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Abstract. In this paper, the mathematical model of HIV infection for CD81 T-cells is il-
lustrated. The homotopy analysis method and the Laplace transformations are combined
for solving this model. Also, the convergence theorem is proved to demonstrate the abilities
of presented method for solving non-linear mathematical models. The numerical results for
N = 5,10 are presented. Several fi-curves are plotted to show the convergence regions of
solutions. The plots of residual error functions indicate the precision of presented method.
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1. Introduction

Human Immunodeficiency Virus (HIV) is one of the most dangerous viruses in
the world that leads to Acquired Immunodeficiency Syndrome (AIDS). This virous
involves the ribonucleic acid (RNA) instead of the deoxyribonucleic acid (DNA)
and finally the HIV mechanism can be completed during 10-15 years [12]. In 1980,
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the first case of HIV infection was reported. According to the recent enumeration,
more than 35 million people have been died by HIV virous and more than 37 million
people carry this virous in their body and they are living as a menace on the world.
Also, they can transmit this threat by having unprotected sex, forwarding from
mother to child and other ways [33, 36, 46, 51].

In last decades, many mathematical models have been presented to identify the
behavior of natural and artificial phenomena such as mathematical model of HIV
infection [34, 40, 54], model of Malaria viruses [53], model of computer viruses
[38, 39, 44] and many other models [13]. Also, these models have been solved by
many numerical or semi-analytical methods.

The HAM is among of the semi-analytical methods which has been presented
by Liao [28-32]. In this method, we have an operator, parameters and functions
that we have freedom to choose them. Selecting prepare parameters can lead to
find the solution of problem faster and more accurate than other semi-analytical
methods. In last decade, many authors applied the HAM for solving mathematical
and bio-mathematical problems such as model of computer viruses [44], model
of HIV infection for CD4™ T-cells [40], ill-posed problems [6] and others [17-23].
Moreover, recently in [42] we applied the CESTAC method [7, 8, 41] and the
CADNA library [11, 43] based on the stochastic arithmetic to find the optimal
step, the optimal error and the optimal value of convergence control parameter of
the HAM.

In some schemes, by combining the HAM by other methods or operators we can
construct new methods such as combining the HAM and Laplace transformations
(HATM) [9, 27, 40, 45], optimal homotopy analysis method [37], discrete homo-
topy analysis method [55], predictor homotopy analysis method [1, 50|, homotopy
analysis Sumudu transform method [26] and many others [2, 10, 47, 49].

The aim of this paper is to present the HATM to solve the following non-linear
bio-mathematical model [36]

dfét) = Ap — purT(t) — XT )V ()

dig = XT(O)V(t) — el (t) — al(t) Zo(1),

d‘;it) = evurl(t) — pvV(t), W
diiﬂ = Ay — uzZ(t) — BZ(H)I(1),

dzgt(t) — BZ(0)I(E) — pz, Za(t),

where T'(t) and I(t) show the condensation of the susceptible and infected CD4™
T-cells at any time ¢, V' (¢) is the condensation of infectious HIV viruses and finally
Z(t) and Z,(t) are the condensation of the CD8" T-cells and population of the
activated CD8' T-cells at any time ¢. List of parameters and their values are
presented in Table 1 [3, 4, 33, 46, 51, 52]. Moreover, in Figures 1 and 2 the life
cycle of HIV infection and its model on CD8" T-cells are demonstrated [36].

The HATM obtains by combining the HAM with Laplace transformations. Re-
cently, the HATM has been applied to solve the various problems such as solving
singular problems [45], fractional modeling for BBM-Burger equation [24], Klein-
Gordon equations [25], fractional diffusion problem [5], partial differential equations
[35], fuzzy problems [9, 48] and others [14-16].

This research is organized in the following form: Section 2 is the main idea for
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Figure 1. HIV life cycle.

Figure 2.
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Diagram of HIV infection model of CD8% T-cells.

solving the non-linear bio-mathematical model 1. The convergence theorem for
solving presented model is illustrated in Section 3. In Section 4, the numerical
results for N = 5,10 are presented. Also, several fi-curves are demonstrated to
show the convergence regions of this problem. Furthermore, the plots of residual
error functions are presented to show the precision of method. Finally, Section 5 is

conclusion.
Table 1. List of parameters and their values.
Parameters Meaning Values

A Rate of recruiting the susceptible CD4™ T-cells per unit time. 10 cell/mm?®/day
nr Rate of decaying for susceptible CD4+ T-cells. 0.01 day !

