xn ().

(iii) The velocity of a particle: It is the variation of one
iteration. It represents the displacement of the solution
in the space C. It is defined as:

vi(t) = vi1 (1), via (1), vi3(1), ..., vin (2).

Definition 1.2 [6] Let C be the solution space or the search
space of a particle swarm optimization (PSO). The iterative
scheme defined on C, is given by:

vi(t+1) = wyi()+erri [pi(0)—xi (0) ] +cara [ pg (1) —xi (2)].
(1.1)
Equation (1.1) is called PSO velocity update equation.

xi(t+1)=xi(t)+vl-(t+1), 1<i<N. (12)
Where x;(t + 1) is the position of particle, i, at iteration
t+1;

x;(t) is the position of particle, i, at iteration t;

vi(t + 1) is the velocity of particle, i, at iteration t + 1;

vi (1) is the velocity of particle, i, at iteration t;

c1, ¢y are acceleration factors;

r1, ry are unoformly distributed random variables in [0, 1];
pi is the PBest (the best position of particle I);

Dg is the G Best (the best position of population I);

w is inertial factor.

Let a1 = c1ry, and ap = carp and let @ = aq + an.
Using a1, @y, a in (1.1), substituting in (1.2) and simplify-
ing, we have

xi(t+1) = (1=a)x; (1) +a1pi () +a2pg () +wvi(1). (1.3)

Wherew < 1,0 < aj+ay < 2w+2. (1.3) is called the PSO
algorithm or the PSO iterative scheme.
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Definition 1.3 [23] Let E be a linear space over a field K .
A norm on E is a real valued function ||.|| : E — [0, c0)
which satisfies the following conditions:

N1:||x|| =0,Vx € E;

N2 : ||x|| =0, if and only if x = 0;

N3 : ||lax]|| = || ||x||, Ya € K, x € E;

N4z lx +yl| < [lxl[ +[Iyll, Yx,y € E.

Therefore, (E, ||.||) is a normed linear space. A complete
normed linear space E is called a Banach space. A normed
linear space E is said to be complete if every Cauchy se-
quence in E converges to a point or an element of E.

Definition 1.4 [27] Let E be a normed linear space and
{xn}o be a sequence of points in E. {xy}, _, converges to
a point x € E if for any € > 0, there exists ngy such that

llx, —x|| <€, ¥Yn=ngp. (1.4)

Definition 1.5 [27] Let E be a normed linear space and
{xn}, . be a sequence of points in E. {xn},_, is called a
Cauchy sequence if for any € > 0, there exists ng such that

X —xmll <€, ¥V n, m> ng. (1.5)

Definition 1.6 [27] Let E be a normed linear space and
{xn},,_ be a sequence of points in E. {x,},_ is called a
global Cauchy sequence if for any € > 0, there exists ng
such that

[lx, —xe|l <€, ¥Yn=ng. (1.6)

Definition 1.7 [13] Let E be a Banach space, C a
nonempty closed convex subset of E and T : C — C be
a selfmap of C. A point x* € C is called a fixed point of
the selfmap T if Tx* = x*. The set of all fixed point of T is
written as: Fr = {x* € E : Tx* = x*}.

Definition 1.8 Let X be a metric space, and T : X — X
be a selfmap of X. A mapping T is called a contraction if
there exists a number 6, satisfying 6 € [0, 1) such that

d(Tx,Ty) <déd(x,y), Vx,y € X. (1.7)

Theorem 1.9 (Banach Contraction Principle). Let X be
a complete metric space, and T : X — X be a selfmap of
X. Then

(1) T has a unique fixed point x* in X;

(i) T"x — x*, Vx € X; and

(iii) d(T"x,x*) < Z5d(x,Tx).

Definition 1.10 [/4] Let (X, d) be a metric space and T :
X — X be a selfmap of X. Assume that Fg = p € X : T, =
p is the set of fixed points of T. For xo € X, the sequence
{xn},,_, defined by

Xpe1 =Tx,, n=0,1,2,3,..., (1.8)
is called the Picard iterative scheme.

Definition 1.11 [/7] Let E be a Banach space and T :
E — E aself map of E. For xo € E, the sequence {xy}, _,
defined by

Xne1 = (1 —ap)x, + @yTx,, n=0,1,2,3,..., (1.9)
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where {an}, _, is a real sequence in (0,1), such that
Yo @n = o is called the Mann iterative scheme.

