Journal of Linear and Topological Algebra
VOl. 12, No. 037 2023, 201- 209 Jnurnnln;Linenr
DOR: 20.1001.1.22520201.2023.12.03.5.71

DOI: 10.30495/JLTA.2023. 707067

Topological Algebra

Fixed points of Ciri¢ and Caristi-type multivalued contractions

S. Yahaya®*, M. S. Shagari®, A. T. Imam®

# Department of Mathematics and Statistics, American University of Nigeria, PMB 2250, Yola, Nigeria.
Y Department of Mathematics, Faculty of Physical Sciences, Ahmadu Bello University, Zaria, Nigeria.

Received 7 August 2023; Revised 11 October 2023; Accepted 13 October 2023.

Communicated by Ghasem Soleimani Rad

Abstract. The aim of this paper is to introduce the concept of multi-valued contraction that
combine a renowned Cirié—type contraction and Caristi-type contractions in the framework of
metric spaces. The existence of fixed points for such contractions equipped with some suitable
hypotheses are proved and some analogues of the fixed point theorems presented herein are
deduced as corollaries. Moreover, an example is given to illustrate the validity of obtained
main result.
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1. Introduction and preliminaries

The concept of multivalued contraction is introduced by Nadler [I6] and the corre-
sponding fixed point result was proposed therein. One of the initial nonlinear forms
of the contraction mapping principle was given by Jaggi [I4] and Dass-Gupta [12], in
which the inequality is satisfied by the contraction contains rational terms. These con-
tractions are known as rational contractions. Their considerations occupy a large area
of fixed point theory. Some of the fixed point results of rational type contractions are
in [, B, @, 6, 00, ©3]. Also, Chen [7] introduced bilateral contractions which merges two
significant approaches in fixed point theory: Caristi-type and Jaggi-type contractions.
An inherent property of the existing fixed point results via the bilateral contraction is
that the fixed point of the concerned mapping is not necessarily unique; for example, see

*Corresponding author.
E-mail address: surajmt951@Qgmail.com (S. Yahaya); shagaris@ymail.com (M. S. Shagari); atimam@gmail.com (A.
T. Imam).

Print ISSN: 2252-0201 © 2023 IAUCTB.
Online ISSN: 2345-5934 http://jlta.ctb.iau.ir


https://jlta.ctb.iau.ir/article_707067.html
https://doi.org/10.30495/jlta.2023.707067

202 S. Yahaya et al. / J. Linear. Topological. Algebra. 12(03) (2023) 201-209.

[@, Example 2]. This restriction is an indication that fixed point theorems using bilateral
notions are more suitable for fixed point theory of point-to-set-valued maps. Recently, the
combination of two contraction type has become more popular. Du and Karapinar [I3]
firstly merged Banach contraction into Caristi and established an interesting result. Also,
Karapinar et al. [15] merged Cirié-type contraction into Caristi theorem and obtained a
new fixed point theorem in metric space.

In this paper, by combining a Caristi-type contractions and Cirié—type contraction, a
multivalued Caristi-Ciri¢ type contraction is defined and fixed point of such mapping is
established in the frameworks of complete metric space. We recall some basic definitions
and preliminaries that will be needed in this paper.

Let (X,d) be a metric space, CB(X) be a collection of non-empty closed and bounded
subset of X, and K(X) be a set of non-empty compact subset of X. For x € X and
A, B € CB(X), the Hausdorff metric H on C'B(X) induced by the metric d is given by

H(A, B) = max{sup D(a, B),sup D(b, A)}, where D(a,B) = inf{d(a,b)}. It is known
acA beB beB

that H is a metric on CB(X) and H is called the Hausdorff metric or Pompeiu-Hausdorff
metric induced by d. It is also known that (CB(X),H) is a complete metric space
whenever (X, d) is a complete metric space.

Definition 1.1 [I1] Let (X, d) be a metric space and T be a self mapping of X. Then T
is said to be a quasi-contraction if and only if there exists a number 0 < ¢ < 1 such that

d(Tx,Ty) < gmax{d(z,y),d(z, Tz),d(y, Ty),d(x,Ty),d(y, Tx)}
holds for every z,y € X.