X Rate of infecting for CD4T T-cells by the virus. 0.000024 mm? vir~! day~!
r Rate of the natural death for infected CD4F T-cells. 0.5 day ™!

€y Rate of generation for HIV virions by infected CD4+ T-cells. 100 vir. cell™ day~!
% Rate of the death for infectious virus. 3 day~!

@ Rate of eliminating the infected cells by the activated CD8+ T-cells. 0.02 day—*

Az Rate of recruiting the CD8F T-cells per unit time. 20 cell/mm?/day
1z Rate of the death for CD8' T-cells. 0.06 day !

B Rate of activation for CD81 T-cells due to the attendance the infected CD41 T-cells. 0.004 day"l
1z, Rate of decaying for activated defence cells decay per unit time. 0.004 day~!
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2. Homotopy analysis transform method

Defining the linear operators Ly, Ly, Ly, Lz, Lz, as follows

Lr=L=Ly=L;=Ly =L,

where L is the Laplace transformation. Applying this operator for non-linear system
of Egs. (1) as

LW = = + =28 = ELLme) - Xerove),
cur] ="+ X ey - e - e zao),
e =0 VI i Y ),

cizw) = 20 A 02 gy O g
ciz.0) = 20 4 ez ) - 2 gz

Let 0 < ¢ < 1 be an embedding parameter, A is an auxiliary pa-
rameter, Hrp(t), Hi(t), Hy(t), Hz(t) and Hy, (t) are the auxiliary functions,
Lyp,L;,Ly,Lz, Lz, are the linear operators and N, N;, Ny, Nz, Nz are the non-
linear operators then the following Homotopy maps can be defined as

t:q), Za(t;9)]
1—q)Lz[Z(t;q) — Zo(t)] — qhHz(t)N2[T(t;q), 1(t; q), V (t; ), Z(t;9), Za(t; q)),
t

)
(
1—q)Ly[V(t;q) — Vo(t)] — qhHy () Ny [T(t; ), I(t;9), V(£ q), Z(t: q), Za(t: q)],
(
(

where the non-linear operators Np, Ny, Ny, Nz, Nz are defined in the following
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forms

Nr(T(t;q), 1(t:q), V(t:0), Z(t; ), Za(t; 9)] = % = A+ prT(tq) + XT (6 )V (t:),

N (t0). (60). V0:0). 2050). Zaftia)) = 259D (1 )V 020) + () + 0T t:0)Zult ).
Ny[T(t:q), 1(t:q). V(t:), Z(t;0), Za(t: )] = % —evurl(tiq) + mV(tq),

NAF (), 150,V (60) 2(50), Zats)) = 228D 5 4 2000 + 5200005 0),

N E(t:0). Ht:0). Vit:0), 200:0). Zalt ) = 225D 5200001 00) + . Zuts0)

1—q)Ly[T(t;q) — To(t)] — qhHy () Np[T(t;: ), 1(t; ), V(t;:q), Z(t;q), Za(t; q)] = 0,

Li[I(t;q) — Io(t)] — qhH () N1[T(t; ), 1(t; q), V (1;

(1—q)

(1-q) ) / Z
(1= q)Lv[V(t;q) — Vo(t)] — ghHy ()N [T (t q), (£ 9), V(£q), Z(t;
(1-q) ( r
(1-q)

1—q)Lz[Z(t;q) — Zo(t)] — ghHz(t)Nz[T(t: ), I(t;q), V(¢
1—q)Lz,[Za(t;q) — Zao(t)] — qhHz, (t)Nz,[T(t; ), 1(t; q)

<<
~

s N
= S+

N2
~

= QN>

Using the following Taylor expansions as

~

T(t;q

Vitq

D
Z .
Za(t;q) = +§:Zam

where

1 9mT(t;q)

Tm = m!  Og™

q=0

1 9™ Z(t;q)

Zm = m!  Og™

Defining the following vectors

T(®) = {To0). 110 T}, o) = {Fo0). 0o 10 .

