
Iranian Journal of Optimization, 13(3), 191-196, September 2021    191 

 

Keywords: 

Contractive-type 

multi-valued 

data dependence  

existence 

uniqueness 

*Correspondence E‐mail: smlaniki@yahoo.com 

 

 

 
                                        Online version is available on: www.ijo.rasht.iau.ir 

 

Analysis for Quadrupled Fixed Point of Contractive-Type Multi-

Valued Operators 
 

Samuel Adamariko Aniki* 

 

Department of Mathematics, Faculty of Science, Confluence University of Science and Technology, Osara, 

Kogi State, Nigeria 
 

 

Revise Date: 13 December 2021    Abstract 
Accept Date: 16 April 2022                          This work considered the existence, uniqueness and data dependence 

of quadrupled fixed point theorems for contractions in metric spaces, 

equipped with vector-valued metrics whose approach is primarily based 

on Perov-type fixed point of contractive-type multi-valued mapping in 

Cauchy spaces. This work obtained results that complement recent and 

available results in literature. 

 

 

 

 

 

 

 

 

 

 
       

 

 

 

  

 

 

 

Optimization 
Iranian Journal of Optimization 

Volume 13, Issue 3, 2021, 191-196 

Research Paper Islamic Azad University 
Rasht Branch 

ISSN: 2588-5723 
       E-ISSN:2008-5427 

 

https://ijo.rasht.iau.ir/?_action=article&au=2737761&_au=Samuel+Adamariko+Aniki


Iranian Journal of Optimization, 13(3), 191-196, September 2021    

 

192  
 

Samuel Adamariko Aniki / Analysis for Quadrupled Fixed… 

/ Presenting a Mathematical … 

INTRODUCTION 

   For the introductory part of this work, see 

(Perov, 1964; Guo & Lakshmikantham, 1987; 

Bhaskar & Lakshmikantham, 2006; 

Lakshmikantham & Ciric, 2009; Rus, 2009; 

Berinde & Borcut, 2011; Petru et al., 2011;  Cho 

et al., 2013; Gupta, 2013; Gupta et al., 2014; 

Gupta, 2014; Gupta, 2016; Rauf & Aniki, 2021). 

Hence, this work is a continuation to the work of 

Aniki and Rauf (2020), which complements the 

results that was recently obtained. 

MATERIALS AND METHODS 

   We summarize in the following the simple 

notions and results established in view of their 

generalization. 

Definition 1 (Aniki & Rauf, 2020). Let 𝑋 be a 

non-empty set. A mapping 𝑑: 𝑋2 → ℝ is referred 

to as the distance function between 𝑢,𝑣 in 𝑋if the 

following properties are satisfied: 

i. 𝑑(𝑢,𝑣) ≥ 0 for all  𝑢,𝑣 ∈ 𝑋, 
ii. 𝑑(𝑢,𝑣) = 0 if and only 𝑢 = 𝑣 

iii. 𝑑(𝑢,𝑣) = 𝑑(𝑣,𝑢) for all 𝑢,𝑣 ∈ 𝑋 

iv. 𝑑(𝑢,𝑣) ≤ 𝑑(𝑢,𝑤) + 𝑑(𝑤,𝑣) for all 

𝑢,𝑣,𝑤 ∈ 𝑋 

If 𝑢,𝑣 ∈ ℝ,  𝑢 = (𝑢1, … ,𝑢𝑚) and 𝑣 = (𝑣1, … ,𝑣𝑚), 
then, by definition: 𝑢 ≤ 𝑣 if and only if 𝑢𝑖 ≤ 𝑣𝑖 
for 𝑖 ∈ {1,2, … ,𝑚}. 
A set endowed with a vector-valued metric 𝑑 is 

called generalized metric space. 

We denote with the aid of𝑀𝑚𝑚(ℝ+) the set of all 

𝑚 ×𝑚 matrices with positive elements and by 𝐼 
the identity matrix. 

