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Abstract: The main aim of this article is to propose a computational method on the basis of
the reproducing kernel Hilbert space method for solving a hyperbolic initial-boundary-value
problem. The solution in reproducing kernel Hilbert space is constructed with series form, and
the approximate solution vy, is given as an m-term summation. Furthermore, convergence
of the proposed method is presented which provides the theoretical basis of the proposed
method. Finally, some numerical experiments are considered to demonstrate the efficiency
and applicability of proposed method.
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1. Introduction

In this paper, we consider a class of hyperbolic differential equations in the following
form:

0? 0 0
58—;; = 8—7; + aua—; + B(u® 4 you? + yu), (Z,t) € (a,b) x (0,T), (1)
where u = u(Z,t) is a sufficiently differentiable function, « is a real parameter,
e > 0 is a negligible positive parameter and 5 > 0, v € (0,1), 7o = —(1 + ). The
initial and boundary conditions of these equations is given by:

u(z,0) = uo(T), a <T <D, (2)
u(a,t) = fi(t), 0 <t < T, (3)

and
u(b,t) = fa(t), 0 <t < T. (4)
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By changing of variable z = =2, we can rewritten the question’s (1)-(4) in the
following form:
(b— E(z)z% - at + b— auﬁx +B(’LL +70u +7u) ( ) € (071) X (O7T)7
t(0.0) = (o), 5
u(0,1) = f1(t), t € [0, 7],
u(l,t) = fo(t) t € [0, T].

where ug(z) = @g(a + (b — a)x). Using the following transformation:

{v(x,t) = u(z,t) — U(x,t) — up(z) + Up(x),
Uz, t) = fi(t)(1 —x) + fo(t)z, Up(x) = U(x,0),

® sa)Z%_% - ﬁvW— 522 (U +ug — Up) 92 — 3B(U + uo — Uo)v
—26%(U 4 up — Up)v — pryv = F(x,t,v, 633) (x,t) € (0,1) x (0,7,

v(x,0) =0, (6)
v(0,t) =0, t € 0,7,

v(l,t) =0t € [0,T],

where
ov e O*(U+wu—Uy) 0oU a AU + uo — Up)
F —) = o= _
+ 5((U + ug — U0)3 + ﬁ’YO(U + ug — Uo)2 + ﬁ’V(U + ug — Uo)
0
+ @ WX + Bv3 + 38(U + ug — Up)v? + By’
b—a Ox

The concept of reproducing kernel was first applied by Zaremba [1] to obtain the
approximate solution of boundary value problems for harmonic functions. In 1909,
Mercer [2] examined the functions which satisfy reproducing property in the theory
of integral equations. He called these functions as positive definite kernels. The
concept of reproducing kernels was systematized by Aronszajn [3] around 1948.
From 1980, Cui and co-workers [4, 5] are pioneers in linear and nonlinear numerical
analysis based on reproducing kernel theory. Recently, a lot of research works have
been devoted to the application of reproducing kernel Hilbert space method to solve
several linear and nonlinear problems such as variational problems depending on
indefinite integrals [6], delay differential equations of fractional order [7], nonlocal
initial-boundary value problems for hyperbolic and parabolic integro-differential
equations [8], BlackScholes equation [9] and so on [10-14].

In this paper, we define the reproducing kernel space 7—[92) (Q). In the following, by
using two methods, we investigate the existence of the solution in the reproducing
kernel Hilbert space 7—[92)(9).

The structure of this paper is as follows. In Section 2, we give our main results
concerning to our numerical method. We present an analysis of the numerical
method in this section. In Section 3, validations using typical cases with available
numerical results in the literature are performed to demonstrate the accuracy and
efficiency of the proposed method. Finally, some concluding remarks are presented.



2. Reproducing kernel Hillbert space

DEFINITION 2.1 [15] The reproducing kernel Hilbert space H3[0,T) is defined by
Hi[0,7) = {u L [0,7] — Rlu € AC[0,T], u € LQ[O,T]} .

Also, the specific inner product in H3[0,T) is of the following form

T
(u,v) 321 = u(0)v(0) +/ o' (8)0'(¢)dt,
0
and the morm is given by:

||UH HY — <u,u> Hy»

where u,v € H3.

