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Abstract. An analytical fuzzy solution is achieved by means of the fuzzy d’Alembert for-
mula for the fuzzy one-dimensional homogeneous wave equation in a half-line considering
the generalized Hukuhara partial differentiability of the solution. In the current article, the
exclusive solution and the stability of the homogeneous fuzzy wave equations are brought
into existence. Eventually, given the various instances represented, the efficacy and accuracy
of the method are scrutinized.
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1. Introduction

It is well known that there are many phenomena in including fluid flow, electrical net-
works, fractals theory, control theory, optics, biology, chemistry and other sciences can
be described by models that use mathematical tools of partial differential equations. The
concept of the fuzzy partial differential equations (FPDEs) was extended in [6], and ac-
cording to this definition, different method are obtained an approximation fuzzy solution
for partial differential equations [, B]. In addition, Oberguggenberger described fuzzy
weak solutions for the FPDEs [I5], and Chen et al. presented a new inference method
with applications to the FPDEs [7]. A substantial amount of research work has to find an
approximation solution for the FPDEs, convert the FPDEs to two crisp corresponding
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problems, then find the approximate solutions of crisp problems and hence obtain an
approximation of fuzzy solutions, see [, 3, ). To overcome this shortcoming, generalized
Hukuhara partial derivative based on gH-difference is introduced and the existence and
uniqueness of the solution of the fuzzy heat equation based on this concept are inves-
tigated by Allahviranloo et al. [2] and after that Gouyandeh et al. [8] introduced the
fuzzy Fourier transform and obtained an analytical solution for the fuzzy heat equation.
The fuzzy Poisson and fuzzy Laplace equations are solved in [1Z], and also some useful
research papers for solving fuzzy partial differential equations are [, I3, I4]. Recently,
Rahimi Chermahini et al. [IG] studied the existence and uniqueness of the solution of
the fuzzy wave equation based on generalized Hukuhara partial derivative and obtained
their d’Alembert solutions on infinite interval.

The aim of the present paper is to obtain the d’Alembert solution of a fuzzy wave
equation on a half-line. Using the properties of generalized Hukuhara partial derivative,
the d’Alembert’s formulas for fuzzy Dirichlet problem on the half-line is obtained without
embedding them to crisp equations.

The remainder of this paper is organized as follows. In Section B, we briefly introduce
the basic notations and preliminaries and prove some new theorems and lemmas to be
used in the main part of the paper. In Section B, the canonical form of a solution of a fuzzy
wave equation is showed and the fuzzy d’Alembert’s formulas for a fuzzy homogeneous
wave equation based on the type of [gH — p|—differentiability are showed. In Section @,
the fuzzy d’Alembert’s formulas for the fuzzy Dirichlet problem on the half-line based
on the type of [gH — p|—differentiability are showed. Moreover, some examples are given
to clarify the details and efficiency of the method in Section B and conclusions are given
in Section B.

2. Basic preliminaries

In this section, we present some definitions and introduce the necessary notations,
which will be used throughout the paper. Denote

Rr = {u:R" = [0, 1] | usatisfies (i)-(iv) below},

where

(1) w is fuzzy convex;

(ii) w is normal, i.e., there exists an xg € R™ such that u(zg) = 1;
(iii) w is upper semi-continuous;
(iv) closure of {x € R"™ | u(x) > 0} is compact.

Then R is called the space of fuzzy numbers. For 0 < a < 1 denote

[u]® = {x e R"|u(z) > a} = [u(a), u*(a)].

Then from (i) to (iv), it follows that the a-level set [u]® is a closed interval for all
a € [0, 1]. A triangular fuzzy number is defined as a fuzzy set in Rz, that is specified by
an ordered triple u = (a,b,c) € R with a < b < ¢ such that v~ (a) = a + (b — a)a and
ut(a) = ¢ — (¢ — b)a are the endpoints of a-level sets for all a € [0,1].

The Hausdorff distance between fuzzy numbers is given by D : Rz x R — RT U {0}
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as in [I0],

D(u, v)= sup d{[u* , [o]") = sup max {ju”(a) ~ v (@), fu* @) ~v* (@)}

where d is the Hausdorff metric. The metric space (Rz, D) is complete, separable and

locally compact and the following properties from [[0] for metric D are valid:

1. D(u®w, v®w) = D(u, v), Yu, v, w € Rg;

2. D(Au, \v) = |A\|D(u, v), YA ER, u, v € Ryg;

3. D(u®dv, wdz) < D(u, w)+ D(v, z2), Yu, v, w, z € Rg;

4. D(uowv, woz) < D(u, w)+ D(v, z), as long as u © v and w © z exist, where

u, v, w, z € Rr,

where © is the Hukuhara difference(H-difference), it means that w © v = w if and only if
udv=w.