Theorem 1 (Aniki & Rauf, 2020). Let   𝐴 ∈
𝑀𝑚𝑚(ℝ+). The following assertions are 

equivalent, 

i.  𝐴 is convergent towards the zero matrix, 

ii.  𝐴𝑛 → 0as𝑛 → ∞ 

iii.  The eigenvalues of 𝐴 are in the open unit disc, 

i.e. |𝜆| < 1, for every 𝜆 ∈ ℂ with  

𝑑𝑒𝑡(𝐴 − 𝜆𝐼)
= 0                                                                   

iv.  The matrix (𝐼 − 𝐴) is nonsingular and  

(𝐼 − 𝐴)−1 = 𝐼 + 𝐴 +⋯+ 𝐴𝑛 +⋯        (1) 

v.  The matrix  (𝐼 − 𝐴) is nonsingular and  

(𝐼 − 𝐴)−1 has nonnegative  elements. 

vi.  𝐴𝑛𝑞 → 0 and 𝑞𝐴𝑛 → 0  as  𝑛 → ∞ for each 

𝑞 ∈ ℝ𝑚. 

Theorem 2 (Aniki & Rauf, 2020). Let (𝑋,𝑑) be a 

complete generalized metric space and the 

operator 𝑓: 𝑋 → 𝑋 with the property that there 

exists a matrix 𝐴 ∈ 𝑀𝑚𝑚(ℝ) such that 

𝑑(𝑓(𝑢),𝑓(𝑣)) ≤ 𝐴𝑑(𝑢,𝑣) for all 𝑢,𝑣 ∈ 𝑋. If 𝐴 is 

a matrix convergent towards zero matrix. Then, 

i.  𝐹𝑖𝑥(𝑓) = {𝑢∗} 
ii.  The sequence of successive approximations 

(𝑢𝑛)𝑛∈ℕ,𝑢𝑛 = 𝑓𝑛(𝑢0) is convergent and has 

the limit  𝑢∗, for all 𝑢0 ∈ 𝑋 

iii.  One has the following estimation 

𝑑(𝑢𝑛,𝑢
∗)

≤ 𝐴𝑛(𝐼 − 𝐴)−1𝑑(𝑢0,𝑢1)                                 (2) 
iv. If 𝑔: 𝑋 → 𝑋 is an operator such that there exists 

𝑣∗ ∈ 𝐹𝑖𝑥(𝑔) and 𝜖 ∈ (ℝ𝑚
+ ) with  

𝑑(𝑓(𝑢),𝑔(𝑢)) <∈ for each 𝑢 ∈ 𝑋 

then𝑑(𝑢∗,𝑣∗) ≤ (𝐼 − 𝐴)−1𝜖 

v.  If 𝑔: 𝑋 → 𝑋 is an operator  such that there 

exists 𝜖 ∈ (ℝ𝑚
+ )∗ such that  (𝑓(𝑢),𝑔(𝑢)) ≤ 𝜖 

for all 𝑢 ∈ 𝑋 then for the sequence 𝑣𝑛 =
𝑔𝑛(𝑥0) we have the following estimation 

𝑑(𝑣𝑛,𝑢
∗)

≤ (𝐼 − 𝐴)−1𝜖
+ 𝐴𝑛(𝐼 − 𝐴)−1𝑑(𝑣0,𝑣1).                                 (3) 

Definition 2 (Aniki & Rauf, 2020). Let (𝑋, 𝑑) be 

a metric space. The system of operational 

equations 

𝑢 = 𝑇1(𝑢,𝑣,𝑤,𝑥) 
𝑣 = 𝑇2(𝑢,𝑣,𝑤,𝑥) 
𝑤 = 𝑇3(𝑢,𝑣,𝑤,𝑥) 
𝑥 = 𝑇4(𝑢,𝑣,𝑤,𝑥) 

where  𝑇1,𝑇2,𝑇3,𝑇4: 𝑋
4 → 𝑋are four mappings. 

Then, the solution (𝑢,𝑣,𝑤,𝑥) ∈ 𝑋4 of the 

system is referred to as a quadrupled fixed point 

for  (𝑇1,𝑇2,𝑇3,𝑇4) 

Definition 3 (Aniki & Rauf, 2020). Let (𝑋,𝑑) be 

a generalized metric space with the operator 

𝑓: 𝑋 → 𝑋. Then, the fixed point equation 

𝑢 = 𝑓(𝑢)                                       (4)  
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am-Hyers stable if there exists an increasing 

function 𝜓:ℝ+
𝑚 → ℝ+

𝑚 continuous at zero with 

𝜓(0) = 0 such that for any 𝜖 = (𝜖1, … ,𝜖𝑚) with 

𝜖𝑖 > 0 for 𝑖 ∈ {1,… ,𝑚} and any solution  𝑢∗ ∈ 𝑋 

of the inequality 

𝑑(𝑣,𝑓(𝑣))

