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A R T I C L E  I N F O  A B S T R A C T 

In this article, first the aggregation operator and the operational waves in the 

oscillators are introduced. Next, we choose a demanded Electrical waveform in 

the demanded oscillator using a model have been done. We use the fuzzy soft 

aggregation operator in the oscillators on L
2
 space at the method can be 

successfully applied to many problems that contain uncertainties. Our 

simulation is done with R software. 
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1. Introduction 

Considering the application of soft fuzzy set in basic sciences, engineering and medicine, we came to examine a 

type of application of this set in one of the technical and engineering disciplines. We examined this set and designed 

the soft internal multiplication in this application space with the help of space L2
 and definition, and the need for an 

operator in this design made us define the cumulative operator on the soft fuzzy set and examine its properties. We 

turned it into matrix operations so that we could get results for more complex calculations than software R. 

Software R is a programming language and software environment for statistical calculations and data science. It 

contains a wide range of statistical techniques of linear modeling and non-linear and graphic capabilities. To start 

the design, we had to define electric waves and their types and wave characteristics, and we did the design and 

calculations both manually and with the help of software and mentioned it. In soft fuzzy sets, the operator 

Cumulative is the best choice according to the desired criteria in the following articles, we will work on the use of 

this operator and how to select it in medical sciences. 
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2. Preliminaries  

      In this section, we present the basic definitions of soft set theory [23] and fuzzy set theory [39] that are useful 

for subsequent discussions. These definitions and more detailed explanations related to the soft sets and fuzzy sets 

can be found in [4, 21, 23] and [41], respectively. Then we have defined ƒ s-sets and their operations. In the soft 

sets, given in Section 2, the parameter sets and the approximate functions are crisp. But in the ƒs-sets, while the 

parameters sets are crisp, the approximate functions are fuzzy subsets of U. From now on, we will use  Γ𝐴,  Γ𝐵,  Γ𝐶  

,..., etc. for ƒs-sets and 𝜇𝐴 , 𝜇𝐵, 𝜇𝐶  , . . ., etc. for their fuzzy approximate functions, respectively. Throughout this 

work, U refers to an initial universe, E is a set of parameters, 𝑃 (𝑈)  is the power set of U, and EA . 

Definition 1: A soft set 𝑓𝐴 over U is a set defined by a function 𝑓𝐴 representing a mapping 

𝑓𝐴: 𝑓 →  𝑃 (𝑈 ) such that 𝑓𝐴
(𝑥) =      if  Ax .  

Here, 𝑓𝐴  is called approximate function of the soft set 𝑓𝐴, and the value 𝑓𝐴 (𝑥) is  a set called x-element of the soft 

set for all 𝑥𝐸. It is worth noting that the sets 𝑓𝐴 (x) may be arbitrary, empty, or have nonempty intersection. Thus a 

soft set over U can be represented by the set of ordered pairs: 

𝑓𝐴 =  {(𝑥, 𝑓𝐴 (𝑥)) ∶  Ex , 𝑓𝐴(𝑥) ∈  P(U)}.  

Note that the set of all soft sets over U will be denoted by S(U ). 

Definition 2: Let U  be a universe. A fuzzy set  X  over  U  is a set  defined by a function  

 µE representing a mapping:               

𝜇𝐸: 𝑈 →  [0, 1], 

 µE  is called the membership function of  X,  and the value  µE (u)  is called  the grade of membership of   Uu . 

The value represents the degree of  u  belonging to the fuzzy set X. Thus, a fuzzy set  X  over  U  can be represented 

as follows: 

𝑋 =  { ( µ𝑢𝑋/𝑢): 𝑢  𝑈, µ𝑋 (𝑢), [0, 1]}. 

Note that the set of all the fuzzy sets over U will be denoted by F (U ) . 

Definition 3: An ƒs-set  ΓA over  U  is a set defined by a function  μA representing a mapping 

 𝛾𝐴  ∶  𝐸 →  𝐹 (𝑈 )    such that   𝛾𝐴(𝑥)  =  Ø   if  Ax . 

