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Abstract. In this work, we intend to introduce and study another algebraic structure of
single-valued neutrosophic sets called neutrosophic field as a continuation of our investigations
on neutrosophic algebraic structures. For this goal, we define the concept of neutrosophic fields
and observe some of their basic characteristics and properties. Then we give the definition of
a neutrosophic linear space over the proposed neutrosophic field and consider its fundamental
properties.
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1. Introduction

Neutrosopy is a branch of philosophy introduced by Smarandache in 1980. It is the
basis of neutrosophic logic, neutrosophic probability, neutrosophic set and neutrosophic
statistics. While neutrosophic set generalizes the fuzzy set, neutrosophic probability gen-
eralizes the classical and imprecise probability, neutrosophic statistics generalizes the
classical and imprecise statistics, neutrosophic logic however generalizes fuzzy logic, in-
tuitionistic logic, Boolean logic, multi-valued logic, paraconsistent logic and dialetheism.
In the neutrosophic logic, each proposition is estimated to have the percentage of truth in
a subset T', the percentage of indeterminacy in a subset I, and the percentage of falsity in
a subset F. The use of neutrosophic theory becomes inevitable when a situation involving
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indeterminacy is to be modeled since fuzzy set theory is limited to modeling a situation
involving uncertainty. From scientific and engineering point of view, the definition of a
neutrosophic set was specified to the single valued neutrosophic set. The single valued
neutrosophic set was introduced for the first time by Smarandache [13] and Wang et
al. [14]. The single valued neutrosophic set is a generalization of classical set, fuzzy set,
intuitionistic fuzzy set and paraconsistent set etc.

The introduction of neutrosophic theory has led to the establishment of the concept
of neutrosophic algebraic structures. Kandasamy and Smarandache [8] for the first time
introduced the concept of algebraic structures which has caused a paradigm shift in the
study of algebraic structures. Single valued neutrosophic set is also applied to algebraic
and topological structures (see [1-3, 9, 11, 12]). Cetkin and Aygiin [4] proposed the
definitions of neutrosophic subgroups [3] and neutrosophic subrings [4] of a given classical
group and classical ring, respectively. Cetkin et al. [5] also defined the neutrosophic
submodules based on single valued neutrosophic sets and discussed their elementary
properties. In this study, as a continuation of our investigations on algebra of single
valued neutrosophic sets, we present the notions of neutrosophic fields and neutrosophic
linear spaces based on single-valued neutrosophic sets. The proposed notions here, are
generalizations of the known notions in the literature such as fuzzy fields [10], fuzzy linear
spaces over fuzzy fields [15], intuitionistic subfields [16], vague fields and vague vector
spaces [6].

In this paper we proceed as follows: Section 2 gives a brief summary of single-valued
neutrosophic sets and operations on these sets. In section 3, we propose the notion of
a neutrosophic field of a given classical field with examples and discuss its equivalent
characterizations. In addition, we observe its main properties. In section 4, we introduce
the notion of neutrosophic linear spaces over neutrosophic fields and investigate some of
their fundamentals.

2. Preliminaries

In this chapter, we give some preliminaries about single valued neutrosophic sets and
set operations, which will be called neutrosophic sets, for simplicity.

Definition 2.1 [13] A neutrosophic set A on the universe of X is defined by A = {<
z,ta(z),ia(x), falx) > o € X}, where ta,ia, fa: X —]70,17[and ~0 < ta(z)+ia(z)+
fA(:c) < 3+,

From philosophical point of view, the neutrosophic set takes the value from real stan-
dard or non standard subsets of |~0,17[. But in real life applications in scientific and
engineering problems it is difficult to use neutrosophic set with value from real standard
or non-standard subset of |70, 17[. Hence throughout this work, the following specified
definition of a neutrosophic set known as single valued neutrosophic set is considered.

Definition 2.2 [14] Let X be a space of points (objects) with a generic element in X
denoted by z. A single valued neutrosophic set (SVNS) A on X is characterized by truth-
membership function ¢ 4, indeterminacy-membership function i 4 and falsity-membership
function fa. For each point x in X, t4(z),i4(x), fa(z) € [0,1]. A neutrosophic set A can
n
be written as A = > < t(x;),i(zq), f(x;) > Jxi, z € X.
i=1
Example 2.3 [14] Assume that X = {x1,x9, 23}, 21 is capability, xs is trustworthiness
and 3 is price. The values of x1,x2 and z3 are in [0,1]. They are obtained from the
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questionnaire of some domain experts, their option could be a degree of “good service”,
a degree of indeterminacy and a degree of “poor service”. A is a single valued neutrosophic
set of X defined by

A=<0.3,04,0.5> /x14+ < 0.5,0.2,0.3 > /z2+ < 0.7,0.2,0.2 > /x3.