≤ 𝜖                                                                   (5) 
there exists a solution  𝑢∗ of (4) such that  

𝑑(𝑢𝑛,𝑢
∗)

≤ 𝜓(𝜖)                                                             (6) 
In particular, if 𝜓(𝑡) = 𝑐𝑡,  𝑡 ∈ ℝ+

𝑚, (where 𝑐 ∈
𝑀𝑚𝑚(ℝ+)), then the fixed point equation (4) is 

called Ulam-Hyers stable. 

MAIN RESULTS 

Firstly taking note of some notations, let (𝑋,𝑑) be 

a generalized metric space with 𝑑: 𝑋 × 𝑋 → ℝ+
𝑚 

given by 

𝑑(𝑢,𝑣) = (
𝑑1(𝑢,𝑣)

⋮
𝑑𝑚(𝑢,𝑣)

) 

Then, for 𝑢 ∈ 𝑋 and 𝐴 ⊆ 𝑋 denote: 

𝐷𝑑(𝑢,𝐴) = (

𝐷𝑑1(𝑢𝐴)

⋮
𝐷𝑑𝑚(𝑢,𝐴)

) = (

inf
𝑎∈𝐴

𝑑1(𝑢,𝑎)

⋮
inf
𝑎∈𝐴

𝑑𝑚(𝑢,𝑎)
) 

𝑃(𝑈) = {𝑉 ⊆ 𝑈 𝑉⁄ 𝑖𝑠 𝑛𝑜𝑛𝑒𝑚𝑝𝑡𝑦} 
𝑃𝑐𝑙 = {𝑉 ⊆ 𝑈 𝑉⁄ 𝑐𝑙𝑜𝑠𝑒𝑑}. 

Also denote 

𝔇((𝑢,𝑣,𝑤,𝑥), 𝐴 × 𝐵 × 𝐶 × 𝐷) = (

𝔇𝑑(𝑢,𝐴)
𝔇𝑑(𝑣,𝐵)
𝔇𝑑(𝑤,𝐶)
𝔇𝑑(𝑥,𝐷)

) 

The following result is the existence, uniqueness, 

data dependence and Ulam-Hyers stability 

theorem for quadrupled fixed point of multi-

valued operators (𝑇1,𝑇2,𝑇3,𝑇4). for the proof of the 

result, the following theorem is given. 

Theorem 3. Let (𝑋,𝑑) be a complete generalized 

metric space and let 𝑇: 𝑋 → 𝑃𝑐𝑙(𝑋) be a multi-

valued 𝐴 −contraction, i.e. there exists 𝐴 ∈
𝑀𝑚𝑚(ℝ+) which converges towards zero as 𝑛 →
∞ and for each 𝑢,𝑣 ∈ 𝑋 and each 𝑝 ∈ 𝑇(𝑢) there 

exists 𝑞 ∈ 𝑇(𝑣) such that 𝑑(𝑝, 𝑞) ≤ 𝐴𝑑(𝑢,𝑣). 
Then, 𝑇 is a 𝑀𝑃 −operator, i.e. 𝐹𝑖𝑥(𝑇) ≠ ∅ and 

for each (𝑢,𝑣) ∈ 𝐺𝑟𝑎𝑝ℎ(𝑇) there exists a 

sequence (𝑢𝑛)𝑛∈𝑁 of successive approximations 

for 𝑇 starting from (𝑢,𝑣) which converges to a 

fixed point 𝑢∗of 𝑇. Moreover, 𝑑(𝑢,𝑢∗) ≤ (𝐼 −
𝐴)−1𝑑(𝑢,𝑣), for all (𝑢,𝑣) ∈ 𝐺𝑟𝑎𝑝ℎ(𝑇). 
Proof. Let 𝑢0 ∈ 𝑋 and 𝑢1 ∈ 𝑇(𝑢0). Then, by the 

𝐴 −contraction condition, there exists 𝑢2 ∈
𝑇(𝑢1) such that 𝑑(𝑢1,𝑢2) ≤ 𝐴𝑑(𝑢0,𝑢1). Now, for 

𝑢2 ∈ 𝑇(𝑢1) there exists 𝑢3 ∈ 𝑇(𝑢2) such that 

𝑑(𝑢2,𝑢3) ≤ 𝐴𝑑(𝑢1,𝑢2) ≤ 𝐴
2𝑑(𝑢0,𝑢1). 