Definition 1.2 [6] Let (X, d) be a metric space and T be a self mapping of X. Then
T is said to be a Caristi contraction if there exists a lower semi-continuous function
¥ : X — Ry such that d(z, Tx) < d(x) — d(Tz) holds for all z € X.

Definition 1.3 [2, Definition 2.2] Let (X, d) be a metric space and T be a self mapping
of X. Then T is said to be a P-contractive mapping if

d(Tz,Ty) < d(z,y) + |d(z, Tx) — d(y, Ty)|
for all z,y € X with z # y.

Lemma 1.4 [9] Let (X,d) be a metric space and B € K(X). Then for every x € X,
there exists y € B such that d(z,y) = D(x, B).

2. Main results

Motivated by the results of [8], we introduce the notion of Ciri¢-Caristi type multivalued
contraction and establish the corresponding fixed point theorem in the setting of metric
spaces.

Definition 2.1 Let (X, d) be a metric space. A multivalued mapping 7' : X — K(X)
is called a Cirié-Caristi type multivalued contraction if there is a non-increasing mapping
¥ : X — Ry such that D(z,Tx) > 0 implies

H(Tz,Ty) < [0(x) — H(y)|M(z,y) (1)

for all distinct x,y € X with x < y, where
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M(z,y) = max{d(z,y),[D(x,Tz) + D(y, Ty)], [D(z, Ty) + D(y, Tx)]}.

Theorem 2.2 Let (X, d) be a complete metric space and T': X — K(X) be a multi-
valued mapping. Moreover, suppose that the following conditions are satisfied:

Al: T is a Cirié-Caristi type multivalued contraction;
A2: there exists A € (0, 1) such that

A= suer{ﬁ(:L‘) —9(y) : d(z,y) > 0}.

Then there exists u € X such that v € Tu.

Proof. Let xp € X be arbitrary. Then, by Lemma [, there exists z; € Txzg such
that d(xo,z1) = D(xo,Tx0). Again, by Lemma [I4, there exists x5 € Tx; such that
d(x1,22) = D(x1,Tx1). Continuing in this manner, we construct a sequence (z,) in X
such that z,41 € Tz, and d(xy, 2p41) = D(zp, Txy) for all n > 0. Note that if there
exists ng € N such that x,,, = xp,+1, then x,, € Tz, +1 and the proof is finished. Hence,
we presume that x,, # x,+1 for all n. By Lemma 4, for x1 € Txg, we can find xo € Tx;
such that

d(z1,22) < H(Txo,Tx1)
< [H(zo) — I(z1)] M (20, 21)
= [¥(z0) — V(21)] max{d(xo, z1), [D(z0, Two) + D(21, Tx1)],
[D(xo, Tx1) + D(x1,Tx0)]}
< [H(zo) — I(z1)] max{d(zo, 21), [d(20, 21) + d(z1, 22)], [d(20, 22) + d(z1, 21)]}
= [J(zo) — V(z1)] max{d(zo, z1), [d(z0, 1) + d(z1,22)], d(z0, 22)}
< [O(zo) — I(z1) ]max{d(xoaM% [d(x0, 21) + d(21, 22)], [d(x0, 21) + d(21, 22)]}
< A[d(zo, 21) + d(x1, x2)],

from which we have d(x1,x2) < %d(xo,xl). Again, by Lemma [, for x5 € Tz, we
can find x3 € Txo such that

d(zg,x3) < H(Tx1,Tx2)
< [H(z1) — Hag)| M (21, 22)
= [¥(z1) — Hx2)| max{d(x1,x2), [D(x1,Tx1) + D(x2, Tx2)],
[D(z1,Txa) + D(x2,Tx1)]}
< [9(z1) — I(x2)] max{d(x1, x2), [d(x1, 2) + d(x2, x3)], [d(21, x3) + d(x2, 22)]}
= [H(x1) — I(z2)] max{d(x1, x2), [d(x1, x2) + d(22,x3)],d(z1,23)}
< [W(z1) — O(x2)] max{d(z1, x2), [d(x1, 22) + d(x2, x3)], [d(z1, x2) + d(x2, 23)]}
< A[d(x1, x2) + d(x9, x3)].
That is,
(s, 25) < (25 )d(ar, 22) < (725 VP(wo,21).