The Hilbert space H3[0,T] admits the following reproducing kernel:

1+s, s<t
1 o ) x b
kS(t)_{l—i—t, s>t

DEFINITION 2.2 [16] The reproducing kernel Hilbert space .H3[0,1] is defined by
cH30,1] = {v : [0,1] = R|v,v/,0" € AC[0,1],v(0) = v(1) =0 v € L*[0,1]} .
Also, the inner product in ;H3[0,1] is of the following form

1
(v, u) 20,1 = v(0)u(0) + o' (0)2(0) + v(1)u(l) + /0 " (z)u" (x)dz,

and the morm is given by:

vl 200 = A/ {0 0) n2(0]5

where v,u € H3.

The Hilbert space .H3[0, 1] admits the following reproducing kernel:

(@ — Dy(ya' — 4ya® + 6ya”

+(y" —5y° — 120y +120)a +¢*), = >y,
7y — Daley' — dzy® + 62y”

+(zt = 52% — 1200+ 120)y + 2%), y > 2.

Ry(z) =

DEFINITION 2.3 [17] The reproducing kernel Hilbert space .H3[0,T) is defined by
HE[0,T] = {v .0, 7] — Rjv,v’ € AC[0,T],

0(0) =0, v € LQ[O,T]}.
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Also, the specific inner product in H3[0,T)] is of the following form

’ ’ T " 1"
(v,u) 30,7 = v(0)u(0) +v (0)u (0) —i—/o v (t)u (t)dt,

and the norm is given by:

Az, = A/ (Vs V) 2z0,1)5 (7)

[v

where v,u € H3.
The Hilbert space .H3[0, T] admits the following reproducing kernel:

3

Q1) = ts+§—3§, t>s,
5 t5+‘°’2ﬁ—%,s>t.

DEFINITION 2.4 [8] Let Q = [0,1] x [0,T] € R?. The reproducing kernel Hilbert
space ’Hgl’l)(ﬂ) is defined by

H1SD(Q) = {ulu € C(Q), D0 € LX)},

Also, the specific inner product in Hgl’l)(Q) is of the following form

1
(1, 0) 00 = u(0,0)0(0,0) + / Dut(, 0)D,0(x, 0)da
2 0
T T 1
+/ 8tu(0,t)6tv(0,t)dt+/ / Oz O0pu(x, t)0x0pv(x, t)dadt,
0 o Jo
and the norm is given by:
[ullyon = ((u, u)gya0)?,

where u,v € ’H;M)(Q).

THEOREM 2.5 [8] Let Q = [0,1] x [0,T] € R2. Then the Hilbert space ’Hél’l)(Q)

admits the following reproducing kernel
1,1
K (@, t) = ky(2)ky (2).

DEFINITION 2.6 [18] Let Q = [0,1] x [0,T] € R2. The reproducing kernel Hilbert
space 7-[53’2) (Q) is defined by

13D (Q) = {v|020v(x, ) € C(Q), P02v(z,t) € LA(Q),
v(x,0) =v(0,t) =v(1,t) = 0}.



Also, the specific inner product in 7-[53’2) (Q) is of the following form
1
(0,8) 000 (@) = 0a0r0(0,0)Dp (0, 0) + / Do (x, 0)930yu(x, 0)dz
' 0
T T ,1
+ / 0,0 v(0,1)0,02u(0, t)dt —i—/ / 20 v(x, )00 u(x, t)dxdt,
0 0o Jo
and the norm is given by:
[ullye = (u, u)gye2)2,

where v, u € ’H;?”Q)(Q).

THEOREM 2.7 [19] Let Q = [0,1] x [0,7] € R2. Then the Hilbert space HS>? ()

admits the following reproducing kernel

K2 (1) = Ry(2) Q3 ().

2.1 Solution in the reproducing kernel Hilbert space

2.1.1 First method to calculate the approrimate solution

Suppose that the solution of the problem (6) belongs to reproducing kernel
Hilbert space Hgg’z)(ﬂ). Whenever a nonlinear operator F(z,t,v, %) belongs to
reproducing kernel Hilbert space Hél’l)(Q), then linear operator L : 7—[53’2)((2) —

H;M)(Q) well-defined and as follows:

e 0% v a  OU +uy—Up) e ov
(b—a)zw_a_b—av Ox _b—a(Udl—uO_UO)i

Lo(z,t) = 5
= 3B(U +uo — Up)v — 287U + up — Up)v — Byv.

