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Abstract: The effect of a distributed patch mass on the natural frequency of vibration of a lami-

nated rectangular plate with simply supported boundaries is investigated. The third order dis-

placement field of a composite laminated rectangular plate is defined using the two- variable re-

fined plate theory. Equations of motion of the plate are obtained with the help of the calculus of

variation. Parametric study of non-dimensional natural frequencies of vibration is carried out

and the effects of geometrical parameters such as the aspect ratio of the plate, size and location

of the patch mass on these frequencies are studied. The results are then compared with those re-

ported using the third order shear deformation theory. The findings are found to be in a very

good agreement.
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1. Introduction

Composite materials have found various engi-
neering applications due to their high strength to
weight ratio, high degrees of anisotropy and low
rigidity in transverse shear compared with other
materials, and are widely used in the automotive,
aerospace and other application in structures. These
materials are practically subjected to various load-
ing conditions such as distributed patch mass,
transverse and in-plane loadings, hence it is neces-
sary to study their response to these loading condi-
tions. Withney and Pagano [1] investigated free
vibration response of a composite plate using the
first order shear deformation theory (FSDT). This
theory needs shear correction factor to rectify the
unrealistic variation of the shear strain-stress through
the thickness. To overcome the limitations of FSDT,
higher order shear deformation theory (HSDT) were
developed by Levinson [2], Reddy [3], Ren [4], Kant
and Pandta [5] and Mohan et al. [6].

Singh et al. [7] studied natural frequencies of
composite plates with random material properties
using higher order shear deformation theory which
rotary inertia effect was also considered. Noor [8]

presented the exact three dimensional elasticity so-
lutions of the vibration of isotropic, orthotropic and
anisotropic composite plates. Reddy [9] carried out
free vibration analysis of anti-symmetric angle-ply
laminated plates considering the effect of trans-
verse shear deformation using finite element me-
thod. Khdeir and Reddy [10] obtained the free vi-
bration response of laminated composite plate with
the help of the second order shear deformation
theory. Wong [11] studied the effect of distributed
patch mass on the plate vibration response. A two-
variable refined plate theory (RPT2) which has two
unknown functions was developed by Shimpi [12]
for isotropic plates. Shimpi and Patel [13,14] could
extend the two- variable refined plate theory for
free vibration analysis of simply supported ortho-
tropic plates. Alibeigloo et al. [15] studied the vi-
bration response of anti-symmetric rectangular
plates with distributed patch mass using the third
order shear deformation theory (TSDT).
Seung-Eock et al. [16,17] employed the two- va-
riable refined plate theory for vibration and buck-
ling analysis of cross-ply and angle-ply laminated
composite plates under the action of the transverse
and in-plane force. While there are many papers on
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plate vibrations with added point masses, very few
reports on plate vibration with patch mass can be
found in this case such as Kompaz and Telli [18],
and Wong [11]. The aim of this paper is to develop
RPT2 for laminated composite plates with mass.
The most important feature of this theory is that it
does not require shear correction factor which is
essential for making an equilibrium condition at the
top and bottom faces of the plates, and has consi-
derable similarities with the classical plate theory
in boundary conditions, moment expressions and
constitutive equations.

2. Basic formulation

A rectangular plate with length, width and
thickness equal to a, b and h respectively is consi-
dered. The plate supports an arbitrary patch mass,
M,,., with dimensions equal to ¢ and d in the x and
y-direction respectively, with its centre positioned
at (x,y’) on the upper surface of the plate, as shown

mass °

in Fig. 1. The global Cartesian coordinate system is
chosen with the origin at the corner and on the
middle plane of the plate, z=0. Therefore, the do-
main is defined as 0<x<a, 0<y<bh and
—h/2<z<h/2. In order to proceed with the formula-
tion of the problem using the two- variable refined
plate theory (RPT2), it is assumed that the dis-
placement components (u,v,w)of the plate are
small in comparison with the thickness of the plate.