1-A 1-A
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Taking g = ﬁ and continuing in this manner inductively, we have

d(])n, .Tn+1) < /Bnd(xoa xl)‘

Now, we show that the sequence (z,) in X is a Cauchy sequence. Let m,n € N with
n < m. Then

-+ d(xm—la xm—l—l)

-+ ™ (20, 71)

d(Xp, Tm) < d(Tpy Tnt1) + d(Tpt1, Tnyo
B d(zo,z1) + B d(w0, 21
(B + 8" -4 ™ Nd(xo
(B + 8" 4 BN

)+
)+

NN

N

as n,m — 0. Hence, (z,) in X is a Cauchy sequence. The completeness of (X,d)
guarantees the existence of v € X such that z, — uw as n — oco. Now, to see that
u € Tu, we apply

D(u,Tu) < d(u,xy) + D(xy, Tu)
<d(u,xpn) + H(Txp—1,Tu)
< d(t, 20) + [In_1) — M (201, )
=d )

D(zp—1,Tu) + D(u, Txp—1)]}
< d(u, ) + Amax{d(zp_1,u), [d(Tn-1,Tn) + D(u, Tu)],

(
(
(
(u, xn) + Amax{d(zp_1,u), [D(xp_1,Txn_1) + D(u, Tu)],
[
(
[D(xp—1,Tu) + d(u, zy)]}.

Letting n — oo in the above inequality gives
D(u,Tu) < Amax{0, D(u,Tu), D(u,Tu)} < AD(u,Tu);

that is, (1 — A\)D(u, Tu) < 0. This implies that u € Tu. [ |

In the next result, motivated by the concept of P-Contraction introduced by [2], a
notion of multivalued P-Contraction type is introduced in the framework of metric space.

Definition 2.3 Let (X, d) be a metric space. A multivalued mapping 7" : X — K (X) is
called a multivalued P-contraction type if there is a non-increasing mapping ¢ : X — R
such that D(x,Tz) > 0 implies

H(Tz,Ty) < [0(x) = 9(y) K (2, y) (2)
for all distinct =,y € X with x < y, where
K(z,y) = max{d(z,y),d(z,y) + |D(z,Tz) — D(y, Ty)|}.
Theorem 2.4 Let (X, d) be a metric space, T : X — K(X) be a multivalued mapping

and f : X — 2% be a mapping defined by f(z) = {d(x, Tx)}. Moreover, suppose that
the following conditions are satisfied:
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B1: T is a multivalued P-contraction type;
B2: there exist xg,z1 € X such that f(zg) C f(x1);
B3: there exists A € (0, §) such that

A= sue%( {9(x) —¥(y) : d(z,y) > 0}.

Then there exists u € X such that v € Tu.

Proof. Following the proof of Theorem 22, we construct a sequence {x,} in X such
that x, € Txp_1, for n =1,2,---. So, we presume that x,, # z,11 for all n. By Lemma
4, for z1 € Txg, we can find x9 € Tz such that

d(zy,22) < H(Txo, Tx1)
< [W(zo) — (1) K (20, 1)
= [I(x0) — I(z1)] max{d(xo, z1), d(x0, x1) + |D(z0, Txo) — D(x1,T21)|}
< [W(zo) — I(x1)] max{d(zo, z1), d(x0, 1) + |d(x0, 1) — d(21, 22)|}

d(z1,x2) < [9(x0) — V(z1)] max{d(xo, z1),d(zo,x1) — d(zg, z1) + d(x1,22)}
< [Hxo) — Hxy)] max{d(xo, 1), d(x1,22)}
< Amax{d(zg, z1),d(x1,x2)}.

