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1. Introduction

Very recently, Ata, E. [1] introduced and investigated some properties of the generalized
Beta and Gamma functions defined by

, P p
1/’1;(1& 32)(601) = fo @11 R (‘31,’82; -t — Tl) dt, (1)

(Re(wy) > 0,Re(B1) > 0,Re(B,) > 1,Re(py) > 0),

1
1,P2 — _ p
wBI()f B )(a)1,a)z) =j t9171(1 — )@t (ﬁl’ﬁz;_m) dt, (2)
0

(Re(wq) > 0,Re(w,) > 0,Re(By) > 0,Re(B,) > 1,Re(py) > 0),
where ;1,(.) denoted the Wright function defined by [11]
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For B; =0 and B, = 2, equations (1) and (2) reduce to the extended Gamma and
Beta type functions due to Chaudhry et al. [2] defined by

Mo = [ entep(-t-2)ar  Rep) > 0) )
0

1 —P1
B(wq, wy;p1) = f t171(1 — t)@z teta-0 dt, (5)

0
(Re(pl) > Ol Re(wl) > 0' Re(wZ) > O )I
which for p; = 0 give the classical Gamma and Beta functions defined by [11]

INw,) = f t@1le~t d¢, (Re(w,) > 0), (6)
0
1
Blw,,w,) = f to-1(1— )@ldr,  (Re(wy) > 0,Re(w,) > 0), %
Choi et al. [3] introduced the extended (p,, p,)-Beta function by the following form:
M%mmmmﬁ—ft%*ﬂ polet oo dt, ®)
0
(Re(py) > 0,Re(p,) > 0,Re(wy) > 0,Re(w,) > 0).
Bpl,pz (whwz) = Bp1 ((1)1,(1)2), (9)
and for p; = p, = 0, we get
By, p, (w1, W) = B(wy, w,). (10)

Recently, many authors have introduced certain extensions for Gamma and Beta functions
(see[1,2,3,5,7,8,9,10,12,13]).

2. A new extension of Beta function

In this section, we define a new extension of (p,,p,) —Beta function and investigate some
its properties such as Mellin transforms and integral representations.

Definition 2.1. Then we extended (p,,p,) —Beta function is defined as:

( )
VB (w1, w,)

=f01t“’1_1(1 t)®2"t Yy (51'52' _) 1 (ﬁl'ﬁzr (1— t)) dt, (11

where Re(w,) > 0,Re(w,) > 0,Re(B;) > 0,Re(B;) > 1, p;,p, =0 and 3y, is the
Wright function defined by equation (3).

Remark 2.1. Note that:
(i) If B; = 0,8, = 2, then (11) reduces to the well-known extended Beta function given
by equation (8).
(i) If B, =0,B, = 2and p; = p,, then (11) reduces to the extended Beta function given
by equation (5).
(iii) If By = 0,8, = 2and p; = p, = 0, then (11) reduces to the classical Beta function
given by equation (7).

Now, we introduce some properties of the new extended (p,,p,) —Beta function in the
form of the following theorems:

Theorem 2.1. The new extended (p,,p,) —Beta function has the following relation:

YBLED (w0, + 1,0,) + YBLE (w1, w0, + 1) = YBELE (wy, w)). (12)

Proof. Considering the left hand side of (12) and using definition (11), we have

VB (01 + 1,05) + VB (1,0, + 1)
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- f (1 — pyoet
0
+t917 (1 = )22} 13, (B, B - _) ¥ (ﬁl’ﬁz’ (1 t)> “
= thwl_l(l O e+ (1 -6} 1y (/31.[?2. _) 11 (ﬁl’ﬁz' m) dt'
1
- fotwrlm 007t s (i =) s (B = 5 )

which proves the desired result.

Theorem 2.2. The new extended (p;, p,) —Beta function has the following summation
formula:

(w3)
B (1,1 — w,) = Z 22 bp(Bube) (4, + 4, 1), (13)
Proof. Con5|der|ng the generallzed binomial theorem [11]
(-t = (“;)A e, (el <. 14
=0

Applying (14) to definition (11) of extended (p,,p,) —Beta function, we get

Y 5 (B1.82)
Bpl;zz (w1,1 —wy)

=f0 ((1)2))L L0223 L +a- 1(1 )2 -1 W (‘[}1,‘82, —) 1P (ﬁl!ﬂZ:_( t)) dt.