Also, the transverse normal stress in the z-
direction, o_, 1s very small in comparison with the in-

plane stresses,o, ando,. In view of the above as-
sumptions, the stress— strain relations can be reduced
from a 6x6 matrix to a 5x5 matrix that reduces the

complexity of the problem. The total displacements
of the plate in the x and y-direction (U,V) are inclu-

sive of three components,u ,u,,u; and the total dis-
placement in z-direction (W) is assumed to be con-
sisting of three components, w,,w, and w, which are
the functions of x, y and time [16].

U=u—z(awh/ax)+z(%—§(z/h)2jaa% (D
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V=v—z(aw,y/ay)+z(%—%(z/hyjag:; 1)

W=w,+w, +w,

Where subscripts, a, b and s denote extension,
bending and shearing components, respectively. In
order to define the stress-strain relations in the geome-
trical coordinate system of the plate, that is the global
Cartesian coordinate system, the components of the
reduced stiffness tensor should be transformed accord-
ing to the transformation law of the fourth order ten-
sors. The strain energy and the kinetic energy of the
plate are defined as:

ja €4V

.Srram -

)
T:%J'p(UZ+VZ+W2)dxdydz

Vv

As a matter of fact, the stress resultants of the
total N layers of the plate are found in terms of the
mid plane strain and curvatures of the plate.

3. Equations of motion

The total kinetic energy of the plate with the
patch mass is the summation of the kinetic energies
of the plate and the uniformly localized patch mass
acting on the top surface of the plate:

Tmta/ = Tp/ate + Tmass (3)
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Fig. 1. A rectangular plate with a distributed patch mass

Where 1,.1, = [ pll.z*)dz are the inertia terms,

p,, and h, are the density of the patch mass and its
thickness in the z-direction respectively. The first
variation of the Lagrangian, (i.e., Hamilton’s prin-
ciple [19]) is employed to obtain the coefficients of
mass and stiffness matrix.

Jj]z S(USrrain - T ) = O

total

&)

Where 6 presents a variation with respect to x and
y. Here U, denotes the strain energy. Since this

Strain

study here is in the free vibration analysis, the po-
tential energy due to the applied force leads to zero.
Substituting the displacements field in the relevant
strain energy and kinetic energy terms, integrating
the equations by parts and collecting the coeffi-
cients of &, &, dw,, dw,and dw,, the equations of mo-

a’

tion for homogeneous laminates are derived as fol-
lows:

L. &%—(Ti[ NX’ jd dx+ﬁl w’dydx +
(6)
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Finally, the sets of governing equations of plate
vibration are obtained in the form of
(Ik]- @*[S]f2}=1{0}, where [k] and [s] are the stiff-
ness and mass matrices respectively, @ is the natu-
ral frequency of vibration of the plate and 4 is a
vector of unknown coefficients. For convenience,
the non-dimensional natural frequency of plate is
defined as: @ = wy/pa*/E,h* .

Here, two sets of boundary conditions are consi-
dered. The first set of boundary condition is called
the SS-1 boundary condition that is applied for an
anti-symmetric cross-ply laminate and the second
one is called SS-2 boundary condition for an anti-
symmetric angle-ply laminate.

SS-1 boundary condition:

For i=a,b,s, m=0,a and n=0,b

u(x,n) = v(m, y) =0, w, (m, y) =w, (x,n) =0,
=0,0w, /9y(m, y) = ow, /ox(x,n)
N, (m,y)=N,(x.n)=M(my)
:Mj(m,y)zM;’_(x,n)zMX(x,n)ZO

x

SS-2 boundary condition:
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For i=a,b,s, m=0,a and n=0,b
u(m y) = v(x,n) =0, w, (m y) =w, (x,n) =0,
w3y m, ) = w2 ()
N, (0.y)=N,(x0)=M"(0,y)=
M (x0)=M:(0,y)=M:(x0)=0
N (a,y)=N,(xb)=M(a,y)=
M} (x,b)=M:(a,y)=M:(xb)

