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1. Introduction

In [5], Abilov et al. proved two useful estimates for the Fourier transform in
the space of square integrable functions on certain classes of functions charac-
terized by the generalized continuity modulus, using a translation operator. This
result has been generalized in [8] for the Fourier-Bessel transform in the space
LA*(R*, 2% ldx), a > —1/2.

In this paper, we consider a second-order singular differential operator B on the
half line which generalizes the Bessel operator B,, we prove some estimates in
certain classes of functions characterized by a generalized continuity modulus and
connected with the generalized Fourier-Bessel transform associated to B in L2,
analogs of the statements proved in [5]. For this purpose, we use a generalized
translation operator.

In section 2, we give some definitions and preliminaries concerning the generalized
Fourier-Bessel transform. Some estimates are proved in section 3.
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2. Preliminaries on the Generalized Fourier-Bessel Transform

Integral transforms and their inverses the Bessel transform are widely used to solve
various problems in calculus, mechanics, mathematical physics, and computational
mathematics (see [3,4]).

In this section, we develop some results from harmonic analysis related to the
singular differential operator B. Further details can be found in [1] and [6]. In all
what follows assume where o > —1/2 and n a non-negative integer.

Consider the second-order singular differential operator on the half line defined by

_ d*f(x) N (2a+1)df(x) 4n(a+n)f($>’

dx? x dx 2

Bf(x)
For n = 0, we obtain the classical Bessel operator

2 T « x

Let M be the map defined by
Mf(x) =2*"f(z), n=0,1,..
Let L%, 1 < p < 00, be the class of measurable functions f on [0, oo for which

I fllp.an = ||M_1f||p,a+2n < 00,

where

0o 1/p
Hf\lp,a=< /0 \f(x)\pxmdm) |

If p = 2, then we have L2, = L?([0, oo[, z?**1).
For a > _71, we introduce the normalized spherical Bessel function j, defined by

_2°T(a + 1)Ja(z)

Ja () : (1)

where J, (z)is the Bessel function of the first kind and I'(x) is the gamma-function
(see [7]). The function y = j,(x) satisfies the differential equation

Boy+y=0
with the condition initial y(0) = 0 and y'(0) = 0. The function j,(z) is infinitely
differentiable, even and moreover entire analytic.

In the terms of j,(x), we have (see[2])

>

—_
—

")
~

8

1 _joc(x) = 0(1)7
1 —jo(z)=0(%, 0<z<1. (3)
VhaJo(hz) = O(1), ha > 0. (4)

>
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For A € C, and z € R, put

ox(@) = 27" joyan(A2). (5)

where jo42n is the Bessel kernel of index a + 2n given by (1).
From [1,6] recall the following properties.

PROPOSITION 2.1 (a) ¢\ satisfies the differential equation
Boy = =Xy
(b) For all A\ € C, and x € R
[oa(a)] < aellmk

The generalized Fourier-Bessel transform that we call it the integral transform
defined by

Faf) = [ " f@er@)ada, A > 0.5 € L,

Let f € L, such that F(f) € L}, = L*([0, 0of, 22>t dz). Then the inverse
generalized Fourier-Bessel transform is given by the formula

+oo

f(z) = ; Faf(N)oa()dpiaron(N),

where

1

_ 2a+4n+1 _
dﬂa—l—Qn()\) = acx—l—?n)\ d)\, Ao4-2n = 40‘+2"(F(a T on+ 1))2

PROPOSITION 2.2 [1,6] (¢) For every f € L., N L2, we have the Plancherel
formula

+00 +oo
/ (@) P2 = / Fif )2 djiasan(N).
0 0

(d) The generalized Fourier-Bessel transform Fp extends uniquely to an isometric
isomorphism from L2, onto L?([0,+00], ttat2n)-

a,n

Define the generalized translation operator 7%, h > 0 by the relation
T f(x) = (@h)*" 7)1 (M1 f) (@), 2 > 0,

where 7/, is the Bessel translation operators of order a + 2n defined by

mhf(z) = Ca/ F(Va? + h? — 2zh cost) sin®® tdt,
0
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where

Ca = </07T sin?® tdt> - = F(I;)(?(Zi)é)

For f € Lg[’n, we have

Fo(T" [)(N) = ox(h)Fs(f) V), (6)
Fs(Bf)(A) = =N2Fs(f)(N), (7)

(see [1,6] for details).
The generalized modulus of continuity of function f € Livn is defined as

w(f,6)z,an = sup [[T"f(x) = h*" f(2)[|2,0.n,6 > 0.