Definition 2.1 [d] The generalized Hukuhara difference of two fuzzy numbers u, v € Rx
is defined as follows:

uOggv=w & wu=v+w, or v=u+(—lw.
In terms of a-levels we have
[ Ogrr 0] = min{u™(a) — v (a), u*(a) — v* (@)}, maxfu(a) — v~ (),ut(a) - v (@)},

and if the H-difference exists, then u © v = v ©4p v; the conditions for the existence of
w=1uOgy v € Rr are

w (o) =u (o) —v (o) and wt(a) = ut(a) — vt (a), Va € [0,1],
with w™ () increasing, wt () decreasing, w™(a) < wt(a),

w (o) =uT(a) —vT(a) and wt(a) = u () — v (), Va € [0,1].
with w™ () increasing, w () decreasing, w™ (o) < wh ().

case(i) {
case(ii) {

It is easy to show that (i) and (éi) are both valid if and only if w is a crisp number.

Remark 1 Throughout the rest of this paper, we assume that u Ogy v € Rr.

2.1 Generalized Hukuhara Derivative

In this section, we present some definitions and theorems for a fuzzy-valued function
f :a,b] € R — Rgz. The a—level representation of fuzzy-valued function f given by
flxsa)=[f"(z;a) , fT(x;a)], for all x € [a,b] and « € [0, 1].

Definition 2.2 [9] A fuzzy valued function f : [a, b] — Rz is said to be continuous at
to € [a, b] if for each € > 0 there is 6 > 0 such that D(f(t), f(to)) < €, whenever t € [a, ]
and |t — tg| < 0. We say that f is fuzzy continuous on [a,b] if f is continuous at each
to € [a, b].
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Definition 2.3 [d] The generalized Hukuhara derivative of a fuzzy-valued function f :
(a, b) = Rr at xg € (a,b) is defined as

If fir(z0) € Ry satisfying () exists, we say that f is generalized Hukuhara differen-
tiable (gH-differentiable for short) at x.

Definition 2.4 [d] Let f : [a,b] — Rz and o € (a,b) with f~(z;a) and fT(z; ) both
differentiable at xg. Also, we say that

o fis [(i) — gH]-differentiable at x¢ if

fign(@o;a) = [(f7) (wos0) , (f7) (z0;@)], 0O

o fis [(it) — gH]|-differentiable at z if

n
S
n
l—‘
®

fiign(zosa) = [(f*) (wos0) , (f7)(z0;0)], O0<a<l (3)

Definition 2.5 [I[1] We say that a point xg € (a,b) is a switching point for the differ-
entiability of f if in any neighborhood V' of zg there exist points r1 < z¢y < x2 such
that

(1) type(I) at z; () holds while (B) does not hold and at z2 (B) holds and (B) does
not hold, or

(2) type(II) at z; (B) holds while (2) does not hold and at x3 (2) holds and (B) does
not hold.

Definition 2.6 [2] Let f : (a, b) — Rxr. We say that f(z) is gH-differentiable of the
2th— order at xg € (a,b) whenever the function f(t) is gH-differentiable of the order
i, 1 = 0,1, at xo, ((f(i)(xo))gH € Rrx), moreover there isn’t any switching point on
(a,b). Then there exist f,;(v0) € RF such that

f;H(xo +h) Ogn f;H(xO)

" T
ng(ZL'()) - }1111,1’%) h )

if f;H(.%O +h) OgH f;H(.%()) € Rr.

Definition 2.7 [2] Let f : [a,0] — Rz and f,5(z) be gH-differentiable at z¢ € (a,b),
moreover there isn’t any switching point on (a,b) and (f~)'(z; ) and (f7) (x;a) both
differentiable at x¢. We say that

o fou(z) is [(i) — gH]-differentiable whenever the type of gH-differentiability f(z) and
1() are the same:

fign(@oia) = [(f ) (wo;) , (fN)"(z0;)], 0< <1,

o fo(®) is [(ii) — gH]-differentiable if the type of gH-differentiability f(z) and f;y(z)
are the different :

fiign(xoie) = [(f)"(zo; @) , (f7)'(z0;0)], 0<a<l.
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In this paper, we assume that the notations C*([a,b],R7), k = 0,1,2 for the set of
fuzzy valued function f which are defined on [a, b] and it’s first k& gH-derivative are fuzzy
continuous.