Suppose that max{d(xg,z1),d(z1,22)} = d(x1,22). Then, d(z1,x2) < Ad(z1,z2). The
last inequality yields d(x1,x2) < 0, a contradiction. Hence, we must have d(xg,x1) >
d(z1,x2). Again by Lemma [, for x9 € T'z1, we can find x3 € Txy such that

By using condition B2, we get

= =

x1) — 9(xg)| max{d(z1, x2), d(x1, x2) — d(z1,x2) + d(x2,23)}
z1) — O(xg)| max{d(z1, z2), d(x2, x3)}

Ad(x1,x2)

AAd(zg, x1)]

A

2d(x0, xy).

d(z2, x3)

—_—

NN IN N

Continuing in this manner inductively, we have

d(Tn, Tny1) < XN'd(x0, 21).



206 S. Yahaya et al. / J. Linear. Topological. Algebra. 12(03) (2023) 201-209.

Now, we show that (x,) in X is a Cauchy sequence. Let m,n € N with n < m. Then

d(Xp, Tm) < d(Tpy Tps1) + d(Tpt1, Tps2) + o + dA(Tm—1, Timt1)
< N'd(zo, 1) + X" d(20, 21) + - + N (20, 21)
S O N e 1)d(:c0 1)
<"+ X" 4 N Y d(20, 1) — 0

as n,m — 0. Hence, (z,) in X is a Cauchy sequence. The completeness of (X,d)
guarantees v € X such that x,, — u as n — co. Now, we have

D(u,Tu) < d(u, zy) + D(zpn, Tu)
<d(u,xn) + H(Txp—1,Tu)
< d(u, wn) + [9(2n-1) — V(W) K (2n-1,u)
= d(u, zp) + Amax{d(zp_1,u), d(xp_1,u) + |D(zp-1,TxHn-1) — D(u,Tu)|}
= d(u,z,) + Amax{d(zp_1,u),d(zp_1,u) + |[d(xp_1,2s) — D(u, Tu)|}
< d(u,xy) + Amax{d(zp_1,u),d(xp-1,u) — d(Tp_1,Tn) + D(u,Tu)}.

Letting n — oo in the above inequality gives
D(u,Tu) < Amax{0, D(u,Tu)} < AD(u, Tu);

that is, D(u,Tu) < 0. This implies that v € Tu. [ |

Corollary 2.5 [8, Theorem 4] Let (X, d) be a complete metric space and f: X — X
be a single valued mapping. Assume that there exists ¥ : X — [0, 00) with d(z, fx) > 0
such that

d(fz, fy) < [9(x) = I(y)|M (z,y)

for all distinct z,y € X, where

M(z,y) = max{d(z,y), [d(z, fz) + d(y, fy)], [d(z, fy) + d(y, fz)]}.

Then f has a fixed point.

Proof. Consider a multivalued mapping 7' : X — K(X) defined by Tz = {fx} for
all z € X. We see that D(z, fr) = d(x, fz) > 0 implies H(fz, fy) = d(fx, fy) <
[I(x) — I(y)|M (z,y). It follows that the assumption of Theorem P72 coincides with that
of Corollary EZ3. Hence, there exists u € X such that v € Tu = {fu}; that is, u = fu. R

Corollary 2.6 [16] Let (X,d) be a complete metric space and T': X — CB(X) be a
multi-valued mapping. Suppose that there exists k € (0,1) such that

H(Tx,Ty) < kd(x,y) (3)

for every x,y € X. Then T has a fixed point.
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Proof. Take J(x) — J(y) = k for all x,y € X. Then, (B) becomes

H(Tz,Ty) < kd(z,y)
< [W(z) = I(y)| max{d(x,y), [d(z, Tz) + d(y, Ty)], [d(z, Ty) + d(y, Tx)]}.
Consequently, all the conditions of Theorem 272 are satisfied. Hence, 1" has a fixed point
in X. [ ]

Corollary 2.7 [I3, Theorem 1] Let (X, d) be a complete metric space and f: X — X

==

be a self-mapping. Suppose that there exists a function ¥ : X — R, with ¥ bounded
from below such that d(x, fx) > 0 implies that d(fz, fy) < [¢(z) — ¥(y)]d(z,y) for all
z,y € X. Then f has a fixed point.