Now, by an iterative construction, the sequence  

(𝑢𝑛)𝑛∈𝑁 is gotten such that 𝑢0 ∈ 𝑋 and 𝑢𝑛+1 ∈
𝑇(𝑢𝑛), then 𝑑(𝑢𝑛,𝑢𝑛+1) ≤ 𝐴𝑛𝑑(𝑢0,𝑢1) for all 

𝑛 ∈ 𝑁. 
Thus, by the relation above, then 

𝑑(𝑢𝑛,𝑢𝑛+𝑝) ≤ 𝑑(𝑢𝑛,𝑢𝑛+1) + 𝑑(𝑢𝑛+1,𝑢𝑛+2)

+ ⋯+ 𝑑(𝑢𝑛+𝑝−1,𝑢𝑛+𝑝) 

≤ 𝐴𝑑(𝑢0,𝑢1) + 𝐴
2𝑑(𝑢0,𝑢1) + ⋯+ 𝐴

𝑝𝑑(𝑢0,𝑢1) 
= 𝐴(𝐼 + 𝐴 +⋯+ 𝐴𝑝−1)𝑑(𝑢0,𝑢1) 

On letting 𝑛 → ∞, then, the sequence (𝑢𝑛)𝑛∈𝑁 is 

Cauchy. Hence, there exists 𝑢∗ ∈ 𝑋 such that 

𝑢∗ ∈ 𝑇(𝑢∗). Indeed, for 𝑢𝑛 ∈ 𝑇(𝑢1−1) there 

exists 𝑝𝑛 ∈ 𝑇(𝑢
∗) such that  

𝑑(𝑢𝑛, 𝑢𝑝) ≤ 𝐴𝑑(𝑢𝑛−1,𝑢
∗), 

for all 𝑛 ∈ 𝑁. 
Conversely, 

𝑑(𝑢∗,𝑝𝑛) ≤ 𝑑(𝑢∗,𝑢𝑛) + 𝑑(𝑢𝑛,𝑝𝑛) 
≤ 𝑑(𝑢∗,𝑢𝑛) + 𝐴𝑑(𝑢𝑛−1,𝑢

∗) → 0, 𝑎𝑠 𝑛 → ∞.  
Hence, 

lim
𝑛→∞

𝑝𝑛 = 𝑢
∗. 

But 𝑝𝑛 ∈ 𝑇(𝑢
∗), for 𝑛 ∈ 𝑁 and because 𝑇(𝑢∗) is 

closed, then 𝑢∗ ∈ 𝑇(𝑢∗), 
writing 

𝑑(𝑢𝑛,𝑢𝑛+𝑝) ≤  𝐴(𝐼 + 𝐴 +⋯+ 𝐴𝑝−1

+⋯)𝑑(𝑢0,𝑢1) 
= 𝐴(𝐼 − 𝐴)−1𝑑(𝑢0,𝑢1). 

Letting 𝑝 → ∞, then 

𝑑(𝑢𝑛,𝑢
∗) ≤ 𝐴(𝐼 − 𝐴)−1𝑑(𝑢0,𝑢1) 

for all 𝑛 ≥ 1. Thus 

𝑑(𝑢0,𝑢
∗) ≤ 𝑑(𝑢0,𝑢1) + 𝑑(𝑢1,𝑢

∗) 
≤ 𝑑(𝑢0,𝑢1) + 𝐴(𝐼 − 𝐴)

−1𝑑(𝑢0,𝑢1) 
= (𝐼 + 𝐴(𝐼 − 𝐴)−1)𝑑(𝑢0,𝑢1) 
= (𝐼 + 𝐴 + 𝐴2 +⋯)𝑑(𝑢0,𝑢1) 

= (𝐼 − 𝐴)−1𝑑(𝑢0,𝑢1). 
Definition 4. Let (𝑋,𝑑) be a generalized metric 

space and 𝑇: 𝑋 → 𝑃(𝑋). Then, the fixed point 

inclusion 

𝑢 ∈ 𝐹(𝑢),         𝑢
∈ 𝑋                                                                     (7) 
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is called the generalized Ulam-Hyers stable if and 

only if there exists Ψ:ℝ+
𝑚 → ℝ+

𝑚 increasing, 

continuous at 0 with Ψ(0) = 0 such that for each 

𝜖 = (𝜖1, … ,𝜖𝑚) > 0 and for each 𝜖 −solution 𝑣∗ 
of (7), i.e. 