Here,   𝛾𝐴 is called fuzzy approximate function of the ƒs-set FA, and the value   𝛾𝐴(𝑥)  is a set called 

  x-element of the ƒs-set for all 𝑥   𝐸. Thus, an ƒs-set  ΓA  over  U  can be represented by the set of ordered pairs     

 Γ𝐴 =  {(𝑥, 𝜇𝐴(𝑥)) ∶  𝑥   𝐸, 𝜇𝐴(𝑥)   𝐹 (𝑈 )}.   
 
Note that the set of all ƒs-set over U will be denoted by FS(U ).   
 

Definition 4: Let  Γ𝐴  𝐹𝑆(𝑈 ).   If 𝜇𝐴(𝑥) =  Ø for all 𝑥𝐸, then  Γ𝐴 is called an empty ƒs-set,  denoted by  ΓØ.  

denoted by  Γ�̃� .   If  𝐴 =  𝐸, then the A-universal ƒs-set is called universal ƒs-set , denoted by  Γ�̃� . 

Definition 5. Let  Γ𝐴,  Γ𝐴  𝐹𝑆(𝑈 ).   Then,  Γ𝐴 is an ƒs-subset of  Γ𝐵, denoted by  Γ𝐴    Γ𝐵, if 

 𝛾𝐴 (𝑥)    𝛾𝐵 (𝑥) for all 𝑥𝐸. 

Definition 6: Let  Γ𝐴,  Γ𝐵  𝐹𝑆(𝑈 ). Then,  Γ𝐴 and  Γ𝐵 are ƒs-equal, written as  Γ𝐴 and  Γ𝐵 , if and only if γA(x) = 

γB(x) for all xE. 

Definition 7: Let   Γ𝐴  ,  Γ𝐵  𝐹𝑆(𝑈 ). Then, the union of  Γ𝐴 and  Γ𝐵,   denoted by  Γ𝐴 ∩  Γ𝐵, is defined   by its 

fuzzy approximate function 
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)(xBA  γA(x) ∩ γB(x)   for all𝑥   𝐸. 

Definition 8: A vector space consists of a set V (elements of V are called vec-tors), a field F (elements of Fare 

called scalars), and two operations. An operation called vector addition that takes two vectors v, w ∈ V, and 

produces a third vector, written v + w ∈ V. An operation called scalar multiplication that takes a scalar c ∈ F and a 

vector v ∈ V, and produces a new vector, written cv∈ V. which satisfy the following conditions: 

1. Associativity of vector addition: (u + v)  + w = u +  (v + w) for all u, v, w ∈ V . 

2. Existence of a zero vector: There is a vector in V, written 0 and called the zero vector, which has the property 

that   u +  0 =  u   for all u ∈ V. 

3. Existence of negatives: For every u ∈ V, there is a vector inV, written −u and called the negative of u, which 

has the property that u + (−u) =  0. 

4. Associativity of multiplication:  (ab)u = a(bu)  for any a, b ∈ F and u ∈ V. 

5. Distributivity: (a + b)u =  au + bu  and   a(u + v) =  au + av  for all   a, b ∈ F  and u, v ∈ V. 

6. Unitarity: 1u = u for all u ∈ V. 

Definition 9: If  χ is a vector space over F(₵, R) ,  a semi-inner product on χ is a function  𝑢: 𝜒 × 𝜒 → 𝐹 such that 

all ɤ, β in F and  x, y, z in χ, the following conditions are satisfied: 

a)    u(ɤx + βy , z) = ɤu(x, z) + βu(y, z)  

b)    𝑢(𝑥, ɤ𝑦 + 𝛽𝑧) = ɤ̅𝑢(𝑥, 𝑦) + 𝛽̅𝑢(𝑥, 𝑧) 

c)    u(x, x) ≥ 0 

d)    u(x, y) = u(y, x) 

e)    u(x, 0) = u(0, y) = 0   for all  x, y in χ. 
f)    if  u(x, x) = 0  ,then x = 0, An  inner  product on χin  this paper  will be denoted by  < x, y >= u(x, y). 