Vint) = {wt),vl(t),...,vm(t)}, Zm(t) = {zo@),zl(t),...,zm(t)},
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to construct the m-th order deformation equations as follows

L [T (t) = Xon T (1)) = RE (O], (Tons, Tt Vot Zont, Zoncn)
Lt Un(t) = X1 () = RHr(OR], (T, T, Vinot, Zonet, Zamt )

Ly [Vin(t) = o Viner ()] = By (ORy, (T, T, Vint: Zont Zamt)
L2 [Zn(t) = X Zm-1(8)] = RH (R (Tt Tn1, Vi1, Zon 1, Zam 1 )

LZa [Zam(t) - XmZam—l(t)] = hHZ ( )gRZ ( m— 1afm—17 Vm—lv Zm—lyjam—1> ’
where

T,

m— LA
m% = L[Tmfl} - %(m - (]- - Xm)g

+ B LT (0] + 2

)

m—1
ZTj Vm 1— j
J=0

m—1
[] amlg)7

Jj=0

I, -1
Rip = LlLna] = 0 — Xc[ Tj(t) Vin—1-5()
J

S

+’”£[m1 ()] + z:

Il
o

Vin—
Ry = LlVino] = 2 = LELL{L (0] + BV (1)

7z, £IA
RZ = L{Zpya] - 220 (g 1 EZ]

4 =
+?£[Zm 1 ]+ £ Zg m 1— ] 3
7=0

Zam
%%:uawﬂ———i—

J=0

m—1
[ Zj(O)In-1-; t)] +7‘C[Zam71(t)]7

and

Applying the inverse Laplace transformation £~! for Eqs. (2) we get

Tm(t) = XmIm— (t) + ALt [%?n(t)] ) Im(t) = XmIm—l(t) + hLt [?an(t)] )
Vin(t) = XmVin—1(8) + RLT R ()]s Zi(t) = XmZm-1(t) + RL™H [R7(1)]
Zam () = XmZam—1(t) + RLT [R7:(1)]

and finally the approximate solutions can be obtained by
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m m m
() =3 T0.  La) =Y L0, Valt) = 3V
j=0 j=0 j=0 (3)
m m
Zm(t) = Z Zj(t)v Zam(t) = Z Zaj(t)'
j=0 j=0

3. Convergence theorem

By proving the following theorem, we can show the capabilities of the HATM to

solve the non-linear system of Egs. (1).

Theorem 3.1 Let series solutions (3) be convergent that are constructed by the
m-th order deformation Eqs. (2). They must be the exact solution of system (1).

Proof Let the series solutions (3) be convergent. Hence, if

o0

o0

Pi(t) = Y Tu(t), Pa(t) = D Im(t), Ps(t) =
m=0 m=0

o0

Z Vm(t>7

m=0

P4<t) = Z Zm(t)7 PS(t) = Z Zam(t>7
m=0 m=0

then

ity 00 Zam(t) = 0.

So, we can write

.
5 [10(0) = 6T )] = 200,
mﬁl :

5 [Vnl®) = v 0)] = Vit
mﬁl :

5 [Zantt) = xnZam )] = Zux (0,

—_
T

3
I

3
I

3
I

[1=10]=

=

|
|

In(t),

Int) — xmfm_1<t>]

Zun(t) xmzm_1<t>] — Zn(t), (5)
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where Eqs. (4) and (5) are applied to construct the following relations as follows

Tonlt) - meml(tﬂ — lim Ty(t) =0,

M=

3
I

In,(t) —XmIm_l(t)] = hm In(t) =0,

N—oo

WE

3
I

N—oo

Vin(t) —Xme1(t)} = hm Vn(t) =0,

™=

3
I

WE

Znt) xmzm_mt)} — lim Zy(t) =0,

3
5

NE

N—o0

-Zam(t) —XmZam_1(t)] = lim Z,y(t) =0.

3
Il

Applying the linear operators Ly, Ly, Ly, Lz and Lz, as

i Ly [T (#) = XmTom1 } LT[i T () — Xom T 1(t)} ~0,

m=1 me1

i L [Im(t) XomIm—1( ] - Ll[i I (£) = Xom 1(75)] —0,

m=1 m=1

Z Ly [Vm(t) Xm Vin—1( ] Ly [ Z Vin(t) = Xm Vim— 1(t)] =0, (6)
m=1 m=1

leLZ [Zm( ) = XmZm-— ] LZ[lem XmZm—1( )] =0

2% Zanlt) ~ xnZam 18] = 22, L:i; Zan(®) = xnZam +(0)] = 0.

By using Eqs. (2) and (6) we get

—

hHT Z §R Tn— 1, m—1, mela mela Zamfl) =0,
hHI Z §R m 17 m— 17‘7 —lazm—la Zam—l) = 07
hHy (t Z RY (Ton—1, L1, Vin—1, Zm—1, Zam-1) = 0, (7)
hHZ Z §R Tr— 17 m—1, ‘7 m—1, Zm—17Zam—1) =0,

h-HZ Z §RZ m 17 _’m 1"7m—17 Zm—la Z_’amfl) = 0.