𝔇𝑑(𝑣
∗,𝐹(𝑣∗ )) ≤ 𝜖                

there exists a solution 𝑢∗ of the fixed point 

inclusion (7) such that 

𝑑(𝑣∗,𝑢∗) ≤ Ψ(𝜖). 
Now, if Ψ(𝑡) = 𝑐𝑡, for each 𝑡 ∈ ℝ+

𝑚 (where 𝑐 ∈
𝑀𝑚𝑚(ℝ+)), then (7) is said to be Ulam-Hyers 

stable. 

Definition 5. A subset 𝑈 of a generalized metric 

space (𝑋,𝑑) is called Proximinal if for each 𝑢 ∈
𝑋 there exists 𝑝 ∈ 𝑈 such that 𝑑(𝑢,𝑝) =
𝔇𝑑(𝑢,𝑈). 
Theorem 4. Let (𝑋,𝑑) be a complete generalized 

metric space and let 𝑇: 𝑋 → 𝑃𝑐𝑙(𝑋) be a multi-

valued 𝐴 −contraction with proximinal values. 

Then, the fixed point inclusion (7) is Ulam-Hyers 

stable. 

Proof. Let 𝜖 = (𝜖1, … ,𝜖𝑚) with 𝜖1 > 0, for each 

𝑖 ∈ 1,2, … ,𝑚 and let 𝑣∗ ∈ 𝑋 an 𝜖 −solution of (7), 

i.e., 

𝔇𝑑(𝑣
∗,𝑇(𝑣∗ )) ≤ 𝜖. 

By the conclusion of Theorem 3, it was shown 

that for any (𝑢,𝑣) ∈ 𝐺𝑟𝑎𝑝ℎ(𝑇) 
𝑑(𝑢,𝑢∗(𝑢,𝑣))
≤ (𝐼 − 𝐴)−1𝑑(𝑢,𝑣),                                             (8) 
where the fixed point of 𝑇 obtained by Theorem 

3 is denoted by  

𝑢∗(𝑢,𝑣), which is from successive 

approximations with initial point of (𝑢,𝑣). Since 

𝑇(𝑣∗) is proximinal, there exists 𝑞 ∈ 𝑇(𝑣∗) such 

that 

𝑑(𝑣∗,𝑞) = 𝔇𝑑(𝑣
∗,𝑇(𝑣∗ )). 

Hence, by (4) 

𝑑(𝑣∗, 𝑢∗(𝑣∗,𝑞∗)) ≤ (𝐼 − 𝐴)−1𝑑(𝑣∗,𝑞∗)
≤ (𝐼 − 𝐴)−1𝜖. 

Theorem 5. Let (𝑋,𝑑) be a complete generalized 

metric space and let 𝑇: 𝑋 → 𝑃𝑐𝑙(𝑋) be a multi-

valued 𝐴 −contraction such that there exists 𝑢∗ ∈
𝑋 with 𝑇(𝑢∗) = {𝑢∗}. Then, the fixed point 

inclusion (7) is Ulam-Hyers stable. 

Proof. Let 𝜖 = (𝜖1, … ,𝜖𝑚) with 𝜖1 > 0, for each 

𝑖 ∈ 1,2, … ,𝑚 and let 𝑣∗ ∈ 𝑋 an 𝜖 −solution of (7), 

i.e., 

𝔇𝑑(𝑣
∗,𝑇(𝑣∗ )) ≤ 𝜖. 

By the 𝐴 −contraction condition, for 𝑢 = 𝑣∗, 𝑣 =
𝑢∗ and 𝑝 ∈ 𝑇(𝑣∗) it is gotten that 

𝑑(𝑝∗,𝑢∗) ≤ 𝐴𝑑(𝑣∗,𝑢∗). 
For any 𝑝 ∈ 𝑇(𝑣∗), then, 

𝑑(𝑣∗,𝑢∗) ≤ 𝑑(𝑣∗,𝑝∗) + 𝑑(𝑝∗,𝑢∗) 
𝑑(𝑣∗,𝑝∗) + 𝐴. 𝑑(𝑣∗,𝑢∗). 