/'{l
A=0

Now, interchanging the order of summation and integration in above equation and using
(12), we get the desired result.

Theorem 2.3. The new extended (p4, p,) —Beta function has the following summation
formula:

PB wnw0) = ) VB (01 4 A, + 1), (15)

Proof. Replacing the following series representation

1-p)*t=1-t)° Z th,
7=0
in definition (11), we obtain

Y p(B1.82) _
Bp1;722 ((U w )_

A (1_t)wzztw1+a i (BB =) s (B i — s

2=
interchanging the order of integration and summation in above equation and using

(12), we get the desired result.

Theorem 2.4. For the new extended (p,, p,) —Beta function, the following relation holds
true:

A
B @ —a-2 =) (1) VB @+ k—a- k), (1eNy). (16)
2=0
Proof. Taking w; = aand w, = —a — 4 in relation (2.2), we have
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Y (B1,82) _ YpBuB) Y p(B1,B2)
Bpl,;ozz (a,—a—21) = Bpl’;}zz (a,—a—21+1)+ Bpl’;,zz (a+1,—a—21),

Starting with A =1, 2,3, ..., we have

Y p(B1.B2) — Yp(BLB2) Y (B1.B2)
BPL;ZZ (a—a-1)= BPL}?zZ (a,—a) + Bpp;zz (a+1,-a-1),

VBB (4 _g _ 2

DP1,P2
_ Yp(Bu) W p(BuB2) ¥ o (Bufs)
- BplrlpZZ (a’ _a) + 2 Bplv;)ZZ (a + 1’ —a-— 1) + Bp1;1pzz (a + 2; —a— 2):
Y 5 (B1.B2)
By p, (@ —a=3)
_ Yp(BuBy) ¥ p(B1.82) Do Bupy)
= YBI1P) (a,—a) + 3YB 1P (a+1,—a - 1) +3VB P (a+ 2,-a - 2)

+ "’B;f_;;fz)(a +3,—a—3)
and so on. The above series behaves like as finite binomials series does. Thus, we can

finally obtain the desired result.
Note that, we can also prove the desired result (16) by applying induction on n.

Theorem 2.5. The new extended (p,, p,) —Beta function has the following summation
formula:

vb2 AN (_p )A(_P )K
PR ) = ) ) R e oyt T TR en =0 (D)
A=0 k=0

Proof. Expanding the Wright functions in the right hand said of equation (11) by using
definition (3) and then using relation (7) in the resultant equation, we get the desired result.

3. Integral formulas

In this section, we get some integral formulas for the new extended (p,,p,) —Beta
function in form of the following theorems:

Theorem 3.1. The new extended (pq,p,) — Beta function has the following Mellin
transform relation:
M {lpB(ﬁl'ﬁZ)(wsz)i p1 —T,pp — 5}

P1,D2
=B(w, +1,wy +5) 1pl"(()‘gl’ﬁz)(r) 1pl"g[’)l’&)(s) (18)
Re(w;, + 1) >0,Re(w, +s) >0,Re(By) > 0,Re(B,) > 1,Re(p,),Re(p,) > 0,
Re(s),Re(s) > 0.
Proof. Applying the Mellin transform to definition (11), we have

M VB (w1,0,)i01 — 792 — 5}
0 0 1
= f pr—lf qs_lf twl_l(l — t)wz—l
0 0 0
X g (ﬁpﬁzi - %) 11 (51, B2 — %) dtdp,dp,. (19)

Interchanging the order of integrations, we get

M{wBéf;fz)(wl,wz);pl —7,p, — 5}
1 o0
- - - p
= f t@171(1 — t)@2 1{f p™ 1, (ﬁl.ﬁz; —Tl) dpl}
0 0
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A [t (B B — 2 ) dp, L. (20)
[ P (ppi— g

Substituting u = %, v=

(1 t) in (20), we get

M {szgf};fZ)(wpwz); P — 1P — 5}

1
— J tw1+r—1(1 _ t)w2+s_1dt
0

{f urt 1¢1(.31:Bzi—u)du}{f vt 11»[’1(31'32?_’7)‘117}- @
0 0

Using definition (1) (forp; = 0)in the right hand said of the above equation, we get the
desired result.