In order to satisfy the boundary conditions, the
following displacement fields are assumed:

u U,,cosa, xsinf3y
v V.. sinc, xcos B,y
Wy ¢ = 2,2\ Wo sin, xsin 5, y (7
m=1n=1
w, W, sina, xsin 3y
Wa Wamn sin am‘x sin ﬂ}’l y

Where a=mz/a, f=nz/b, and (U, ,V,, A W,,.,
w. W, ) are coefficients.

smn’ amn

4. Numerical results and discussion

Two sets of dimensionless material properties
are considered:

MATI:
E,/E, =open,G,/E, =0.6,G,/E, =G, /E, =0.5,0,, =0.25

MAT?2:
E |E,=25Gy,/E, =04,G,/E, =G, /E, =0.6,0, =0.3

At first, the vibration response of a plate without
the patch mass is studied. The first non-
dimensional natural frequencies of vibration for a
four-layer anti-symmetric cross-ply laminate made
of MAT1 with G,=G,, =0.6E, and a/h=5 are
found with different values of E,/E, as a parameter.

The results are compared with those obtained using
the first order shear deformation theory [1], the 3D-
Elasticity solution [8] and higher order shear de-
formation theory [9], as shown in Table 1. As it is
expected, the results obtained by the present theory
are in a very good agreement with the results of the
higher shear deformation theory.

Now, a distributed patch mass at the centre of the
plate with the following properties is considered.
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Mma.vs/Mp[ale = 05; C/a = d/b = 04—)
pmthd =0.5—> pmhm =13, 125ph =3. 12510
phab

The effect of the distributed patch mass on the
first non-dimensional natural frequency of angle
ply laminated plates made of MATI, [45/-45],
with different ratios of a/h and a/b are studied and

the results obtained by the present method (RPT2)
are compared with those obtained by (TSDT) me-
thod [15], as shown in Table 2. It is observed that,
as the a/b ratio increases (the a/h ratio being con-
stant), the first natural frequency increases. Com-
parison of the results of the first natural frequency
between RPT2 and TSDT methods with distributed
patch mass is shown in Fig. 2.

In the next step, the distributed patch mass is
considered in three different positions on the plate.

These three positions of the distributed patch mass
are:

1) x =a/4,y =b/2
2) x,=a/2,y, =b/4
3) xX;=a/6,y,=b/5

and other parameters related to the distributed
patch mass are:

Mmum/M =0-3, C/(,Z:d/bzoz

plate

The effect of position of the distributed patch
mass on the first natural frequency of an angle-ply
laminated plate made of MAT2 with [30/-30], la-
mination is studied and the results are shown in
Table 3. It is observed from Table 3, that the natu-
ral frequency of the plate with distributed patch
mass at position 3 is higher than the other two posi-
tions under study, that is due to its larger stiffness
induced comparing with the other two positions.
The non-dimensional first natural frequency of a
rectangular plate made of MAT2 for/45/-45], la-
mination for four different positions of the patch
mass is shown in Fig. 3. Due to the symmetry im-
posed by the boundary conditions of the plate, it is
observed that the patch mass in position 1 and posi-
tion 2 would have similar natural frequencies of
vibration.
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Table 1. The first non-dimensional natural frequency (E) , anti-symmetric cross-ply square plate,

(0/90),, MAT1 with G,; =G,; =0.6E,, a/h=5

E, /Ez
Theory 3 10 20 30 40
FSDT[1] 6.4402 8.1963 9.6729 10.6095 11.2635
3D-E[8] 6.5455 8.1445 9.4055 10.165 10.6798
HSDTI[9] 6.5008 8.1954 9.6265 10.5348 11.1716
Proposed 6.5008 8.1948 9.6251 10.5333 11.1705