Hence, 

𝑑(𝑣∗,𝑢∗) ≤ (𝐼 − 𝐴)−1𝑑(𝑣∗,𝑝∗), 
for any 𝑝 ∈ 𝑇(𝑣∗). Thus 

𝑑(𝑣∗,𝑢∗) ≤ (𝐼 − 𝐴)−1𝔇𝑑(𝑣
∗,𝑇(𝑣∗ ))

≤ (𝐼 − 𝐴)−1𝜖. 
Definition 6. Let (𝑋,𝑑) be a metric space. With 

the following operational inclusions: 

𝑢 ∈ 𝑇1(𝑢,𝑣,𝑤,𝑥)

𝑣 ∈ 𝑇2(𝑢,𝑣,𝑤,𝑥)

𝑤 ∈ 𝑇3(𝑢,𝑣,𝑤,𝑥)

𝑥 ∈ 𝑇4(𝑢,𝑣,𝑤,𝑥)}
 

 
                                                                                        (9) 

where 𝑇1,𝑇2,𝑇3,𝑇4: 𝑋
4 → 𝑃(𝑋) are four given 

multi-valued operators. By definition, a solution 

(𝑢, 𝑣, 𝑤, 𝑥) ∈ 𝑋4 of the system (9) is called a 

quadrupled fixed point for(𝑇1,𝑇2,𝑇3,𝑇4). 
Definition 7. Let (𝑋,𝑑) be a metric space and let 

𝑇1,𝑇2,𝑇3,𝑇4: 𝑋
4 → 𝑃(𝑋) be four multi-valued 

operators. Then, the operational system (6) is said 

to be Ulam-Hyers stable if there exists 𝑐𝑖 > 0 for 

𝑖 = 1,2, … ,16, such that for each 𝜖1,𝜖2,𝜖3,𝜖4 > 0 

and for each quadruple (𝑝∗,𝑞∗,𝑟∗,𝑠∗) ∈ 𝑋4 which 

satisfies the relations 
𝑑(𝑝∗,𝛼) ≤ 𝜖1 ∀ 𝛼 ∈ 𝑇1(𝑝

∗,𝑞∗,𝑟∗,𝑠∗)

𝑑(𝑞∗,𝛽) ≤ 𝜖2 ∀ 𝛽 ∈ 𝑇2(𝑝
∗,𝑞∗,𝑟∗,𝑠∗)

𝑑(𝑟∗,𝛾) ≤ 𝜖3 ∀ 𝛾 ∈ 𝑇3(𝑝
∗,𝑞∗,𝑟∗,𝑠∗)

𝑑(𝑠∗,𝜅) ≤ 𝜖4 ∀ 𝜅 ∈ 𝑇4(𝑝
∗,𝑞∗,𝑟∗,𝑠∗)}

 

 
                                                      (10) 

there exists a solution (𝑢∗,𝑣∗,𝑤∗,𝑥∗) ∈ 𝑋4 of (9) 

such that 
𝑑(𝑝∗,𝑢∗) ≤ 𝑐1𝜖1 + 𝑐2𝜖2 + 𝑐3𝜖3 + 𝑐4𝜖4
𝑑(𝑞∗,𝑣∗) ≤ 𝑐5𝜖1 + 𝑐6𝜖2 + 𝑐7𝜖3 + 𝑐8𝜖4
𝑑(𝑟∗,𝑤∗) ≤ 𝑐9𝜖1 + 𝑐10𝜖2 + 𝑐11𝜖3 + 𝑐12𝜖4
𝑑(𝑠∗,𝑥∗) ≤ 𝑐13𝜖1 + 𝑐14𝜖2 + 𝑐15𝜖3 + 𝑐16𝜖4}

 

 
                                                 (11) 

Definition 8. Let (𝑋,𝑑) be a metric space and 

S: 𝑋4 → 𝑃(𝑋) has proximinal values with respect 

to the first variable if for any 𝑢,𝑣,𝑤,𝑥 ∈ 𝑋 there 

exists 𝑝,𝑞,𝑟,𝑠 ∈ (𝑢,𝑣,𝑤,𝑥) such that 

𝑑(𝑢,𝑝) = 𝔇𝑑(𝑢,𝑆1(𝑢,𝑣,𝑤,𝑥)) 
𝑑(𝑣,𝑞) = 𝔇𝑑(𝑣,𝑆2(𝑢,𝑣,𝑤,𝑥)) 
𝑑(𝑤,𝑟) = 𝔇𝑑(𝑤,𝑆3(𝑢,𝑣,𝑤,𝑥)) 
𝑑(𝑥,𝑠) = 𝔇𝑑(𝑥,𝑆4(𝑢,𝑣,𝑤,𝑥)) 
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which leads to the next main results. 