Note that, if @, = 1 in (1.9), we have the Picard iterative
scheme (1.8).

Berinde [15], gave a well illustrative explanation on
how to derive the stability of iterative schemes as follows:
Let {x,},_, be the sequence generated by an iterative
scheme involving the mapping 7

Xne1 = f(T,x,), n=0,1,2,3,..., (1.10)

where xo € X is the initial approximation and f is some
function.  For example, the Picard iterative scheme
(1.8) is obtained from (1.10) for f(T,x,) = Txp,
while the Mann iterative scheme (1.9) is obtained for
f(T,xn) = (1 = ap)xp + ayTx,, where {a,};  is a
sequence in (0,1) and E a Banach space. Suppose {x,},
converges to a fixed point x* of 7. When calculating
{xn}, > then we cover the following steps:

1. We choose the initial approximation xg € X.

2. Then we compute x; = f(T,xq), but due to various
errors (rounding errors, numerical approximations of
functions, derivatives or integrals), we do not get the exact
value of x1, but a different one u, which is very close to x|
3. Consequently, when computing x, = f(T,x;) we shall
have actually x, = f(T,u;) and instead of the theoretical
value x;, we shall obtain a closed value and so on. In this
way, instead of the theoretical sequence {x,}, generated
by the iterative method, we get an approximant sequence
{un}; - We say the iteration method is stable if and only
if for u, closed enough to x,, {u,}, , still converges to
the fixed point x* of T

The following definition and lemma will be employed in
proving the main result.

Definition 1.12 [16] Let (X, d) be a metric space and T :
X — X a self map, xo € X and the iterative scheme de-
fined by (1.8) such that the generated sequence {x,},_, con-
verges to a fixed point x* of T. Let {u,},_, be arbitrary
sequence in X, and set €, = d(up+1, f(T,uy)), forn =
0,1,2,.... We say the iterative scheme (1.8) is T—stable if
and only if lim,_,o €, = 0 implies that lim, . u, = x"*.

Lemma 1.13 [15] Let 6 be a real number satisfying 0 <
0 < land {¢,} ", asequence of positive numbers such that
lim,,_,. €, = 0, then for any sequence of positive numbers
{un},_, satisfying w41 < ou, + €,, n=0,1,2,..., we have
lim,, 00 u,, = 0.

In the main result, we shall make use of fixed point method,
using the contraction mapping to obtain convergence and
stability results for particle swarm optimization (PSO) iter-
ative scheme (1.3).

2. Main Result

2.1 Strong Convergence and Stability Results for PSO
in Banach Spaces

In this section, the results will be obtained in three folds:

1. We will show that the space of a particle swarm
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optimization (PSO) is a Banach space.

2. We will also, prove that the PSO iterative scheme con-
verges strongly to the unique fixed point of the contraction
map 7.

3. Finally, we will prove that the PSO iterative scheme is
T— stable.

We start by showing that the space of the PSO is a
Banach space.

Proposition 2.1 Let E be a vector space and x;(f) be
the position of particle, i, on E defined by: x;(f) =
xi1(2), x;2(2), x;3(8), ..., x;n(2), where ¢ is the number of
iterations. Let the modulus of x;(¢) be given by:

llxi (D) || = (2.1)

then, (E, ||.]|) is a Banach space.

Proof. Firstly, we prove that (2.1) satisfies the properties
of a normed linear(vector) space as follows:

1:]|x]| =0, Vx € E.
xl.z(t) >0, Vx; € E, for each i.

Thus, ||lx]| = llxi (1) = /Y, x7 (1), Vx € E.

Hence, N1 is satisfied.

2 : ||lx]| =0, if and only if x = 0.
If ||x]| = |lx: ()] = w/Zf\i] xl.z(t) = 0, then x?(7) = 0, for

eachi = x;(t) =0, foreachi. = x =0.
Conversely, if x = 0, then, x;(¢t) =
= xl.z(t) =0, for each i

Thus, [l = (1) = m -

Therefore, ||x|| = 0, if and only if x =

0, for each i.

3: ||ax|| = || ||Ix||, Va € K, x € E;

N

242 —
D, a2 (1) = |al
i=1

ler|llei (D) [| = [e[lx]l.

llax]] llax; (1)]] =

byl < el + Dyl Yoy € E.
Let [lx + yll = [l () + il = E, (xi(0) +3i(1))?