Since the membership functions t4, i4 and fa are defined from X into the unit interval
[0,1] as 4,44, fa : X — [0, 1], a (single valued) neutrosophic set A will be denoted by a
mapping defined as A : X — [0,1] x [0,1] x [0,1] and A(z) = (ta(z),ia(z), fa(x)), for
simplicity.

Definition 2.4 [11, 14] Let A and B be two neutrosophic sets on X. Then

(1) A is contained in B denoted by A C B if and only if A(x) < B(z). This means that
ta(z) < tp(x),ia(z) <ip(z) and fa(z) > fp(z). Two sets A and B is called equal,
ie, A=Biff AC B and B C A.

(2) the union of A and B is denoted by C' = AU B and defined as C(z) = A(x) V B(x),
where A(z) V B(z) = (ta(z) Vtp(x),ia(x) Vig(x), fa(z) A fe(x)) for each x € X.
This means that t¢(x) = max{ta(x),tp(z)}, ic(z) = max{ia(z),ip(z)} and fo(x) =
min{ f4(2), fi (@)}

(3) the intersection of A and B is denoted by C' = ANB and defined as C(z) = A(x)AB(z),
where A(z) A B(z) = (ta(z) Atp(x),ia(x) Nig(x), fa(z) V fe(x)) for each x € X.
This means that t¢(z) = min{ta(z),tp(x)}, ic(z) = min{ia(x),ip(z)} and fo(z) =
max{ fa(x), f(2)}.

(4) the complement of A is denoted by A€ and defined as A°(z) = (fa(x),1—ia(x),ta(z))
for each x € X. Here (A°)¢ = A.

Proposition 2.5 [14] Let A, B and C be the neutrosophic sets on the common universe
X. Then the following properties are satisfied:

) AUB=BUA,ANB=BNA.

) AU(BUC)=(AUB)UC, An(BNC)=(ANnB)NC.

) AU(BNC)=(AUB)N(AUC),AN(BUC)=(ANB)U(ANCQC).

) And=0AU0 =AAUX = X,ANX = A, where t; = iz =
t)? :’l‘)? = 1,f)z = 0.

(5) (AUB)*=A°NB* (ANB)°= A°U B°.

Definition 2.6 [5] Let A and B be two neutrosophic sets on X and Y, respectively.

Then the cartesian product of A and B which is denoted by A x B is a neutrosophic

set on X x Y and it is defined as (A x B)(z,y) = A(z) x B(y), where A(x) x B(y) =

(taxB(®,Y),iaxB(, ), faxB(,9)), Le., taxB(,y) = ta()AtB(Y), iaxp(z,y) = ia(z)A

iB(y) and faxp(z,y) = fa(z) V fB(Y)-

Definition 2.7 [3] Let A be a neutrosophic set on X and « € [0, 1]. Define the a-level
sets of A as follows:

(ta)e = {z € X | ta(z) > a},(ia)a = {z € X [ia(2) > o} and (f4)* = {z € X |
fa(z) < af.

Definition 2.8 [3] Let g : X1 — X3 be a function and A and B be the neutrosophic
sets on X and Xj, respectively. Then

(
(
(
( 0,f; =1 and

(1) the image of a neutrosophic set A is a neutrosophic set on Xo and it is defined by
follows:

9(A)(Y) = (tgay(¥)sigay (), feay) () = (9(ta)(y), gia)(y), g(fa)(y)) for all y € X,
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where g(ta)(y) = {vtA($)’ if 2 € g7 (y);

0, otherwise
. ia(x), ifzeg(y); fa(x), ifzeg(y);
glia)y) = { VA W and g(ra) ) = M) W
0, otherwise 1, otherwise.

(2) the preimage of a neutrosophic set B is a neutrosophic set on X; and it is defined

by g7 (B)(z) = (tg-1(m)(2):ig-1(8)(2), fg1(m)(2)) = (tB(9(2)),iB(9(2)), fB(9(2))) =
B(g(z)) for all x € X;.

Definition 2.9 [3] Let (X, ) be a classical group and A be a neutrosophic set on X. A
is called a neutrosophic subgroup of X if the following conditions are satisfied:

(N1) A(z-y) = A(z) N A(y), ie., ta(xz-y) = talx) Nta(y),ia(z-y) = ia(x) Nia(y) and
fa(z-y) < fa(z)V faly), Vo,y € X

(N2) A(z™) > A(z), ie., ta(@™) > ta(z),ia(z™!) = ia(z) and fa(z™!) < fa(x) for all
z,y € X.