Theorem 2.8 [4] If f is gH-differentiable with no switching point in the interval [a, b],
then we have

b
m/ﬁﬁwmx—ﬂw®wf@)

Theorem 2.9 [i6] Consider g : [a,b] — J is real and differentiable function at = and
f:J — Ryr is gH-differentiable at the point g(x). Then we observe that

1. If f(x) is a [(i) — gH]—differentiable fuzzy function at the point g(z), then

, J@)  flle@), g >0
(Flo@n), = (4)
S O(-1)g @) @ o)), 1 g'(@) < 0.

2. If f(z) is a [(11) — gH]—differentiable fuzzy function at the point g(z) , then

: 9'(@) © fii gu9(@)), If ¢'(2) > 0.
(fo@), = )
B o(=1)g'(2) © fs g (9()), 1 g'(x) < 0.

Remark 2 [16] By attention to Theorem 2, we conclude that

, 9'(x) © fop(9(x)), If g'(x) > 0;
(Flo@n) = (©)
! O(=1)g'(x) © fiy(9(x)), If ¢'(x) < 0.

2.2 Generalized Hukuhara partial differentiation

In this section, some preliminary results related to the fuzzy generalized Hukuhara
partial derivatives are presented. The parametric representation of the fuzzy value func-
tion f: D — Ryg is expressed by f(z,t;a) = [f~(z,t; ), fT(x,t;a)], for all (z,t) € D
and a € [0, 1].

Definition 2.10 [?] Let (zo,t0) € D, then the first generalized Hukuhara partial deriva-
tive ( [gH-p]-derivative for short) of a fuzzy value function f(z,t) : D — Rx at (zg,to)
with respect to variables x,t are the functions f;,, (%o,t0) and f; , (2o,t0) given by

h,t t
fa,u (X0, t0) = lim f (o + b, to) Og (o, 0)’
! h—0 h

fton (%0, 20) m fl@o, to + k)]SgH (o, to)’

=1
k—0

provided that f, . (xo,t0) and f; , (x0,%0) € Rr.
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Definition 2.11 [2] Let f(z,t) : D — Rz, (z0,t0) € D. Also, assume f~(x,¢;«) and
[T (z,t; «) are two real valued differentiable w.r.t. z. We say that

o f(x,t)is [(i) — p|-differentiable w.r.t. x at (zo,to) if

frion (@0, to; @) = [f5 (zo,to; ), fif (2o, to; )] (7)

o f(x,t) is [(ii) — p]-differentiable w.r.t. = at (zg,to) if

Jroe g (0, to; @) = [fo (w0, t0; ), for (o, to; ). (8)

Definition 2.12 [2] For any fixed £y, we say that (£p,t) € D is a switching points for
the differentiability of f(z,t) with respect to x if in any neighborhood V of ({,t) there
exist points (x1,t) < (£o,t) < (x2,t) such that

type I. at (z1,t) (@) holds while (B) does not hold and at (x2,t) (8) holds and (@) does
not hold for all ¢, or
type II. at (x1,t) (8) holds while (@) does not hold and at (z2,t) (@) holds and (B) does
not hold for all ¢.

Definition 2.13 [2] Let f(z,¢) : D — Ry, and 0, f(z,t) is a [gH-pl-differentiable at
(zo,to) € D with respect to x. Moreover, there is not any switching point on . We say
that

o fr,.(x,t)is [(7) — p]-differentiable w.r.t x if the type of [gH-p]-differentiability of both
f(x,t) and f; ,(z,t) are the same:

fozion (0, 03 @) = [fr (@0, t0; @) foh (20, t0; )]

o fi,.(x,t)is [(44) — p]-differentiable w.r.t « if the type of [gH-p]-differentiability f(x,?)
and f;,,(x,t) are different:

Jrwa or (0, t03 @) = [ (w0, to; @) frp (o, to; )]

Lemma 2.14 [2] Consider f : D — Rz as a fuzzy continuous function. Assume that f
is [gH-p|-differentiable with respect to ¢, with no switching point in the interval [a, ¢] and
fuzzy continuous, then we have

t
/ Fon(,8)ds = f(z,1) Ognt f(z, a).

3. The fuzzy homogeneous wave equation in infinite interval

Consider the following fuzzy Cauchy one-dimensional homogeneous wave equation in
infinite interval

Ut (2, 1) OgH O] Ugz,, (2, 1) =0, (z,t) € R x (0,00),
u(z,0) = f(z), (9)
Uty g (.CU, 0) = g(x)v
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where 0 denotes the crisp set {0} and ¢ € R is called the wave speed. The functions f(z)
and g(x) are fuzzy functions and f € C*(R,Rx), g € C}(R,Rx).

The canonical form of the solution of (A) is u(x,t) = F(z + ct) ® G(x — ct), where F
and G can be any two twice generalized Hukuhara differentiable functions [I6].