Let N = 2, then,

2
[l + ¥l

2
Ibei (6) + 3 (0)IP = D" (i) + 3:()?
i=1

2
DG + 26 (1)yi (1) + (1))
i=1

2

2 2
DUk +2 ) iyl + ¥
i=1 i=1

i=1

2 2 2 2
PRACEFIOI A HOIHCIEEDIHG
i—1 i=1 i=1 i=1

IA
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(By Cauchy Schwartz’s inequality).
= K} + 2KiK, + K3, where K|
K> = (I, y} (1)

= (K1 + K2)* = (llxl + 1y
Thus, [lx + y[| < [lx[| + [Iyll, Vx,y € E.

Since the modulus of the position of a particle, i, satisfies
all the properties, therefore, (E,||.||) is a normed linear
(vector) space. This means that the solution space is a
normed linear (vector) space.

= (Z%:l xl.z(t))% and

Next, we show completeness.

Letx;(t + 1) = T(x;(¢)) = Tx; (2).

By the definition of fixed point, there is a point x € E such
that x = Tx.

Let x™ be the limit of the sequence {x;()};7,
unique fixed point. That is, lim, e x; (7)) = x*.
Then, Tx* = T(lim; 00 x; (¢)) = lim; 0 T (x;(2)).
=lim; 00 x; (2 + 1) = lim; 0 x; (7) = x*.

which is the

Next, using the contraction mapping, we show that
there is a Cauchy sequence in E that converges to the
unique fixed point in E.

From definition 1.8, if X = E, then contraction condition
(1.7) is written as:

I7x =Tyl <6llx—yll, Vx,y €E, 6 € [0,1). (2.2)

Notice that

lx = yll < llx =Tx|| + ITx = Ty[| + ITy = yIl. Vx,y € E.
(2.3)

Applying (2.2) in (2.3), we have

lx=yll < lx=Tx||+6llx=yll+[ITy=yll, Vx,y € E. (2.4)

Thus,
b = yll < (”x_Tx! J_’!y "D yryer @3
Notice also that using (2.2), we have
llxi (1) = Txi ()| < 6" [|x; (1) = Tx; (1], 6" € [0,1). (2.6)
lyi($)=Tyi()Il < 6*llyi(1)=Tyi (D]l 6* € [0, 1). (2.7)

Thus,

(6’ + 65)

llxi (£) = xi ()|l £ ———llxi(1) = Tx;(D]], 6 € [0,1).
(2.8)
Hence, {x;(#)};2, is a Cauchy sequence in E and it con-

verges to x* € E since

llxi (£) = x;: ()| < [l (8) = x| + [lx* = x; ()| < 5 + 5 = €.
(2.9)

Therefore, since the properties of normed linear space E
are satisfied and {x;(7)};7, is a Cauchy sequence in E and
it converges to x* € E, then E is a Banach space. This ends
the proof.
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Theorem 2.2 Let E be a Banach space, C (the solution or
search space) be a subset of E and T : C — C be the
contraction mapping satisfying the condition

ITx =Tyl < 6llx =y, (2.10)

for each x,y € C,0 < 6 < 1. Let x* be the unique fixed
point of 7. For x;(0) € E, let {x;()};,, be the PSO algo-
rithm (iterative scheme) (1.3) defined by x;(r + 1) = (1 -
a)xi(t) + a1pi(t) + aapg () + wy;(t), fori = 1,2,3,...,n.
Then, the PSO iterative scheme (1.3) converges strongly to
x*of T.

Proof:

[l (2 + 1) — x|

1L = @)xi (1) + a1 pi (1)

+aapg (1) + wyi(D)] - X7
(1= a)llxi (1) = x|l
+aillpi(t) = x7|| + aallpg (1) = X7
+wllv; () = x°|). (2.11)

IN

Applying contraction condition (2.10) in (2.11), we obtain
(2.12), (2.13), (2.14a) and (2.14Db) as follows

llxi(t) = x|l = [ITx;i(t = 1) = x|

< Ol (e = 1) = x|

< 87N x (1) = x*. (2.12)
lvi(t) =x*II = |ITvi(t=1) = x"||

< Olvie=1) = x*|

< &Y (1) = x| (2.13)
lpi(t) =x*I = WTpi(t—1)—x"|

< Sllpir=1) = x"|

< & Ypi(1) - x*. (2.14a)
lpe() =x*l = [Tpg(t—1)—x"

< Ollpg(r—1) = x7|

< 6 Hpe(1) = x|, (2.14b)

Substituting (2.12) - (2.14b) in (2.11), we obtain

< &= a)llx(1) = x|
+aillpi(1) - x7||
+aspg (1) — x|
+wllvi (D] = x7[[].