According to the base definitions of the HAM in Egs. (7), A # 0,Hg(t) #
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0, H](t) #0, HR(t) # 0, thus

oS
Z %%(Tm_l, Im—17 vm—la Zm—l Zam 1) 07
m=1
1)
Z §Rm(Tm_1, Im—lv Vm—lv Zm—l Zam 1) 07
m=1
%)
Z §Rm(TmflaImfla‘/mflamel,Zamfl) - 07 (8)
m=1
o0
Z R (Tm 1,Im717Vm717Zm71 Zam 1) Oa
m=1
o0
> R (Tt v, Vin 1, Zin 1, Zam—1) = 0
m=1

Substituting RL R RY RZ and RZe into Eqgs. (8) and assuming (.)" = % the
following formulas are obtained as

m—1

YR =D Ty — (L= X + prTna(8) +x Y T8 Vino1-5(2)
m=1 m=1 7=0
00 o'} co m—1
:ZTT/R_)\T+MTZT +XZZT ml] )
m=0 m=0 m 1 5= O
:ZTrln*)‘TWLMTZT +XZ ZT Vin—1-5(t)
m=0 m=0 ] 0 m= j+1
=Y Tn=Ar+pry Tult +><ZT ZV
m=0 m=0
= Pi(t) = A + prPi(t) + xPi(t )Ps( ),
and
00 00 m—1 m—1
DR =D e = x ) TiOVino1 () + el (1) 1i(t) Zam—1-5(t)
m=1 m=1 7=0 7=0
00 co m—1 0o oo m—1
= Z I, —x Z T (t)Vin—1-5(t) + w1 Z In(t) + Z Ii(t) Zam—1-5(t)
m=0 m=1 j=0 m=0 m=1 j=0
= Z I, — XZ Z T () Vin—1-5(t) + 1 Z In(t) + 0‘2 Z Li(t) Zam—1-5(t)
m=0 ]:0 m=j m=0 J=0m=j+1
=3, XZT ZV +/uZI )+ a S L)Y Zam(t)
m=0 j=0 7=0 m=0
= Py(t) — xP1(t) Ps5(t) +MIP2( )+0P2( )Ps( );
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and

o)

Z Ry, = Z V-1 — €viirlm—1(t) + pv Vi—1(t)]

m=1
—ZV —eVMZI +WZV (11)

= P5(t) — evurPa(t) + pv P3(t),

and

m—1

i R, = i Zpoy = (L= Xm)Az + 12 Zm 1 () + B Zj()I14(t)

m=1 m=1 §=0

:ZZ’ —/\2+MZZZ —l—ﬁz Z Zi(t) Im—1-4(t)

] =0m= ]+1
_ZZ’ —AZ+MZZZ +,BZZ ZI

= Py(t) = Az + pz Py(t) + BPa(t) 2(’5)7
(12)

and

m—1

Z%Z Z am 1 B ZJ m 1-j5 )+,UZ,,,Zamfl(t)

m=1 7=0
oo m—1

:Zza DI I mlj)wzazzam(t)
m=0 m=0

mle

:ZZQ _52 Z Zi(t) L1 ( )+uzaZZam(t)

jOm]—H
Z —/322 ZI +uzzzam

= Pl(t) — 5P4() 5 (t) + 1z, Ps(t).

Egs. (9), (10), (11), (12) and (13) show that the series solutions
Py(t), Pa(t), P3(t), Py(t) and Ps(t) must be the exact solutions of Egs. (1). [ |

4. Numerical illustration

In this section, in order to show the flexibility of HATM to solve the non-linear
bio-mathematical model (1), the numerical solutions for N = 5 are presented as
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follows

T5(t) =1000 + 0.12ht + 0.24h%t 4 0.24h3t + 0.12k*t + 0.024k°t + 0.361203h2¢2
+ 0.72240613t2 + 0.541804h*2 + 0.144481%°t% + 0.40921313¢3 + 0.613819A* >
4 0.24552855t3 + 0.17452h% " 4+ 0.13961675t* + 0.0238202h°%,

I5(t) = — 0.127t — 0.241h%t — 0.24h3t — 0.12k* — 0.0241°t — 0.420003h°t2
— 0.8400067%t% — 0.6300044? — 0.16800155t? — 0.478009%3t> — 0.7170141*3
— 0.28680571°t% — 0.203898K 1 — 0.163119A5t* — 0.02783511°1%,

Vs(t) =1+ 15ht + 30.h% + 30.5%t + 15.5% + 3.55¢ + 51.h%% 4 102.1%*
+ 76.5RM% + 20.41°t2 + 58.1%t3 + 87.0001713 + 34.81°3
+ 24.7376R4* 4+ 19.79017°t* + 3.37631R°t°,