Based on the type of [¢H — p]—differentiability with respect to ¢, we have the following
statements [I6].

Case 1. If u(z,t) is [(i) — p]—differentiable with respect to ¢, the d’Alambert’s solution of
(9) is equal

x+ct

u(z,t) = %(f(x +ct)® fx — ct)) @ 2% /x_ct g(s)ds. (10)

Case 2. If u(x,t) is [(ii) — p]—differentiable with respect to ¢, therefore the d’Alambert
fuzzy solution of (M) is

_ x+ct
u(z, t) = %(f(x Yt fla— ct)) S (1)/ g(s)ds. (11)

2c —ct
Theorem 3.1 [I6] Let 7" > 0 be a fixed constant. The homogeneous wave equation (9)
in the domain —oo < x < 00, 0 < t < T is well-posed for f € C2(R,Rf), g €€ C}(R,Rx).
4. The fuzzy wave equation on the half-line
Consider the following fuzzy Dirichlet problem on the half-line
U, (2,1) Ogr 0) Ugz,, (2,t) =0, x>0,1t>0,
u(@,0) = f(@), s, (2,0) = g(x), @30, (12)
u(0,t) =0, t > 0.
For the vibrating string, the boundary condition of (I2) means that the end of the string

at x = 0 is held fixed. We reduce the Dirichlet problem (I2) to the whole line R by odd
reflection. Namely, we set

f(z), for z > 0, g(x), for z > 0,
f(z)=140, for x =0, g(z) =< 0, forz =0, (13)
(=1)f(—=z), foraz<DO. (=1)g(—=x), forx <O0.

Then f and § are odd fuzzy function. Now, we have the following fuzzy wave equation
on the whole line with the extended initial data

Tyt (2,1) Ogpr & © Ugg,, (,8) =0, z€R, >0,
_ (14)
u(z,0) = f(x), iy, , (¢,0) = g(x), x>0,



260  S. Rahimi Charmhint and M. S. Asgari / J. Linear. Topological. Algebra. 11(04) (2022) 253-264.

For x > 0, we have

w(z,0) = f(x) = f(x),  w(z,0)=g(x) =g(z).

It remains to show that @(0,¢) = 0. For this it suffices to show that u(z,t) is an odd
fuzzy function for all ¢ > 0. Indeed, set v(x,t) = (—1)a(—=,t), hence by Remark B we
have

Vg (z,t) = (—1) © Ug(—=,t), Vg (2, 1) = (—1)Ugy(—2x, 1),
’Ut(l‘,t) = (—1)ﬂt(—l‘,t), Utt(l‘,t) = (—1)’[1&(—1‘,15).
Hence,
v (@, 1) Ogir Pvge(, t) = (—1) (ﬂtt(—ax, t) Ot Ciiga(—1, t)) —0
and
v(x,0) = (=1)i(—=,0) = (=1)f(—z) = f(x).
Also,

vi(#,0) = (=Dt (=2,0) = (=1)g(==) = g(x).

So by (@), we can write v(z,t) = a(z,t), so u(z,t) = (—1)a(—=x,t). We show that u(x, 1)
is an odd fuzzy function in the variable x, and hence @(0,¢) = 0 for ¢ > 0.
Then defining the restriction of 4(x,t) to the positive half-line x > 0,

u(z,t) = u(z,t)|z>0. (15)

We automatically have that u(0,t) = @(0,¢) = 0. So, the boundary condition of the
Dirichlet problem (I2) is satisfied for u. Obviously the initial conditions are satisfied as
well, since the restrictions of f(x) and g(x) to the positive half-line are f(z) and g(x)
respectively. Finally, u(x, t) solves the fuzzy wave equation for x > 0, since @(z, t) satisfies
the fuzzy wave equation for all z € R, and in particular for = > 0. Thus, u(x,t) defined
by (IH) is a solution of the Dirichlet problem (I2).

Now we investigate the solution for different type of [¢gH — p]-differentiability.

Case 1. Consider u(x,t) is [(i) — p|—differentiable with respect to ¢ so the d’Alambert’s
solution of (I4) by (IM) is equal

x+ct

iz, 1) = %(f(x ret)e flz—ct)) e 2% /Ht §(s)ds.

Then, for > 0 and t > 0, we have x + ¢t > 0 , and f(z+ct) = flz+ct).
a) If t >0and x —ct > 0, then f(x —ct) = f(x — ct), and over the interval
s € lx—ct,x + ct], g(s) = g(s). Thus, for z > ct, we have

(e, t) = %(f(x +et) @ fz— ct)) o — [mg(s)ds.