Table 2. The non-dimensional first natural frequency (5), MATIL, [45/-45],
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a/b Theory a/h
10 20 30 40 50
0.2 TSDT [15] 5.3728 5.8127 5.9079 5.9423 5.9585
0.2 Proposed 5.4030 5.8227 5.8488 5.9122 5.9446
0.6 TSDT [15] 7.8768 9.0055 9.2748 9.3751 9.4227
0.6 Proposed 7.9366 9.0264 9.2845 9.3803 9.4258
0.8 TSDT [15] 9.5102 11.1744 11.5923 11.7503 11.8256
0.8 Proposed 9.5487 11.1861 11.5973 11.7527 11.8269
1.0 TSDT [15] 11.2448 13.5765 14.1934 14.4304 14.5442
1.0 Proposed 11.2868 13.5870 14.1974 14.4321 14.5448
1.2 TSDT [15] 13.0434 16.1777 17.0518 17.3932 17.5585
1.2 Proposed 13.1349 16.2067 17.0646 17.4000 17.5624
1.6 TSDT [15] 16.8026 21.9349 23.5225 24.1660 24.4826
1.6 Proposed 17.1292 22.0784 23.5961 24.2092 24.5103
2.0 TSDT [15] 20.7951 28.4084 31.0067 32.1021 32.6506
2.0 Proposed 21.4663 28.7637 31.2024 32.2214 32.7294
25 \ \ \ \ \ \ \ \
2 O Results based on TSDT : : : :
S « Results based on RPT2 (Present) : : : :
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Fig. 2. Comparison of (&) obtained by (RPT2) and (TSDT) methods, MAT1, [ 45/—45 ] 5-

Table 3. The effect of a/b and a/h on (E) of a plate with patch mass, MAT2, [30/-30],

a/b a/h
10 20 30 40 50
Pose 1
0.2 7.4084 8.0523 8.1928 8.2440 8.2680
0.8 10.4399 11.6925 11.9822 12.0892 12.1397
14 15.3371 17.7550 18.3529 18.5779 18.6852
2 21.3574 25.5037 26.5983 27.0189 27.2210
Pose 2
0.2 7.4322 8.0611 8.1971 8.2464 8.2696
0.8 10.4516 11.6974 11.9846 12.0906 12.1407
14 15.3048 17.7390 18.3445 18.5730 18.6819
2 21.2429 25.4380 26.5627 26.9973 27.2067
Pose 3
0.2 8.7569 9.5884 9.7614 9.8235 9.8524
0.8 12.2495 13.9077 14.2712 14.4030 14.4648
1.4 17.8157 21.0767 21.8435 22.1259 22.2592
2 24.5518 30.1950 31.6253 32.1623 324175
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Fig. 3. Comparison of (E) of a rectangular plate with patch mass, four positions, MAT2, [45/—-45],.

5. Conclusions

In this paper, the free vibration of a rectangular
composite plate carrying a distributed patch mass was
presented. The governing equations have been ob-
tained by the two-variable refined plate theory and the
effect of aspect ratios, size and location of the patch
mass on the free vibration of the plate studied. The
main conclusions are as:

- The first natural frequency of vibration of a plate

increases with an increase in the ratio of a/b

(with a/h being constant).

- The results obtained by the two-variable refined
plate theory is in a very good agreement with the
results obtained by the higher order shear de-
formation theory.

- The lowest natural frequency of plates with sym-
metric boundary conditions occurs with the
patch mass at the centre of the plate. The natural
frequency increases with the patch mass moving
towards the corner of the plate.

Nomenclature

w, displacement term in extension in the z-
direction

wp  displacement term in bending in the z-
direction

ws  displacement term in shear in the z-direction

oij Stress in the local coordinate

¢ij  Strain in the local coordinate

Gij Modulus of elasticity in shear in the ij-direction

E; Modulus of elasticity in tension and com-
pression in the i-direction

vii Poisson's ratio
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