Corollary 1: if   <. , . > is a semi-innerproduct  on  χ and ǁxǁ =< x, x >1/2.
 

For all x inχ ,then 

a)    ǁx + yǁ ≤ ǁxǁ + ǁyǁ   for  x, y  in  χ     

b)    ǁɤ𝑥ǁ =  𝐼ɤ𝐼ǁ𝑥ǁ  𝑓𝑜𝑟  ɤ  𝑖𝑛  𝐹  𝑎𝑛𝑑  𝑥  𝑖𝑛  𝜒  if  <. , . > is an inner  product, then 

c)    ǁxǁ = 0  implies x = 0.      

Definition 10: We defined spaces L
P
(R) for all p ∈  [1, ∞] . The case p =  2  plays a very special role [8]. We 

have: 

𝐿2[0.2𝜋] = {𝑓: [0.2𝜋]  →  ₵ ∶ (∫(|𝑓|2 𝑑𝑡)
1
2) < ∞} 

                                                     < 𝑓. 𝑔 > =  ʃ 𝑓. �̅� 𝑑𝑡   :  for all    𝑓. 𝑔 ∈  𝐿²[0.2𝜋] 

d(f − g) = ∥ f − g ∥= [ ∫|f − g|2 dt
 
]

1

2. 

In this article, we used the five types of electric waveforms (Figures 1-5) [3]. 
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Figure 1. A Sine Wave Waveform  

 

 

 
Figure 2. A Square Wave Waveform    

 

 
Figure 3. A Rectangular Waveform      

 

 
Figure 4. Triangular Waveform 
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Figure 5. Saw tooth Waveforms 

3. ƒs-aggregatiom 

       In this section, we define an ƒs-aggregation operator that produces an aggregate fuzzy set from an ƒs-set and its 

cardinal set. The approximate functions of an ƒs-set are fuzzy. An ƒs-aggregation operator on the fuzzy sets is an 

operation by which several approximate functions of an ƒs-set are combined to produce a single fuzzy set which is 

the aggregate fuzzy set of the ƒs-set. Once an aggregate fuzzy set has been arrived at, it may be necessary to choose 

the best single crisp alternative from this set. 

Definition 11: Let   Γ𝐴 𝐹𝑆(𝑈 ). Assume that 𝑈 = {𝑢1, 𝑢2, 𝑢3, … , 𝑢𝑚},  𝐸 =  {𝑠1, 𝑠2, 𝑠3, … , 𝑠𝑚}, and 𝐴   𝐸, 

then the  Γ𝐴  can be presented by Table 1: 

Table 1. Membership function matrix 

ΓA x1 x2 … xn 

u1 𝜇𝛾𝐴(𝑥1)(𝑢1) 𝜇𝛾𝐴(𝑥2)(𝑢1) … 𝜇𝛾𝐴(𝑥𝑛)(𝑢1) 

u2 𝜇𝛾𝐴(𝑥1)(𝑢2) 𝜇𝛾𝐴(𝑥2)(𝑢2) … 𝜇𝛾𝐴(𝑥𝑛)(𝑢2) 

⋮ ⋮ ⋮ ⋱ ⋮ 

Um 𝜇𝛾𝐴(𝑥1)(𝑢𝑚) 𝜇𝛾𝐴(𝑥2)(𝑢𝑚) … 𝜇𝛾𝐴(𝑥𝑛)(𝑢𝑚) 

 

 

where   𝜇𝛾𝐴(𝑥)(𝑢)    is the membership function of 𝛾𝐴. If  𝑎𝑖𝑗   𝜇𝛾𝐴(𝑥𝑗)(𝑢𝑖)     , for 𝑖 =  1, 2, . . . , 𝑚  and 

  𝑗 =  1, 2, . . . , 𝑛,  then the fs-set Γ𝐴  is  uniquely characterized by a matrix, 
 

[𝑎𝑖𝑗]
𝑚×𝑛

= [

𝑎11 𝑎12

𝑎21 𝑎22
  

…
…

𝑎1𝑛

𝑎2𝑛

⋮     ⋮   ⋱ ⋮
𝑎𝑚1 𝑎𝑚2   ⋯ 𝑎𝑚𝑛

] 

is called an m×n ƒs-matrix of the ƒs-set Γ𝐴 over U. 