2c —ct
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b) If £ > 0 and = — ¢t < 0, then by ([3) we observe that
fla—ct) = (=1)f(~(z —ct)) = (~1) f(ct — )

and g(s) = (—1)g(—s) for s < 0. So,

u(z,t) = %(f(x +ct)® (=1)f(ct — IL‘)) ) 210[/:@ —g(—s)ds ® /OHCtg(S)ds].

Making the change of variables s — —s in the first integral on the right, we
get

u(x,t) =

(f(a: +ct)® (—1)f(ct — x)) @ 210[/;_:6 g(s)ds @ /OHCtg(s)ds}

N [\DM—A

(f(x +ct) @ (=1)f(ct - x)) @ 1 /frdg(s)ds.

2¢ t—x

Combining the two expression for u(z,t) over the two regions, we arrive at the
[(i) — p]—differentiable solution

%(f(x‘i‘d)@f(:t—ct)@QCfx+Ct for x > «t,
u(:v,t) = (16)
%(f(x—i-ct)@(—l)f(ct—:):)@QCforCt ds, for 0 <z < ct.

Case 2. If u(z,t) is a [(i7) — p]—differentiable with respect to t. According to the process
described in Case 1, we obtain the following [(i7) — p|—differentiable solution

%(f(x +ct)® fx — ct)) o(— 1)210 ffrgg(s)ds, for x > ct,
u(z,t) = (17)
St e o (-)f(et— ) 0 (-1 [5 g(s)ds, for 0 < <et

5. Examples

In this section, we will use the above proposed method to solve different examples. The
computations associated with the examples are performed using Mathematica software.

Ezxample 5.1 Consider the following fuzzy wave equation

Uty (2,1) Ogrr 9 © Ugy, ,y (2,1) = x>0,t>0,
u(z,0) = (1,3,4)x, wuy,,(x,0)= (1 3, )z, x>0,
u(0,1) = 0, t> 0.
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Figure 2. Graph of u(z,t) of Example Bl in a = % forz e R

The [(7) — p]—differentiable solution of this equation for = > 3t
1
u(z,t) = 5([1 + 20,4 —a](z +3t) B [1+ 20,4 — a](z — 3t)>

1 x+3t xr+3t
@~ [/ (1+ 2a)sds,/ (4 - oz)sds}
6 z—3t r—3t

= [(1+20)(t + 1)z, (4 — ) (t + 1)a]

and for 0 < x < 3t, we have
1
u(a,t) = 5([1—1—204,4—01]@—!—32?) @ (—1)[1+2a,4—a](3t—x))

1o [ot3t a+3t
d = [/ (1+ Qa)sds,/ (4— a)sds}
6L/

t—x 3t—x

- % [Qt(a —1)+z(5+a)+ 1+ 2a)tr, -9t (a—1) +2(5+ a) + (4 — a)tz|.

These solutions are illustrated in Figures 0 and B.
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Figure 3. Graph of u(z,t) of Example B2 for = > ¢ (left) and for 0 < = < ¢ (right) in a = 3

Example 5.2 Consider the following fuzzy Dirichlet problem on the half-line

Uty (T, 1) ®gH OUag,, (T,1) =0, z>0,t>0,
( ) = (0 ) Uty g ( O) = (_67 _270)37’ x =0,
u(0,) = 0, t>0.

The [(i7) — p]—differentiable solution of this equation for = >t
1
u(e,t) = ; ([4a, 12 — 8a](z + t) & [4a, 12 — 8a] (z — t))

[ / L6+ da)sds, / x+t(—2a)sds]

—t r—1

, (6 —4a)(2 —t)z]

o (-1)

\-/ N | —

=[(20)(2 - 1)z
and for 0 < z < t by (I[7), we have

w(z,t) = %([404, 12 — 8a](z + 1) @ (—1)[da, 12 — 8a](t — :r))
1 -+t T+t
o (—1)5 {/t_x (—6 —I—4a)sds,/t_x (—20()8d8:|
= [ —2z(a — 3) + 6t(a — 1) — 2tzer, —22(av — 3) — 6t(av — 1) — tx(6 — 4(1)]

The solutions are depicted in Figures B and H.

6. Conclusion

In this paper a fuzzy solution for the fuzzy wave equation on the Half-line is introduced
under different type of generalized Hukuhara partial differentiability. The d’Alembert’s
formulas for fuzzy Dirichlet problem on the half-line obtained without embedding them
to crisp equations. To illustrate the technique, some examples are solved by this method
and analytical solution for the fuzzy wave equation is obtained.
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2.0
Figure 4. Graph of u(z,t) of Example B2 in a = % forz e R
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