Hence, we can rewritten the problem (6) as follows:

Lo, t) = Fla, v, 00), (8)

v(z,0) =v(0,t) = v(1,t) = 0.

THEOREM 2.8 Let L : ’Hgg’Q)(Q) — /Hgl’l)(Q). Then L is bounded linear operator.

Proof 1t is sufficient to show that |Lv[l,,a. < [Jv]|,e2. By using the norm of
2 2

Hilbert space Hél’l), we have
1
Lol = (£o,0) 00 = L62(0,0) + / (0sL0(c, 0))2dx
2 2 0

T T 1
2 2
+/O (8, Lv(0,1)) dt+/0 /0 (8,0, Lo(z, t))%dxdt.
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By applying the reproduction property, we obtain

H

We remind that
’afjgfjv(y, s)| < MinU”’H;?”Q)’i =0,1,2,57=0,1, 9)

where M;; are positive real number.
Therefore, we get

|1£0(0,0)* < vy, (10)
1
| (@,L0w.0)dy < calllypo 1)
0
T
/ (BuL(0, 5))2ds < 3oy, (12)
0 2
T 1
/ / (9y0uLo(y, 8))2dyds < callv]] g0, (13)
o Jo 2
where ¢;, i = 1,2,3,4 are positive real number. By combining the inequalities
(10)-(13), we obtain the inequality (9). Hence, the proof of the Theorem 2.8 is
completed. [ |

Since L is a bounded linear operator, then we can define uniquely the adjoint
operator L* : Hgl’l)(Q) — Hég’z)(ﬂ). Suppose that {(z;,t;)};=; be a subset count-
able dense in the domain Q. By using the adjoint operator L*, the functions ¥;(x, t)
are defined by

Wi(w,t) = K-

(24,

Vi(x,t) = L (x,t),i=1,2,---

)(.’If,t)7’l: 1727”' )

3,2

THEOREM 2.9 Suppose that K(y 5

we have

)(1‘, t) be a reproducing kernel of 7—[;3’2)(Q). Then

3,2 .
ﬁi(xa t) = ﬁ(y,s)K(y’s) (337 t)‘(y,s):(xi,tiﬁ 1=1,2,---,

where the subscript (y, s) of the linear operator L indicates that L is a function of
(Y, 5)-

Proof By using the properties of reproducing kernel K 3,2

(8) (z,t), we have
* * 3,2
Vi(x,t) = L %;(x, 1) = (L iy, s), K(yVS)($’t)>’H§3’2>(Q)
= <wl (ya S)? ‘C(y,S)K(ngs) (:L" t)>H511)(Q)

3,2
= Liys) K (e (@ D)l g,9)=(@. )
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where the subscript (y, s) of the linear operator £ indicates that £ is a function of
(y,s). m

THEOREM 2.10 Suppose that the sequence {(xi,t;)}io; be dense in Q. Then
{¥; (a: t)}°, is a independent linear sequnce in the reproducing kernel space

Hy (@),
THEOREM 2.11 Suppose that the sequence {(z;,t;)};2, be dense in Q. Then the
sequence {V;(x,t)}5°, is complete in 7—[( )(Q)

Proof Let v(z,t) € H(?’ 2)( Q). Since <v(x,t),79i(x,t)>7{<23,s> = 0, we have

<U,19i>7_[;3,2)(ﬂ) <U £ 1[)1>H(3 2) () = <£’U,’(/Ji>H;1,1)(Q) = ﬁv(l‘l, 1) = 0 € N.

Since the subset {(z;,t;)}:2; be dense in §, we obtain that
Lo(x,t) = 0.
Since the solution of Equation (8) is unique, we have
v(z,t) =0, VY(z,t) € Q.
Hence, the sequence {¥;(z,t)};°, are completed in reproducing kernel Hilbert space
243:2)

The sequence {¥;(z,t)}°, is convergent in completed reproducing kernel Hilbert
space ’Hg )(Q), so the solution v(x,t) can be expressed as follows:

t) = Zciﬁi(m,t).