3. Neutrosophic fields

In this section, we introduce the concept of a neutrosophic field over a given classical
field, in terms of the use of the single valued neutrosophic sets. We investigate some
fundamental properties and give characterizations of neutrosophic fields. From now on
let ' = (F,+,-) be a classical field with the unit elements © and e of the additive
operation “+” and the multiplicative operation “-”, respectively.

Definition 3.1 Let F' be a field and A be a neutrosophic set on F'. Then A is called a
neutrosophic field of F' if the following conditions are satisfied:

(NF1) A(z+vy) > A(x) NA(y) for all z, y € F ie., ta(x+y) = ta(x) Nta(y), ia(z +y) >
ia(z) Nia(y) and fa(z +y) < fa(@)V fa(y)-

(NF2) A(—xz) > A(z) forallz € Fie, ta(—x) > ta(z),ia(—z) = ia(x)and fa(—z) < fa(z).

(NF3) A(zy) > A(x)ANA(y) forall z, y € Fie., ta(zy) = ta(x)Ata(y), ia(zy) = ia(x)ANia(y)
and fa(zy) < fa(z) V fa(y).

(NF4) A(z7!) > A(x) for all © # x € F, ie., ta(z™h) > ta(x), ia(x™) > ia(x) and
fa@™) < fa(z).

The collection of all neutrosophic fields of F' is denoted by NSF(F).

Ezample 3.2 Let F = Zs = {0,1,2} be a field with addition modulo and mul-
tiplicative modulo operation (see [7]). A neutrosophic set A of F' defined by A =
{(1,1,0)/0,(0.8,0.8,0.2)/1,(0.8,0.8,0.2) /2} is a neutrosophic filed of F.

Example 3.3 Let F' = R be the set of real numbers. It is known that I is a field with
natural sum and natural multiplication operations (see [7]). Let us define a single-valued
neutrosophic set A = (t4,i4, fa) as follows:

1, ifzxe{0,1} 1, ifxe{0,1}
ta(z) =408, ifxeQ\{0,1} , ia(z) =406, ifzeQ)\{0,1} and
0, ifreR\Q 0, ifre R\Q

0, ifxe{0,1}
falz) =403, ifzeQ\{0,1}.
1, ifzeR\Q



V. Cetkin et al. / J. Linear. Topological. Algebra. 10(03) (2021) 187-198. 191

Then it is easy to see that A is a neutrosophic field of F.

Theorem 3.4 Let F' be a field and A be a neutrosophic set on F'. Then A € NSF(F)
if and only if the followings are satisfied:

(i) A is a neutrosophic additive subgroup of (F,+).
(ii) A is a neutrosophic multiplicative subgroup of (F'\ {©},-).

Proof. The proof is straightforward. [ |

Theorem 3.5 Let A be a neutrosophic field of F'. Then the following properties are
satisfied:

(i) A(®) > A(zx) for any = € F.
(ii) A(e) > A(x) for any x € F'\ {O}.

Proof. (i) Let z € F be given. t4(0) = ta(x —x) = ta(x) Nta(—x) = ta(x) ANta(z) =
ta(x) and similarly, i4(0) > ia(x), fa(©) < fa(z). So the desired inequality A(©) >
A(z) is obtained.

(ii) Let © # x € F be given. ta(e) = ta(zz™) > ta(x) Ata(z) = ta(z) and similarly
we have i4(e) > ia(x), fa(e) < fa(x). Hence A(e) > A(x) for any z € F'\ {©}. [ |

Theorem 3.6 A neutrosophic set A on F' is a neutrosophic field of F' if and only if the
following conditions are satisfied:

(i) A(x —y) > A(x) A A(y) for each z,y € F.
(i) A(xy™1) > A(z) A A(y) foreach z € F, © #y € F.

Proof. Let A be a neutrosophic field of F' and z,y € F.

(i) It is clear that ta(z —y) > ta(x) Ata(—y) = ta(x) Ata(y). Similarly, ia(zx —y) >
ia(z) Nia(y) and fa(z —y) < fa(z) A fa(y). Hence,
Az —y) (ta(z —y),ia(z —y), falr —y))
(ta(z) Atay),ia(z) Aia(y), fa(z) V fay))

(ta(z),ia(z), fa(z)) A (taly),ialy), fa(y))
= A(z) A A(y).