Theorem 3.2. The new extended (p,,p,) —Beta function has the following Mellin
transforms formula:

( )
“’Bpfzfz (@1, @)

3 fh"‘loof)’z"'mr(wl + r)l"(cuz + S) F(Bl ﬁz)(r) I_'(Bl ﬁz)(s)
- (2711)2 i

INwy+w, +7r+5s)
X py Tpy " %drds, (22)
(Re(wq) > 0,Re(w,) > 0,Re(B1) > 0,Re(B,) > 1,p1,02 = 0,y1,72 > 0).

Proof. Applying the inverse Mellin transform on both sides of (12), we get the desired
result.

Theorem 3.3. For the extended (p;,p,) — Beta function, the following integral
representations holds true:

vpBBD (y )

P, pz
— 2wq— Pa2Wo— .
2[ cos?®1719sin?@2719 4, (Bl,ﬁz, m) 1 (ﬁpﬁz,—smz 9) de, (23)
wB,Eflz;fZ) (w1, w7)
© @l p (1 +w)

u

11 (ﬁpﬁzi - ) 1¢1(31'ﬂ25 -p,(1+ u))du, (24)

o (@ +worte:

VB (), 05) = (¢ —@)tmeres

Ja (u—a)® He-—w ™t Yy (ﬁl'ﬁz; - pélic _ac)l)>
. (ﬁpﬁzi _Pzg _u))) du, (25)

Proof. Equations (23) - (25) can be easily obtained by taking the transformation
t=cos?0, t= ;:—u and t = % in (11), respectively.

4. Concluding Remarks
We know that the Tricomi functions C,,(x) are defined by [11]
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0

oo =S =T 012 (26)
/1:0&! (n+2)!

Note that, from definitions (3) and (26) and using the relation I'(im + 1) = m!, we get

W1(Lm+1,w3) = Cp(ws). (27)

Also, Dattoli et al. [4] have introduced the 2-index 3-variable Tricomi functions
defined as:
Cm(w1, W2, w3) = Z Cmia(@1)Cpia(wz) TR (28)
7=0
Here, we explore the possibility to define a further extension of extended (p,,p,) —Beta
function in terms of integral its kernel contains product of two Tricomi functions. For this
aim,weput gy =1 and B, = m+ 1 indefinition (11) and using relation (27), we get

IPB&:Z;H) (g, w3) = CBz(;Tz);z)(wp w3), (29)
where we have defineg CBISTPZ (wq,w,) by

_ _ P1 b2
CBlng)lz ((1)1, (1)2) = fo twl 1(1 - t)wz 1Cm (_ T) Cm (_ (1 — t)) dt- (30)

In view of the above definition, we conclude that all the properties of the extended

(p, q) —Beta function cpm (w1, w,) can be deduced from the corresponding ones for

( ) P1,P2
prf};’fz ((Up 002)-

As further property, multiplying both side of equation (30) by”%‘l and summing up over
m, we have

0

¢ p(m) u™
Z Bpl,pz (0)1, wZ) W

m=0
0

_ folt“’l_l(l - t)“’Z_ITZO Cpr (—%) Crm (— (1p_2 t))u%dt. (31)

which on using definition (28) (for m = A = 0) in the right hand said gives the following
relation:

o0

2‘ ¢ p(m) u™
Bp1vp2 (0)1, wz) m!
m=0 ) '
P1 P2
= t17 1 -p)@71C (——,— , )dt. 32
| et oemic, (B g (32)

Finally, we conclude that if we letting g, =0 and B, = 2 inall results in sections 2
and 3, then all results will be reduced to the work of Choi et al. [3].
Also, if we letting 8; =0, B, =2 and p; = p, inall results in sections 2and 3, then all
results will be reduced to the work of Chaudhry et al. [2].
In a forthcoming investigation, the new extended (p,,p,) —Beta function defined in
equation (11) will be used to introduce other extensions of the extended Gauss
hypergeometric and theconfluent hypergeometric functions. For each of these new
extensions we will obtain various properties.

5. Conclusion

In this study, the new extension of extended (p,,p,) —Beta function are defined by
product of two Wright functions and various properties of this extended function are
investigated. Also, further extension of extended (p,,p,) —Beta function in terms of
integral its kernel contains product of two Tricomi functions are introduced .
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