Now, with the choice m-sentence of (14), the approximate solution P,v(z,t) is
presented by

Pov(z,t) = vp(z,t) = Ppo(x,t) = Zciﬁi(m,t).

where P, : Hgg’g)(ﬁ) — {¥i(z,t)}", be orthogonal projection.

Now, we approximate the coefficients ¢; with a repeat process.
For the first approximation, we select the function vy, (x,t) € 7—[92)(9) and
assume that

m
Unym = Zcimz?i(x, t), n=2,3,...,
i=1
where ¢;,, © = 1,...,m, n = 2,3,..., with a duplicate process are calculated by

using

Z Ci,nﬁﬁi (1’, t) ‘ (z,t)=(x;,t;)

i=1

OVp—1 .
= F(.ﬁU,t,Q}n_l’m, %)’(x,t):($j,tj)’3 = 1, My, n = 2,3,
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2.1.2  The second method to calculate the approximate solution

Let the subset {(z;,%;)}52; be countable dense in Q. We define the functions
0;(x,t) as follows:

ei(xat) = Kz;?s)(m:t)‘(%s):(:chti)?i =12

THEOREM 2.12 Suppose that the sequence {(z;,t;)};-, be dense in Q, then the
sequence {0;(x,t)}:;2, be linear independent in H§3’2)(Q).

Proof Assume that the relation ) ", a;0;(x,t) = 0 is established for the sequence
{ai}iZ,.
Therefore, we chose As(z,t) € HgS’Q)(Q) such that

As(zs, ts) =1, As(x,t) =0, 1=1,2,....m, | # s,

Hence, we have

m

0="> aibi(z,t) = (As(,t), ) aibi(x, ) 3069 @)
i=1

i=1

m
= ZaiAs(xi,ti) =as, s=1,2,...,m.
=1

Therefor the sequnce {6;(x,t)}32; be linear independent in reproducing kernel

Hilbert space H§3’2)(Q). [ ]

THEOREM 2.13 Suppose that the sequence {(x;,t;)}5°, be dense in §, then the

sequence {0;(x,t)}2, be complete in reproducing kernel Hilbert space ”H§3’2) (Q).

Proof Assume that v(x,t) € 7—[;3’2)((2). Since (v(z,t), 0i(,t)), 2 = 0, we have
’U(l’i, ti> =0.

Since the subsequence {(z;,%;)}52; be dense in €, we obtain that
v(x,t) =0.

Therefore, by applying the Theorem 2.11 the sequence {6;(z,t)}°; be complete in
reproducing kernel Hilbert space 7-[53’2)(9). This complete the proof of Theorem
2.13. [ ]

The sequence {6;(z,t)}°, be complete in reproducing kernel Hilbert space

Hg3’2)(Q), so the solution v(z,t) is given by:

v(z,t) =Y Cifi(z,1).
=1

Now, by chose m-sentence of the equation (14), the approximate solution P,,v(z,t)
is presented by

m

Ppo(z,t) = vp(z,t) = Ppo(z,t) = Z Cii(x,t).
i=1



where Py, : 7-[53’2)(9) — {0;(z, )}, be orthogonal projection.
Now, we approximate the coefficients C; with a repeat process.
For first approximation, we select the function vy, (z,t) € 7-[53’2) (Q) and assume

that

m
Unm = Z Cinbi(z,t), n=2,3,...
=1

where the coefficient C;,,, ¢ = 1,...,m, n = 2,3,... with a duplicate process are
calculated by using

Z Cz,n»cez ($7 t) | (z,t)=(z;,t;)

=1

0vy—q )
= F(x,t,’l)n_l,m, %)‘(x,t):(xj7tj)7j = 1, e, my,n = 2’

2.2 Convergence analysis

THEOREM 2.14 Let v is a real constant. Then

B= {vnvm(x,t)\ [onmllyga < y} c oQ)

1s a bounded set.

Proof We know that
Fonmlloe < & Nomsmllyge oy,

where « is a positive real constant.
Thus for all (z,t) € Q and v, ;n(x) € B there exist v < oo such that ||v,m|e < 7.
This complete the proof of the Theorem 2.14. [ |

THEOREM 2.15 Let «y be real constant. Then B = {vn,m(x,tﬂ [vnmll4@2 < 7} -
2

C () is egicontinuous set.