Definition 12: Let  Γ𝐴𝐹𝑆(𝑈 ).    Then, the cardinal set of Γ𝐴, denoted by cΓ𝐴 and defined by          

𝑐Γ𝐴 =  {µ𝑐Γ𝐴 (𝑥) / 𝑥 ∶  𝑥   𝐸}, 

is a fuzzy set over E.  The membership function 𝜇𝑐Γ𝐴
  of  𝑐Γ𝐴, is defined by 

𝜇𝑐Γ𝐴
: 𝐸 → [0.1] .     𝜇𝑐Γ𝐴

(𝑥) =
|𝛾𝐴(𝑥)|

|𝑈|
, 

where |𝑈| is the cardinality of universe U , and 𝛾𝐴(𝑥) is the scalar cardinality of fuzzy set 𝛾𝐴(𝑥). 

Note that the set of all cardinal sets of the ƒs-sets over U will be denoted by cFS(U ).   

It is clear that 𝑐𝐹𝑆(𝑈 ) 𝐹 (𝐸). 
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Definition 12: Let Γ𝐴𝐹𝑆(𝑈 ) and 𝑐Γ𝐴𝑐𝐹𝑆(𝑈 ). Assume that 𝐸 =  {𝑥1, 𝑥2, … , 𝑥𝑚} and AE, then 𝑐Γ𝐴  can be 

presented by Table 2: 

Table 2. Cardinal matrix 

E 𝑥1   𝑥2 … 𝑥𝑛 

𝜇𝑐Γ𝐴
 𝜇𝑐Γ𝐴

(𝑥1) 𝜇𝑐Γ𝐴
(𝑥2) … 𝜇𝑐Γ𝐴

(𝑥𝑛) 

If 𝑎1𝑗 = µ𝑐Γ𝐴 (𝑥𝑗) for  𝑗 =  1, 2, . . . , 𝑛, then the cardinal set 𝑐Γ𝐴  is uniquely characterized by a matrix, 

[a1j]1×n = [a11 a12 ...a1n] 

which is called the cardinal matrix of the cardinal set CΓA over E. 

 

Definition 14: Let  Γ𝐴𝐹𝑆(𝑈 )  and  𝑐Γ𝐴𝑐𝐹𝑆(𝑈 ). Then  ƒs-aggregation operator, denoted by  

F Sagg, is defined by 

𝐹𝑆𝑎𝑔𝑔 ∶  𝑐𝐹𝑆(𝑈 ) × 𝐹𝑆(𝑈 ) → 𝐹 (𝑈 ), 𝐹𝑆𝑎𝑔𝑔(𝑐Γ𝐴, Γ𝐴)  =  𝛤𝐴
∗ 

where 𝐹𝑆𝑎𝑔𝑔 is a fuzzy set over U .  𝛤𝐴
∗ is called the aggregate fuzzy set of the ƒs-set 𝛤𝐴 .  The membership function 

𝜇Γ𝐴
∗   of   𝛤𝐴

∗ is defined as follows: 

𝜇Γ𝐴
∗  : 𝑈 → [0.1] .      𝜇Γ𝐴

∗  (𝑢) =
1

|𝐸|
∑ 𝜇𝑐Γ𝐴

(𝑥)𝜇𝛾𝐴(𝑥)𝜇𝛾𝐴(𝑥)(𝑢),

𝑥∈𝐸

  

where |E| is the cardinality of E. 