Corollary 2.8 [1H, Theorem 4] Let (X, d) be a complete metric space and f: X — X
be a self-mapping. Suppose that there exists a function ¢ : X — R4 with d(x, fz) > 0
implies that

d(fz, fy) < [J(z) —I(y)|N(z,y)
for all x,y € X, where
N(z,y) = max{d(z,y),d(z, fx),d(y, fy),d(z, fy),d(y, fz)}

Then f has a fixed point.

Corollary 2.9 [§, Theorem 4] Suppose that f is self mapping on complete metric space
(X,d). If there is a function ¥ : X — Ry with d(z, fx) > 0 such that

d(fz, fy) < [0(x) = d(y)|K(z, y)
for all x,y € X, where
K(z,y) = max{d(z,y), [d(z, fz) + d(y, fy)], [d(z, fy) + d(y, fz)]}.

Then f has a fixed point.

Ezxzample 2.10 Let X = {(2,2),(2,3),(4,4)} be equipped with the metricd : X x X —
R given by

d((z1,22), (y1,92)) = V(@1 — 1)% + (22 — 1)2.

It is clear that (X,d) is a complete metric space. Define an order on X by (z1,22) <
(y1,y2) iff x1 < y1 and x5 < yo. Suppose that T': X — K(X) is a multivalued mapping
defined as follows:

_ {(273)a(2v2)} if z = (2a2)7
T = { {(4.4)) it x £ (2,2).

Let ¥ : X — R be given as follows ¥(2,2) = 7, and 9(2,3) = 4. It is clear that ¢ is
non-increasing. Now, we examine the following cases:
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Case I: for x = (2,2), we have

D((2,2),T(2,2)) = inf{d((2,2),y) : y € T(2 2)} =d((2,2),(2,3),(2,2))
= d((2>2)a (273))

Case II: for z = (2,3), we have
D((2,3),T(2,3)) = inf{d((2,3),y) 1 y € T(2,3)} = d((2,3), (4,4)) = /5.
Case III: for z = (4,4), we have
D((4,4),T(4,4)) = inf{d((4,4),y) : y € T(4,4)} = d((4,4), (4,4)) = 0.

Now, forxeX\mthD(x x)>Ole:c€{(, 2),(2,3)}, we have

H(T(2,2),T(2,3)) = H((2.3). (4,4)) = 3, 0(2,2) - 9(2,3) = 3 and
M((2,2),(2,3)) = max{d((2,2),(2,3)), [D((2,2), T(2,2)) + D((2,3),T(2,3))],
[D((2,2), T(2,3)) + D((2,3), T'(2,2))]}
= max{l, [d((2,2), (2,3)) + d((2,3), (4,4))],
[d((2,2), (4,4)) + d((2,3), (2,3))]}

= max{1, [l + V5], [V8]}
=1+/5.

Hence,
H(T(2,2),T(2,3)) =3<3.(1+ \/5) = [9(2,2) —¥(T(2,2))|M((2,2),(2,3)).

Thus, for all z,y € X with z # y, D(x,Tz) > 0 and D(y,Ty) > 0 imply H(Tz,Ty) <
[0(z) = (y)|M (z,y), where

M(x,y) = max{d(z, y), [D(z, Te) + D(y, Ty)}, [D(z, Ty) + D(y, Tx)]}.
It follows that all the hypotheses of Theorem PZA are satisfied. We see that T has a
fixed point. On the other hand, we demonstrate hereunder that Theorem P2 properly
subsumes the main ideas of Nadler [I6]. For that, take z = a and y = b. Now, for all
k € (0,1), consider the following cases:
Case I: For a = (2,2) and b = (2, 3), we see that
d(T(2,2),7(2,3)) =d(2,3) =1 > kd(2,3).
Case II: For a = (2,2) and b = (4,4), we see that
d(T(2,2),T(4,4)) =d(2,4) = 2 > kd(2,4).
Case III: For a = (4,4) and b = (2, 3), we see that

d(T(4,4),T(2,3)) = d(4,3) = 1 > kd(4, 3).
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This shows that Example P10 doesn’t satisfy the conditions of multivalued fixed point
theorem due to Nadler [I6].
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