Proof By applying the Theorem (2.14), we obtain that

’ ! " " 3,2 3,2
[Unm (Y .8 ) —nm(y ,s )| = [(vnm(z,t), K ,,s,)(m,t) - K ”,s”)(x’t)>H§3*2>|

(y (y

3.2 3,2
S lonmllyyga 1Ky oy = K o lyyges

372 ’ " 372 ’ "
S ||8yK(y,5) (2,1) |y:(1—c)y/+cy” (y —y )+ 88K(y73) (2,1) ‘s:(l—c)s’—i—cs” (s —s )HH?’”
<w(ly =y [+1s = s"]),

where w is a real constant.
By chose § = £, we have
w

|y/ — y”| + |S, - s”| <= |vn,m(y/,8,) — Umm(y”, s”)| < e.

for all (y',s'),(y",s") € Q. This complete the proof of the Theorem 2.15. [ |
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THEOREM 2.16 Suppose that |[vnmll;,e2 be a bounded set. Then there exist sub-
sequence {Vn, m}neqy € B and v(z,t) € C(Q) such that

hmnﬁoo,m%oo anmm - UHOO =0.

Proof Assume that the set B be eqicontinuous and bounded. So, each sequence in
B has a subsequence of convergence in C'(£2).
Thus there exist a subsequence {v,,_n,}22; in B such that

hm/i—)oo,m—wo anmm - UHOO = 0’
Hence, we have

8'Un,{,—l,m

L’vnmm(xj,tj) = F(l’,t, Un,,—1,m>» T)’(x,t)Z(l‘j,tj)’j = 1, e,y K= 1, 2,

Since £ and F be a continuous functions of v, we obtain that

ov

Lv(x,t) = F(x,t,v, a—x)

In the following theorem, we derive condition for existence and uniqueness of
the solution vy, ,,. Furthermore, we establish uniformly converges of the sequence

{Un,m}zozr

THEOREM 2.17 Assume that the condition of the theorem 2.16 is confirmed. If the
solution of the equation (8) is exist and unique then

lim  ||opm — | — 0.
n—00,M—00

Proof Assume that the sequence {vnm},,~, C B is not convenes to v.
Thus, there exist a positive number ¢y and subsequence {v,, m},~,; C B such that

lvn,m —V|loo = €, =1,2,.. (14)

Since {vn,m},.~; C B be a subset of bounded and continuous functions, then
there exits a su%sequence of {Unmm},{% such that convergence to v. Without loss
of generality, we may assume that the sequence {vy,_,} 1 uniformly convergence
to .

Hence, we have

lim  |jvp, m — V]|ec — 0. (15)

K—00,Mm—00
The existence and uniqueness of the solution of the equation(8) show that equation

(15) contradicts with the equation (14). This completes the proof of the Theorem
2.17. ]

3. Numerical experiments

The methods presented in this paper are applied on two examples to illustrate the
efficiency and the applicability of the proposed methods.
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Ezxzample 3.1 The generalized Haxley-Burgers equation with initial and boundary

and conditions are considered as follows:

33:2 = 8t —f—ozuax + B(u® + vou? + yu), (z,t) € (0,1) x (0,1),

u(z,0) = [1 + tanh(aix)], 0 <z <1,
u(0,t) = [1 + tanh(ai(—azt))], 0 <t < 1,
u(1,t) = 3[1 + tanh(a1(1 — ast))], 0 <t < L.

The exact solution of this question is given by:

u(z,t) = %[1 + tanh(a1(z — ast))].
where a1 = {(—a++/a? +80) and az = 5 — 77)(70‘;” a?+8f)
Method 1 Method 2
m = 30 m = 30
T; t; n =10 n =10
0.1 1] 0.05 8.7412¢ —8 1.8756e — 7
0.1 0.10 2.8756e—7 2.2321e—6
0.1 1] 1.00 6.8135e—7 8.9134e—7
0.5 1] 0.05 3.5820e —7 4.9612¢e —7
0.5 0.10 3.9124e —7 4.1258¢— 7
0.5 | 1.00 2.5621le—6 5.1263e —6
0.9 005 7.3785e —8 8.9125e—7
0.9 ] 0.10 5.4236e—7 1.2031le—6
0.9 ] 1.00 7.0219e —7 2.1206e — 6

Table 1. Absolute error for different values  and ¢ (o = 0,8 = 1) (Example 3.1).