Theorem 6. Let (𝑋,𝑑) be a metric space and let 

𝑇1,𝑇2,𝑇3,𝑇4: 𝑋
4 → 𝑃𝑐𝑙(𝑋) be four multi-valued 

operators. Suppose that 𝑇1,𝑇2,𝑇3,𝑇4 has 

proximinal values with respect to the first, 

second, third and fourth variable. For each 

(𝑢,𝑣,𝑤,𝑥),(𝑝,𝑞,𝑟,𝑠) ∈ 𝑋4 and each 𝛼1 ∈
𝑇1(𝑢,𝑣,𝑤,𝑥), 𝛼2 ∈ 𝑇2(𝑢,𝑣,𝑤,𝑥),  𝛼3 ∈
𝑇3(𝑢,𝑣,𝑤,𝑥), 𝛼4 ∈ 𝑇4(𝑢,𝑣,𝑤,𝑥), there exists 𝛽1 ∈
𝑇1(𝑝,𝑞,𝑟,𝑠), 𝛽2 ∈ 𝑇2(𝑝,𝑞,𝑟,𝑠), 𝛽3 ∈ 𝑇3(𝑝,𝑞,𝑟,𝑠), 
𝛽4 ∈ 𝑇4(𝑝,𝑞,𝑟,𝑠) satisfying 

𝑑(𝛼1,𝛽1) ≤ 𝑘1𝑑(𝑢,𝑝) + 𝑘2𝑑(𝑣,𝑞) + 𝑘3𝑑(𝑤,𝑟)
+ 𝑘4𝑑(𝑥,𝑠) 

𝑑(𝛼2,𝛽2) ≤ 𝑘5𝑑(𝑢,𝑝) + 𝑘6𝑑(𝑣,𝑞) + 𝑘7𝑑(𝑤,𝑟)
+ 𝑘8𝑑(𝑥,𝑠) 

𝑑(𝛼3,𝛽3) ≤ 𝑘9𝑑(𝑢,𝑝) + 𝑘10𝑑(𝑣,𝑞)
+ 𝑘11𝑑(𝑤,𝑟) + 𝑘12𝑑(𝑥,𝑠) 

𝑑(𝛼4,𝛽4) ≤ 𝑘13𝑑(𝑢,𝑝) + 𝑘14𝑑(𝑣,𝑞)
+ 𝑘15𝑑(𝑤,𝑟) + 𝑘16𝑑(𝑥,𝑠) 

suppose that 

𝐴 = (

𝑘1 𝑘2 𝑘3 𝑘4
𝑘5 𝑘6 𝑘7 𝑘8
𝑘9
𝑘13

𝑘10
𝑘14

𝑘11
𝑘15

𝑘12
𝑘16

) 

converges to zero. Then, 

i. there exists (𝑢∗,𝑣∗,𝑤∗,𝑥∗) ∈ 𝑋4 a 

solution for (9). 

ii. the system of operational inclusions (9) is 

Ulam-Hyers stable. 

Proof. Defining 𝑇: 𝑋4 → 𝑃𝑐𝑙(𝑋) × 𝑃𝑐𝑙(𝑋) ×
𝑃𝑐𝑙(𝑋) × 𝑃𝑐𝑙(𝑋) by 

𝑇(𝑢,𝑣,𝑤,𝑥) = 𝑇1(𝑢,𝑣,𝑤,𝑥) × 𝑇2(𝑢,𝑣,𝑤,𝑥)
× 𝑇3(𝑢,𝑣,𝑤,𝑥) × 𝑇4(𝑢,𝑣,𝑤,𝑥). 