Il (2 + 1) — x|

(2.15)

Since 6’ € [0, 1) then ||x;(r + 1) —x*|| = O as t — oco.
That is, lim,_,c x; (#) = x*. This ends the proof.
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Theorem 2.3 Let E be a Banach space, C (the solution or
search space) be a subset of E and T : C — C be the
contraction mapping with a unique fixed point x* satisfying
the contraction condition

" =Tyl < 6llx™ =y, (2.16)

foreachx,y € C,0 < ¢ < 1. For x;(0) € E, let {x;(t)};2,
be the PSO iterative scheme (1.3), i = 1,2, 3,...,n. Then,
the PSO iterative scheme (1.3) is T—stable.

Proof: Assume that lim; . x; () = x* or x;(f) — x* as
t — oo,

Define {z;(¢)};2, by zi(t + 1) = (1 — @)z (1) + a1q,(?) +
a2qg(t) + wu;(t).

Then,

llzi(z + 1) = x|

llzi(r + 1) = [((1 = @)z (1) + a14:(7)
+aaqe (1) + wui (1)) + ((1 — @)z (1)
+a19i (1) + 2qg (1) + wui(1))] — x|
llzi(z + 1) = ((1 = @)z (2) + 14: (1)
+a2qg (1) + wui (D)) + [1((1 — @)z (1)
+a1q;(t) + axqg (1) + wu; (1)) — x7||
e(t) + 6" [(1 - )|z (1) —x"|
+ai]lqi (1) = x" || + azllgg (1) = x7||
+wllu; (1) = x*|I].

Using lemma 1.13 on (2.17), it follows that
lim, e ||z; (¢ + 1) — x*|| = 0. That is, lim, 0 z; (¢) = x*.

IA

IN

(2.17)

*

Conversely, let lim;—z;(f) = x*, we prove that
lim; . €; (1) = 0 as follows:

& (1) llzi (2 + 1) = [((1 = @)zi (1) + a14:(1)
+a2q, (1) + wui (1))]]]

< lzi@+ 1) = x| + 6" = (1 - @)z (1)
+a1qi(1) + a2qg (1) + wu; (1)) ||
< lze(e+ D) =21+ 67 [(1 = @) llzi (1) =<7

+aillgi(1) = x"[| + azllgg (1) = x7||

+wllu; (1) = x*||]. (2.18)

Since lim;—e ||zi(f) — x*|| = O by assumption, then
lim; o € (1) = 0.
Therefore, the PSO iterative scheme defined by (1.3) is

T —stable. This ends the proof.

Example 2.4 Let E = [0,1] and T : [0,1] — [0, 1]. Let
Tx = % and zi(t) = 1, wi(1) = 70.q:(1) = g, 4o (1) = 1.
Let Fr = [0, 1], where [0, 1] has the usual metric. Then T
satisfies the inequality ||Tx (1) — x*|| < &]|x(¢) — x*]|.

We shall prove that the PSO iterative scheme (1.3) is
T—stable.

Letx* =0, take @ = %,w = %,aq = J—‘,ag = zlt’

then, lim, a0 2; (1) = lim; 0 + = 0. Also,

Tim Jz;(r + 1) = [((1 = @)z (1)
+a1q;(1) + arqg (1) + wu;(1))]]

. 1 1.1 11
e L i

tlim €(t) =

IA

1,1 1.1
“14e) T2l =0
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Hence, the PSO iterative scheme (1.3) is T—stable. [7]

3. Conclusion

In this research, the solution space of a particle swarm (81

optimization (PSO) was proved to be a Banach space. With
the help of Banach contraction mapping, it was shown that
the PSO algorithm converges strongly to the unique fixed
point of the self map 7 and also that the PSO algorithm is
T— stable in a Banach space. The PSO iterative algorithms
employed in this study have good potentials for further
applications.
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