IA\VAN]

(ii) Letz € F and © # y € F be given. It is clear that t 4 (zy =) > ta(z)Ata(y™!) = ta(z)A

ta(y). Similarly, we obtain ia(zy~') > ia(z) Aia(y) and fA( zy~) < fa(z) V faly).

So, according to similar discussion of (i), we obtain A(xy~') > A(z) A A(y). The other
side of the proof is clear from the proof of Theorem 3.4 in [3].

]

Theorem 3.7 Let A be a neutrosophic field of F', then the followings are satisfied:

(i) If A(x —y) = A(O), then A(z) = A(y) for z,y € F.
(i) If A(xy~') = A(e), then A(x) = A(y) for © # 2,y € F.

Proof.
(i) Suppose that A(z —y) = A(©) for some z,y € F. By Theorems 3.5 (i) and 3.6 (i),
ta(z) = ta(z—y+y) taly) = tA(x —(z—y))
> talz—y)Ataly) | g z ta(@) Ata(z—y)
= t4(0) Ata(y) = ta(x) Nta(O)

= ta(y). = ta(®).
Hence we get t4(x) = ta(y). Other equalities are obtained in a similar way. Thus,
)

Az) = (ta(x),ia(2), fa(x)) = (ta(y),ia(y), fa(y)) = A(y).
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zy~ 1) = A(e) for some z € F and y € F \ {0}. By Theorems 3.5 (ii) and 3.6
= fa(zy™y) < fa(zy™")V faly) = fa(e)V fa(y) = fa(y). Then we obtain,
A(y). Now, fa(y) = fale(zy ")) < fa(@) V faley™) = fa(z) V fale) =
fa(zx). Hence, we have fa(y) < fa(x). By these inequalities we see that f4(y) = fa(z).
Similarly, ia(y) = ia(x) and ta(y) = ta(z). Therefore, A(z) = A(y).

=
g
N
S~ —

Theorem 3.8 If A and B are two neutrosophic field of F', then their intersection AN B
S0 is.

Proof. By Theorem 3.6, it is sufficient to show the following conditions are true.

(i) (AN B)(z—y) = (ANB)(x) A (AN B)(y).
(i) (ANB)(zy™") = (ANB)(2) A (AN B)(y).

(i) Let z,y € F be given.
tanB(r —y) ta(z —y) Ntp(r —y)
(ta(m) ANta(y)) A (te(z) ANtp(y))
(ta(z) Atp(x)) A (taly) Ata(y))
= tanp(z) Atans(y).
Similarly, the other inequalities are satisfied. Hence, (AN B)(z —y) > (AN B)(z) A

WV

(AN B)(y).
(ii) Let x € F and y € F'\ {O}.
fan(z-y™h) fal@-y™V falz-y™)

(fa(@) V fa()) vV (FB(x) V fB(Y))

(fa(z)V fB(2)) V (faly) vV fB(y))
= fanB(2)V fanB(y)-

The other inequalities are similarly proved. Therefore, (AN B)(xy~!) = (AN B)(x) A

(AN B)(y). Hence, AN B € NSF(F).

/Al

Proposition 3.9 If A is a neutrosophic field of F', then the followings are satisfied:

(i) A(—z) =A(z) for all x € F
(i) A(z71) = A(z) forall © # x € F.
Proof. (i) Since A € NSF(F) , we have A(—z) > A(x) for all z € F, and also we have
A(z) = A(—(—x)) = A(—x). Hence, (i) is satisfied.
(ii) is similarly proved, for any © # x € F. [ ]

Theorem 3.10 If A € NSF(F), then A(z+y) = A(x) ANA(y) and A(zy) = A(x) AN A(y)
with A(x) # A(y) for each z,y € F.

Proof. Let z,y € F. Assume that A(x) > A(y), ie., ta(x) > ta(y), ia(z) > ia(y),
fa(@) < fa(y). ta(y) = ta(—z +z +y) > ta(—2) Atalz +y) > talz) Ntalz +y) >
ta(x)Ata(x)Ata(y) = ta(y). Therefore, ta(x+y) = ta(y) = ta(x)Ata(y) forall z,y € F.
Now, ta(y) = ta(z™ wy) > ta(e™") Atalzy) > ta(z) Atalzy) > ta(@) Ataly) = tay).
Therefore, ta(xy) = ta(y) = ta(x) ANta(y) for all z,y € F. Similarly, the other equalities
are satisfied. |

Theorem 3.11 Let A € NSF(F).If A(z) < A(y) for some z,y € F, then the followings
are satisfied:
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(i) Az +y) = A(x) = Aly + ).
(i) A(zy) = Alz) = A(yz).