Zs(t) =500 4 50.ht + 100.:%t + 100.53t + 50.h% + 10.1°t 4 2.761%> + 5.52h3t2
+ 4.14h%2 + 1.10455¢ — 0.22800253t% — 0.342003%4% — 0.1368011°¢
— 0.1233451* — 0.09867631°t* — 0.0169991%5t5,

Zas(t) =0.241h%% + 0.4853t% 4 0.36h* % 4 0.0967:°1? + 0.2835221%% + 0.425283h%¢3

+0.1701137%t3 + 0.121777h** 4 0.0974217ht* 4 0.0167226h°¢°,

The regions of convergence are shown by several A-curves for N = 5,10 and t = 1
in Figures 3 and 4. These regions are parallel parts of A-curves with axiom z. So
for N =5 and ¢ = 1 the convergence regions are

—0.9 < hir < —0.2,
—0.8 < hy < —0.2,
0.8 < hy < 0.2,
~1.2 < hy < —0.6,
0.8 < hy, < —04,

and for N = 10 we get

0.9 < hy < —04,
1< h <02,
1< hy <03,

1.2 < hy < —04,
1< hy, < —04.

Also, the following residual error functions are applied to show the accuracy of
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presented method as

_dT()

Exr(t) = T bty + v o
Bxst) = T v + i) + 1) 2(0),
By (t) = YO i) + v,

En(t) = dflff) g+ un Z(8) + BZ(OI(D),

Bx ) = P20 520)10) + iz, 2,

and the plots of error functions are demonstrated in Figure 5 for N = 5,10 and
h=—0.8.

T

1000.00f )
007
999.99F
0.06
999.98F 00sF
999.97F 004
999.96 - 0.03f
999.95F 002
0.01
999.94
L h h
12 1.0 0.8 06 0.4 ~0.2 12 10 08 06 04 02
V()
Z(t)
/ 4916
h
12 1.0 0.8 ~06 0.4 -0.2
4914}
b 4912}
491.0F
-4r 4908
4906
6
4904
8k L h
14 12 1.0 0.8 06 0.4 0.2

Figure 3. A-curves of T'(¢t),I(t),V(t), Z(t) and Z,(t) for N =5,t = 1.
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0]

999.991 -
h h
-1.0 -0.8 -0.6 -0.4 -0.2
V(t) (1)
4915~
4910
490.5 -
‘ ‘ ‘ ‘ ‘ ‘ " ‘ ‘ ‘ ‘ ‘ ‘ "
-1.2 -1.0 -0.8 -0.6 -04 -0.2 -1.2 -1.0 -0.8 -0.6 -0.4 -0.2
Za(t)
0.013
0.012
0.0111
0.010
0.009 -
0.008 -
0.007 -
—1‘2 —1‘0 —68 —65 —64 —62 0.006 - "
Figure 4. Ff-curves of T'(t),I(t), V(t), Z(t) and Z,(t) for N = 10,t = 1.
—  Esr —  Enr
Error B ror B
- Esy 1 - - Eoyv )
00251 — B ! i 3x106F — Ewz i bi
! [ : i [N
- B ; Lo -~ Enz ! ;!
0.020 : 11 25x106F ! o
! [ 1 H
i o . H H -
0.015F ! ‘| |’ 2100 P II ,j.-!f/
; L AN
_______ 15x100F DN ::
oot0p T ! i [ i
/’,’ i H 1.x10°8 |- ”,r’ H H "i
00051 ’/’ '/ i /’7”-’. I. \ I\'
L7 - L - ~ /’ li,', 5.x107 [ _ ’a“ 7 \.\ h "‘;’ /74?77 pr
': T U . dore - 1 —_ s g K — == .
0.2 04 0.6 08 1.0 02 04 0.6 0.8 1.0
Figure 5. Residual error functions for NV = 5,10 and & = 0.8.
5. Conclusion

The HATM is among of the accurate semi-analytical methods for solving linear
and non-linear problems based on its capabilities such as operators, functions and
parameters that we have freedom to chose them. In this research, the HATM was
applied to solve the bio-mathematical model of HIV infection for CD8% T-cells.
Furthermore, the convergence theorem was proved that shows the competency
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of HATM for solving non-linear problems. Based on the numerical solutions for
N = 5,10 several h-curves were plotted that show the convergence regions of
solutions. The precision of method were demonstrated by plotting the residual
error functions.
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