0<h<o

3. Main Result

The goal of this work is to prove several some estimates for the integral

+oo
B(f) = /N Fis ) Pl an(V).

in certain classes of functions in L2 ..
2

LEMMA 3.1 For f € L2 ., we have

a,n’

+o0
IT" f () = B2 f (@) |13 00 = ™" /0 Gt 2n(AR) = 1P| F5.f (V) Pdptas2n(N),
Proof By using the formula (6), we conclude that

Fa(T"f — 1" f)(A) = B*™(jasan(Ah) — 1) FBf(N). (8)

Now by formula (8) and Plancherel equality, we have the result. [ |

THEOREM 3.2 Given f € sz. Then there exist a constant C > 0 such that, for
all N >0,

']N(f) = O(Nan(fa CN_l)Za,n)'

Proof Firstly, we have

—+o0 —+o00
73(f) < / il + / 11— jldp, (9)
N N

with j = j,(Ah), p = a + 2n and du = | Fsf(N)|?ditaton(N). The parameter h > 0
will be chosen in an instant.
In view of formulas (1) and (4), there exist a constant C; > 0 such that

3] < Crww) 73,
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Then

—+00 N
/N ldi < CL(RN) P53 (F).

Choose a constant C5 such that the number C3 =1 — C’lCQ_ P73 g positif.
Setting h = C3/N in the inequality (9), we have

“+oo
Cu T3 (f) < /N 11— jldu. (10)

By Hélder inequality the second term in (10) satisfies

+oo +oo
[ dida= [l
N N
+o00 1/2 +o00 1/2
() (9
N N

+o00 1/2
< (/N 1 —j|2du) In(f).

From Lemma 3.1, we conclude that

+o00
/N 11— jPdu < BT F () — B2 f ()|
Therefore
+oo 2 h 2
/N 11— jldu < BT (@) — B2 (@) [amdn ().
For h = C5/N, we obtain
C3Jx(f) < C3 2" N*™w(f, Co/N)aanIn(f).
Consequently

C3"CsIn(f) < N> w(f, Ca/N)2.an-

for all N > 0. The theorem is proved with C' = Cs. [ |
THEOREM 3.3 Let f € Li,n' Then, for all N > 0,

N-1 i
w(f, N_1)2,a,n =0 N_4(n+1) (Z (l + 1)3‘]l2(f)>

=0

Proof From Lemma 3.1, we have

+00
T () = B*" f (@) |30 = 2" /0 las+2n(AR) = 12| FafON) Pdpat2n(N)-
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This integral is divided into two

+00 N +o00
[P
0 0 N

where N = [h~!]. We estimate them separately.
From formula (2), we have the estimate

+o00
B<Co [ 1Faf ) Pdnsan(N) = CaT3 (1)
N
Now we estimate [;. From formula (3), we have

N

B < Csht [N Fef ) Pdparan(V) 05h42 / N F5f (V) 2dpiason (V)
0
N—-1

=Csh Y a (JHf) = JEa(h)

=0

with a; = (I + 1)%.
For all integers m > 1, the Abel transformation shows

(a1 — ai—1) JE(f) — amJ 21 (f)

NE

D a (JP() = IEa(f) = a0 s (F) +

=0 =1

(ar — a—1) JE(f),

NE

< aoJi(f) +

=1

because anJ2, 1 (f) = 0.
Hence

N—-1
I; < Csh? (J&(f) + Y (C+) =) T - N4Jz2v(f)> :

=1

Moreover by the finite increments theorem, we have (I+1)* —1* < 4(I+1)3 . Then

N—
< CsN™ ( Z N4JN(f))

since N < % Combining the estimates for I; and I5 gives

N-1
IT"f(z) = h*" f(2) |3 0 = O <N44" >+ 1)3J12(f)> ,

=0
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which implies

SIS

N—-1
w(f, N_1)2,a,n =0 N_4(n+1) Z (l + 1)3Jl2(f) ’
=0
and this ends the proof. [ |

4. Conclusions

In this work we have succeeded to generalize a result in [8] for the generalized
Fourier-Bessel transform in the space Liw We proved that the modulus of smooth-
ness w(f,0)2,an,0 > 0, possesses the following properties

IN(f) = O(N*"w(f,CN™)2an),

N-1 2
W(fi N2 =0 | NS S0+ D)ME(f) )
=0
for all N > 0.
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