Proof. Let A € NSF(F) and A(z) < A(y) for some z,y € F, ie., ta(r) <
ta(y),ia(z) < ialy), fa(z) > fa(y). Then ta(x +y) 2 ta(x) Ata(y) = ta(z) and
ta(x) =talz+y—y) = talx +y) Nta(y) = ta(x +y). Therefore, t4(z + y) = ta(x).
Similarly other equalities are obtained.

(i) ta(zy) = ta(x) Ataly) = ta(z) and ta(z) = ta(zyy™") > ta(zy) Ataly™') >
ta(zy) ANta(y) = ta(zy). Therefore, t4(zy) = ta(x). Similarly other equalities are satis-
fied. ]

The following proposition gives the characterizations of a neutrosophic field in terms
of a-level sets.

Proposition 3.12 A € NSF(F) if and only if for all « € [0,1], a-level sets
(ta)a, (14)a, (fa)® of A are classical subfields of F', which are not trivial subfields.

Proof. Assume that (t4)a, (i4)a, (f4)® have at least one element different from ©. Let
z,y € (ta)a (similarly, x,y € (ia)a, (fa)®). Then ta(x),ta(y) = a. So, ta(z —y) >
ta(x)Ata(y) = « (and similarly, ig(x —y) > a, fa(x —y) < «), which gives 2 —y € (ta)a
(and z —y € (ia)a, (f1)%). By the similar observation, we can see that t4(xy~!) > «
(and ia(zy™') > a, fa(zy™') < @) and so zy~"' € (ta)a (zy~' € (ia)a, (fa)*). Hence,
(ta)a (and (ia)a, (fa)%) is a classical subfield of F.

Conversely, let (t4)q be a classical subfield of F', for each « € [0,1]. Let z,y € F. If
x = 0O or y = O, the proof is clear. Suppose that z,y # 6. Choose a = t4(x) At4(y) and
B =ta(x). Thus, z,y € (ta)o and x € (ta)g. Since (t4)a, (ta)g are classical subfields of F,
w4y, 2y € (ta)o and —z, 27" € (t4)s. This gives ta(z+y) > a = ta(x)Ata(y), talzy) >
a=ta(x) Nta(y), ta(—z) = B =ta(z) and ta(z~!) > B = ta(x) for all x € F\ {©}.
The other inequalities are similarly proved. Therefore A € NSF(F). [ |

Theorem 3.13 Let I} and F5 be two classical fields and g : F; — F5 be a homomor-
phism of fields which preserves the additive and multiplicative operations. Let A be a
neutrosophic field of F, then the image g(A) of A, is a neutrosophic field of F5.

Proof. Let A € NSF(Fy) and y1,y2 € Fy. If either g7 (y1) or g~ 1(y2) is empty, then
it is obvious that g(A) € NS(F). Suppose g~ (1), g~ (y2) # 0. Let 21,22 € Fy such
that g(z1) = y1 and g(x2) = y2. Since g is a homomorphism of fields, then

gty —y) =\ tal@) = ta(z - 22),
y1—y2=9(x)

gia) i —y2) =\ dal@) Zia(ar — 22),
y1—y2=9()

g(f ) —y) =\ fa(@) < fa(z—22).
y1—y2=9()

By using these inequalities, we show that g(A)(y1 — y2) = g(A)(y1) A g(A)(y2).
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g(A)(y1 —y2) = (9(ta)(yr —y2),9(ia)(y1 — y2), 9(fa)(y1 — y2))

CV ta@, Vs, fale)

Y1 —y2=9(x) y1—y2=g(z) Y1—y2=9g()

(ta(z1 —22),ia(x1 — 22), fa(z1 — 22))

(ta(wr) Ata(ze),ia(z1) Nia(ze), falz1) V fa(ze))
(ta(z1),ia(z1), fa(z1)) A (ta(z2),ia(z2), fa(z2)).

This inequality is satisfied for each x1,z9 € Fy with g(z1) = y1 and g(z2) = ¥o,.
Now, it is clear that

s M- > (V) tal), \ iat), A fal@)

IIA\VARV]

y1=g(z1) y1=g(z1) y=g(z1)
AV ta), Vodate), A falee)
y2=g(x2) y2=g(x2) y2=g(2)

= (g(ta)(y1),9(ia) (1), g(fa)(y1)) A (g(ta)(y2), g(ia)(y2), 9(fa)(y2))
= g(A)(y1) A g(A)(y2)-

By the similar discussion,

g(A) (13" = 9(A) (1) A g(A) ()

is obtained for any y; € Fy and O # y, € F». Hence, the claim g(A) € NSF(F3) is true.
|

Theorem 3.14 Let F} and F, be two classical fields and g : Fi — F> be a homo-
morphism of fields. Let B be a neutrosophic field of F», then the preimage g~!(B) is a
neutrosophic field of Fy.