Denote 

Γ = 𝑋 × 𝑋 × 𝑋 × 𝑋 and consider �̃�: Γ × Γ → ℝ+
4 , 

�̃�((𝑢,𝑣,𝑤,𝑥),(𝑝,𝑞,𝑟,𝑠)) = (

𝑑(𝑢,𝑝)

𝑑(𝑣,𝑞)

𝑑(𝑤,𝑟)

𝑑(𝑥,𝑠)

). 

Going by the hypothesis of the theorem, 𝑠 =
(𝑢,𝑣,𝑤,𝑥),  𝑡 = (𝑝,𝑞,𝑟,𝑠) ∈ 𝑋4 and each 𝛼 =
(𝛼1,𝛼2,𝛼3,𝛼4) ∈ 𝑇(𝑢,𝑣,𝑤,𝑥), there exists 𝛽 =
(𝛽1,𝛽2,𝛽3,𝛽4) ∈ 𝑇(𝑝,𝑞,𝑟, 𝑠) satisfying the relation 

�̃� ((𝛼,𝛽) ≤ 𝐴�̃�(𝑠,𝑡)) , which proves that 𝑇 is a 

multi-valued 𝐴 −contraction. Since 

𝑇1(𝑢,𝑣,𝑤,𝑥) ⊂ 𝑋,  𝑇2(𝑢,𝑣,𝑤,𝑥) ⊂ 𝑋,  
𝑇3(𝑢,𝑣,𝑤,𝑥) ⊂ 𝑋, 𝑇4(𝑢,𝑣,𝑤,𝑥) ⊂ 𝑋, is proximinal 

with respect to the first, second, third and fourth 

variables respectively, for any 𝑢,𝑣,𝑤,𝑥 ∈ 𝑋 there 

exists 𝑝 ∈ 𝑇1(𝑢,𝑣,𝑤,𝑥), 𝑞 ∈ 𝑇2(𝑢,𝑣,𝑤,𝑥),  𝑟 ∈
𝑇3(𝑢,𝑣,𝑤,𝑥), 𝑠 ∈ 𝑇4(𝑢,𝑣,𝑤,𝑥) such that 

𝑑(𝑢,𝑝) = 𝔇𝑑(𝑢,𝑇1(𝑢,𝑣,𝑤,𝑥)), 

𝑑(𝑣,𝑞) = 𝔇𝑑(𝑣,𝑇2(𝑢,𝑣,𝑤,𝑥)), 

𝑑(𝑤,𝑟) = 𝔇𝑑(𝑤,𝑇3(𝑢,𝑣,𝑤, 𝑥)), 

𝑑(𝑥,𝑠) = 𝔇𝑑(𝑥,𝑇4(𝑢,𝑣,𝑤,𝑥)). 

Then, the set 𝑇(𝑢,𝑣,𝑤,𝑥) = 𝑇1(𝑢,𝑣,𝑤,𝑥) ×
𝑇2(𝑢,𝑣,𝑤,𝑥) × 𝑇3(𝑢,𝑣,𝑤,𝑥) × 𝑇4(𝑢,𝑣,𝑤,𝑥) is 

proximinal, since for any 𝑢,𝑣,𝑤,𝑥 ∈ 𝑋 there exists 

(𝑝,𝑞,𝑟,𝑠) ∈ 𝑇(𝑢,𝑣,𝑤,𝑥) such that 

�̃�((𝑢,𝑣,𝑤,𝑥),(𝑝,𝑞,𝑟,𝑠))

= 𝔇�̃�((𝑢,𝑣,𝑤,𝑥),𝑇(𝑢,𝑣,𝑤,𝑥)). 
which is the conclusion. 

Remark 1. Notice that, if (𝑋,𝑑) is a metric space 

and 𝑇: 𝑋4 → 𝑃(𝑋) is a multi-valued operator and 

define 

𝑇1(𝑢,𝑣,𝑤,𝑥) = 𝑇(𝑢,𝑣,𝑤,𝑥),  𝑇2(𝑢,𝑣,𝑤,𝑥)
= 𝑇(𝑣,𝑢,𝑣,𝑥),  𝑇3(𝑢,𝑣,𝑤,𝑥)
= 𝑇(𝑤,𝑢,𝑣,𝑤),  𝑇4(𝑢,𝑣,𝑤,𝑥)
= 𝑇(𝑥,𝑤,𝑣,𝑢), 

then, the approach leads to some quadrupled fixed 

point theorem in the classical sense. 
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