The absolute error values for proposed methods reported in tables 1 and 2. The
results suggest that, the proposed methods are suitable for finding approximate
solutions with high degree of accuracy.

Ezample 3.2 The generalized Haxley-Burgers equation with initial and boundary
conditions are considered as follows:

bt = G +augE + B( + 90w +9u), (2,1) € (0,1) x (0,1),
u(x,O):% [ta h(r_a)], 0<z<1,

u(0,t) = 4 — %[tanh(fﬁqt)] 0<t<l,

u(1,t) = 5 = L[tanh(BU=20)) 0 < ¢ < 1.

The exact solution to this question is given by:

Bz — qt)

r—«

u(z,t) = L 1[tanh(

573 )l-

where r = Mandq:w_

The maximum error values for proposed methods are reported in tables 3 and 4.
The results indicate that our methods are suitable for finding approximate solutions
with high degree of accuracy.
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Method 1 Method 2

m = 30 m = 30
T; t; n =10 n =10
0.1 1] 0.05 5.6534e —8 8.1743e— 7
0.1 || 0.10 2.7430e —7 9.1496e — 6
0.1 || 1.00 4.4321e—8 6.1298¢ — 7
0.5 1] 0.05 6.8921e —8 4.1075e— 7
0.5 || 0.10 3.1209¢ —7 1.1690e — 6
0.5 1] 1.00 3.3407¢ — 7 6.8356e — 6
0.9 || 0.056 7.1763¢ —8 2.2567e¢ — 7
0.9 || 0.10 2.1093e —7 1.8754e —6
0.9 || 1.00 2.1856e —7 9.6114e —6

Table 2. Absolute error for different values z and ¢ (o« = 0,8 =1 v = 0.001)(Example 3.1).

t=20.1 ||a:5,'y:0.85 a=5v=05 a=3,vy=08 «a=3,7vy=0.5
m =40,n =10 2.4521e — 4 3.9814e — 4 4.8927e — 4 3.7310e — 4

t=04 a=5,7y=08 a=5v=05 a=3,y=08 a=3,vy=0.5
m =40,n =10 9.3745e — 4 1.6721e — 4 7.935e — 4 9.5614e — 4

t=20.9 a=5,7y=08 a=5v=05 a=3,y=08 a=3,vy=0.5
m =40,n =10 3.8241e — 3 1.4987e — 3 4.5267e — 3 5.1573e — 3

Table 3. Maximum error in the first method, 8 =1 for ¢ = 0.1,0.4,0.9 (Example 3.2).

t=0.1 ||a:5,'y:0.85 a=57vy=05 a=3,vy=08 «a=3,7y=0.5
m =40,n =10 4.1512e — 4 4.3212e — 4 4.8927e — 4 5.4192e — 4

t=04 a=5,7=08 a=5v=05 a=3,y=08 a=3,vy=0.5
m =40,n =10 6.1096e — 4 5.4012e — 4 7.935e — 4 1.8346e — 3

t=20.9 a=5,7y=08 a=5v=05 a=3,y=08 a=3,vy=0.5
m =40,n =10 4.2649¢ — 3 4.2309¢e — 3 2.1643e — 3 6.2395e — 3

Table 4. Maximum error in the second method, 8 =1 for ¢ = 0.1,0.4,0.9 (Example 3.2)

4. Conclusion

In this paper, by applying the methods based on reproduction kernel Hilbert space,
the approximate solution of the Generalized Huxley-Burgers equations are ob-
tained. First, the appropriate reproducing kernel Hillbert space according to the
initial and boundary conditions are defined. Afterwards, the building reproducing
kernel are discussed. Since the Gram-Schmidt pronominalization process is unsta-
ble due to the rounding error of the process, this removal from the reproduction
kernel method in solving this kind of nonlinear problems. In the following, we
presented that the approximate solution be a uniformly convergence to the exact
solution. In some of the future research, we can find error estimation and calcula-
tion the convergence rate of the reproduction kernel method for nonlinear partial
differential equations.
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