Proof. Let B € NSF(F;) and x1,x9 € Fy. Then

g (B)(x1 —x2) = (te(g(z1 —x2)),i(g(x1 — x2)), fB(g(x1 — 22)))
= (te(g(x1) — ( 2)),iB(g(21) = g(x2)), fB(g(21) — g(22)))
> (tp(g(x1)) Ate(g(w2)),iB(g9(21))
Nip(g(w2)), fB(g9(x ))\/fB( (z2)))
= (tB(9(21)),in(9(z1)), f ( (z1)))
( B(g(%2)),i5(g9(x2)), fB(9(x2)))

= g (B )(:vl)/\g‘l( )(2).

Also, for z; € F} and © 7é xo € F1, following inequality is valid:

g Bz ay') = (te(g(er-23")),d 'B(9($1'335 ), fB(g(z1 - 237)))
= (tB(g(z1) - g(x2) ™), iB(g(21) - g(x2) ™), fB(g(21) - g(22) ™))
2 (tB(g($1))AtB( (z2)),iB(9(z1))
Nig(9(x2)), fB(9(21)) V fB(9(22)))
= (tB(g(x1)),in(9(21)), fB(g(21)))
Ntp(g(x2)), i ( 1(22)), f5(9(22)))
= g '(B)(a1) AgH(B)(x2).
Hence, g~1(B) is a neutrosophic field of F1 as claimed. [ |

Theorem 3.15 If A and B are neutrosophic fields of F; and Fs, respectively, then A x B
is a neutrosophic field of F} x Fj.

Proof. Let A and B be the neutrosophic fields of F; and F5, respectively. Let x1,y1 € F;
and T, Yo € Fh. Then (l’l,l’g), (yl,yg) € Fi x Fy.
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taxp((x1,22) — (Y1,¥2)) = taxs(®z1 —y1, 22 —y2)

ta(x1 —y1) Ntp(w2 —y2)

(ta(z1) Ata(yr)) A (te(z2) AtB(Y2))
(ta(z1) Atp(a2)) A (ta(yr) Atp(ye))
taxB(T1,22) Ntax(yi,y2).

Similarly, we obtain iAxB((l‘l,xg) - (yl,yg)) = iAxB(aZ1,x2) A iAxB(yl,yg) and
fax((w1,72) — (y1,92)) < faxp(w1,72) V faxp(y1,y2). Hence, (A x B)((w1,72) —
(y1,v2)) = (A x B)(z1,22) A (A x B)(y1,y2). So, the condition (i) of Theorem 3.6 is
satisfied. Now, let us show that the condition (ii) of Theorem 3.6 is true. Let x; € Fi,
G);éyleFl andmgng,G);éygng.

|I\VANI

taxs(Tiy; ways ')

talziyr ") Atp(zayy ')

(ta(z1) ANta(yr)) A (ts(z2) Atp(y2))
(ta(z1) Ntp(w2)) A (ta(yr) Ate(y2))
taxp(x1,22) Ataxp(yi, y2).

Similarly, other inequalities are satisfied. Hence, A x B is a neutrosophic field of
F1 X FQ. [ ]

taxs((z1,22)(y1,y2) 1)

IA\VAN]

4. Neutrosophic linear spaces over neutrosophic fields

In this section, we introduce the notion of a neutrosophic linear (vector) space over the
neutrosophic fields as an extension of the fuzzy linear spaces given in [15] and investigate
some of its elementary properties.

Definition 4.1 Let F' be a classical field, V' be a classical linear (vector) space over F,
A be a neutrosophic field on F, and B be a neutrosophic set on V. Then B is called
a neutrosophic linear space over the neutrosophic field A if the following conditions are
satisfied:

(NL1) B(z+vy) > B(z) ANB(y) for all z, y € V ie, tp(x +y) = tp(x) ANMtp(y),ip(z +y) >
ip(x) Nip(y) and fp(z +y) < fp(r) V fB(Y);

(NL2) B((—J)U) > B(x) forall z € V, i. e, tp(—x) > tp(z),ip(—z) > ip(x) and fp(—z) <
fB(x);

(NL3) B(Az) = A(M\) A B(x) for all A € F, z € V ie., tgp(Ax) = ta(\) Atp(z),ia(Ax) >
ia(A) ANip(x) and fep(Ax) < fa(N\) V fe(z);

(NL4) A(e) = B(O) i.e., ta(e) > tp(0),iale) = ip(O) and fa(e) < fp(O).

Proposition 4.2 Let B be a neutrosophic linear space over a neutrosophic field A. Then
B(—y) = B(y) for any y € V.
Proof. The proof is straightforward. [ |

Proposition 4.3 If B is a neutrosophic linear space over a neutrosophic field A, then
the followings are satisfied:

(i) A(©)=> B(©).
(i) B(©) > B(x) for x € V.
(iii) A(©) > B(x) forz € V.

Proof. It is similar to the proof of Theorem 3.5. [ |
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Theorem 4.4 Let A € NSF(F), V be a linear space over F' and B be a neutrosophic
set of V. Then B is a neutrosophic linear space over A if and only if (i) and (ii) are
satisfied:

(i) B(Az+py) = (A(/(\)/\B e))A(A(u)AB(y)) for \,u € Fand z,y € V,ie., tg(A\r+uy) >

(ta(A) Atp(@)) A (Ea(p) AtB(Y)), iB(Ax + py) 2 (1a(A) At(x)) A (ia(p) Atp(y)) and
fe(Az +py) < (fa(A) V fB(2) V (falp) V [B(Y)).
(i) A(e) = B(z) for z € V., i. e., ta(e) = tp(x),ia(e) = ip(z) and fa(e) < fp(x).

Proof. (i) Let B be a neutrosophic linear space over A. Then we have tg(Az) = ta(\) A
tp(z), ip(Ax) = ia(\) ANip(x) and fp(Ax) < fa(A\) V fp(z) for all x € VX € F and
tp(py) = ta(p) A tp(y), is(py) = ia(p) Aig(y) and fp(py) < fa(w) V fB(y) for all
y € V,u € F. Hence,
tp(Az+py) = t(Ax)+tp(py)

> (ta) A (@) A (ta(p) At ()

= ta(A) Ata(p) Ntp(z) Atp(y).
and similarly, ig(Az + py) = ia(A) Adia(p) Aig(x) Aig(y) and fp(Az + py) <
faN)V fa(p) v fB(x) V fB(y). Therefore, B(Az + py) = (A(A) A B(z)) A (A(A) A B(y)).

(ii) It is clear from the Definiiton 4.1 (NL4) and Proposition 4.3 (ii). Conversely, let
the inequalities of Theorem 4.4 are hold. For z,y € V,
(NL1) If A = p = e, then

tole+y) > tolex) Atp(e) Ata(e) Atn(y)
= tale) Nip(z) Ntp(y)
= tp(z)ANtp(y).
(NL2)
tp(—z) = tp(fx+ (—e)x)
> ta(©)ANtp(z) ANta(—e) ANtp(z)
= tB(ﬁ) AN tB(fL‘)
= tp(x).
(NL3) If p = O,
tB()\.CC) = tB()\.T + @x)
z ta(A) Atp(x) Nta(©) Atp(x)
= ta(N\) Atp(x)
= ip(w).
(NL4) Obvious.
Hence, B is a neutrosophic linear space over A. [ ]

Proposition 4.5 If B and C are two neutrosophic linear spaces over A, then their
intersection BN C' so is.

Proof. Let z,y € V, A\, u € F be given.
tpnc(Az +py) = tp(Ax+py) Nto(Ax + py)
(EA(N) A tp(@) Ata(n) Ats(y) A (Ea(N) A te(@) Atalu) Ate(y))
(ta(A) Atp(x) ANta(A) Ato(@) A (Ealp) Ate(y) Atalp) Ate(y))
= ta(A) Atpne(@) Atalp) Ateno(y).
The other inequalities are similarly satisfied. Hence,

(BNC)Ax +py) = AN A (BNC)(x) AA(u) A (BN C)(y)-

IV

Theorem 4.6 Let V and Z be two linear spaces over the field F and g: V — Z be a
linear transformation and A € NSF(F). If B is a neutrosophic linear space of A, then
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the image ¢g(B) is a neutrosophic linear space of A.

Proof. Let B be a neutrosophic linear space over A, A\, u € F and 21, z5 € Z. If neither
g 1(z1) or g71(22) is empty, then it is obvious that g(B) is a neutrosophic linear space
over A. Suppose g 1(z1), g7 (22) # 0. Then g1 (A2; + p2zg) # 0. Let vy,v2 € V such
that g(v1) = 21, g(v2) = z2. Then g(Av1 + pwa) = Ag(v1) + pg(ve) = Az1 + pze.
g(tg)( A2y + pze) = \ te(w)
wegTt(Az1+p22)
> \/ tp(Av1 + pvs)

v1€g~1(21),02€97 1 (22)

\V {ta(X) Atp(vr) Ata(p) Atp(v2)}

v1€g~ (21),v2€97 1 (22)

= (tA(A)/\ \ tB(v1))A(tA(M)/\ V tB(Zz))
(1) (22)

vi1€g~ (21 w2697 (22
ta(A) ANtgpy(21) Ata(p) ANtypy(z2))
= ta(A) Ata(p) Agy(21) Aty (22

WV

Similarly, we obtain

ig(B)(Az1 + p2z2) 2 1a(X) Nia(p) Nigp)(21) Nig(p)(22)) and fop)(Az1 + pz2) < fa(A)V
fa(w) V fom)(21) V fy(m)(22))-

By using these inequalities,

9(B)(Az1 +pz2) = (g(tp)(Aa1 + pz2), g(ip) (Az1 + pz2), 9(fB)(Az1 + pz2))

(tg(my (N2t + pz2), igep) (Az1 + p22), fo(m) (N2t + pz2))
(tA()\) VAN tA(N) VAN tg(B) (2’1) VAN tg(B) (2’2),
ia(N) Nia(p) Nigpy(21) Nigp(22),
AV fa(R) V fymy(21) V fo(m)(22))
A A A) A g(B) (1) A g(B) ().

Obviously, for z € Z ta(e) > typ)(2), iale) = igp(z) and fa(e) < fym)(2)- So,
A(e) = g(B)(z). Thus, g(B) is a neutrosophic linear space over A. [ |

Vol

Theorem 4.7 Let V and Z be two linear spaces over the field F'and g : V — Z be a
linear transformation and A € NSF(F). If D is a neutrosophic linear space of A, then
the preimage g~ 1(D) is a neutrosophic linear space of A.

Proof. Let z,y € V, A\, u € F be given.

g D)z +py) = tp(gOhz+py))in(gAz + py)), folgAe + uy))
= (tp(Ag(®) + 1g(y)),ip(Ag(z) + 1g(y)), fo(Ag(z) + 1g(y)))
= (ta(\) Atp(g(x)) Ata(p) Atp(g(y)),
ia(A) Aip(g(z)) Nia(n) Nip(g(y)),
faN) V folg(x) v fa(w) V fp(9(v)))
= (ta(N),ia(N), fa(N) A (tp(g(x)),ip(g(x)), fo(g(x)))
A(ta(p),ia(pm), fa(u)) A (tp(g(y)),in(g(y)), fo(g(y)))

(
= AN Ag U D)(x) A A(p) A g~ L (D)(y).
|

Proposition 4.8 Let A € NSF(F) and the neutrosophic sets Bj, Ba,, ..., B, of the
vector space Vi, Va, ..., V,,, respectively, be the neutrosophic linear spaces over A. Then
By x By X ... X By, is a neutrosophic linear space over A.

Proof. Let B=B1 X By X ... X By, x = (21, .e0, ), Yy = (Y1, oo, Yn) € V1 X Vo X ... XV,
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and \,u € F.
(i)
tB(Ax + py) = tBx.xB,(AT1 4+ Y1, ..., ATy + pyn)
Nt + ny;)

j=1,...n

> N {ta(N) At () Atalp) Ata,(y;)}
Jj=1,...,n

= taMA N te @) Ataw) N\ ts ()

7j=1,...,n 7j=1,..,n

= ta(N) A Lp(0) A ta(e) A ts(y).

Similarly, the other inequalities are hold.

(i) ta(e) = tp,(z;) for all j = 1,...,n. So ta(e) > /\tBj(mj) = tp(z) for all z €
J

VixVox..xV,.
Hence, By X By X ... X B,, is a neutrosophic linear space over A. [ |

5. Conclusion

In this paper, the notion of a neutrosophic field, which based on single-valued neutro-
sophic sets, over a classical field has been presented. Some of its main properties have
been discussed and its equivalent characterizations have been studied. At the same time,
the concept of neutrosophic linear spaces over neutrosophic fields have been introduced
and it is expected that several results from linear algebra and functional analysis can
be extended to the notion of single-valued neutrosophic sets. Particularly, it is hoped
that the concept of neutrosophic linear spaces will give rise to the notion of neutrosophic
normed spaces.
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