Definition 15: Let Γ𝐴
𝐹𝑆(𝑈 ) and Γ𝐴 be its aggregate fuzzy set. Assume that 𝑈 = {𝑢1, 𝑢2, 𝑢3, … , 𝑢𝑚}, then the 𝛤𝐴

∗ 

can be presented by Table 3: 

Table 3. Aggregate matrix 

Γ𝐴 𝜇Γ𝐴
∗  

u1 𝜇Γ𝐴
∗ (𝑢1) 

u2 𝜇Γ𝐴
∗ (𝑢2) 

⋮ ⋮ 
um 𝜇Γ𝐴

∗ (𝑢𝑚) 

 

 If 𝑎𝑠1 = 𝛤𝐴
∗(𝑢𝑠) for 𝑠 =  1, 2, . . . , 𝑚, then 𝛤𝐴

∗ is uniquely characterized by the matrix 

[𝑎𝑖𝑗]
𝑚×1

= [

𝑎11
𝑎21

⋮
𝑎𝑚1

] 

which is called the aggregate matrix of 𝛤𝐴
∗ over U . 

Theorem 1. Let Γ𝐴
𝐹𝑆(𝑈 )  and 𝐴𝐸.  If 𝑀Γ𝐴, 𝑀𝑐Γ𝐴    and µ𝛤𝐴

∗
 are represtation matrixses Γ𝐴,  cΓ𝐴 and 𝛤𝐴

∗
   

respectively, then 

 

|𝐸| × 𝑀Γ𝐴
∗ = 𝑀Γ𝐴 × 𝑀𝑐Γ𝐴

𝑇  

 

where  𝑀𝑐Γ𝐴

𝑇  is the transposition of  𝑀𝑐Γ𝐴
 and  |𝐸|  is the cardinality of  𝐸. 
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Proof.  It is sufficient to consider   [𝑎𝑖1]𝑚×1 = [𝑎𝑖𝑗]
𝑚×𝑛

× [𝑎1𝑗]
1×𝑛

𝑇
.   

 Theorem 1, it is applicable to computing the aggregate fuzzy set of an ƒs-set. 

4. Application   

    Once an aggregate fuzzy set has been arrived at, it may be necessary to choose the best alternative from this set. 

Therefore, we can make a decision by the following algorithm.  

Step 1: Construct an ƒs-set Γ𝐴 over U, 

Step 2:  Find the cardinal set cΓ𝐴 of ΓA, 

Step 3:  Find the aggregate fuzzy set 𝛤𝐴
∗
  of  Γ𝐴, 

Step 4: Find the best alternative from this set that has the largest member-ship grade by max  µ𝛤𝐴
∗(𝑢).  

Example 1: Suppose a company wants to choose the desired wave from among the four waves in space to design its 

oscillators according to the criteria it considers. There are four candidates who form the set of alternatives.  Let 

𝑈 ∈  L²[0,2π], 𝑈 = {𝑢1, 𝑢2, 𝑢3, 𝑢4}: 𝑢1:sin wave , 𝑢2:squre wave , 𝑢3:triangular wave, 𝑢4:sawtooth wave. 

Technical and Engineering Department company consider a set of parameters, 𝐴 = {𝑥1, 𝑥2, 𝑥3}:.   

For 𝑠 =  1, 2, 3    the parameters 𝑥𝑠 stand for “High energy", "Low slop"," The area under the curve is large", respectively. 

After a serious discussion each candidate is evaluated from the goals and constraint point of view of according to a 

chosen subset 𝐴 = {𝑥1, 𝑥2, 𝑥3} of E. Finally, Technical and Engineering Department company applies the following 

steps: 

Step 1: The committee constructs an ƒs-set Γ𝐴 over U, 

Γ𝐴 = { ( 𝑥1 , {0.38 / 𝑢1 , 0.57 / 𝑢2 , 1 /𝑢3 , 0.85 / 𝑢4 }), ( 𝑥2  , { 0.21 /𝑢1 , 0.36 /𝑢2  , 1 /𝑢3 ,
0.21 /𝑢4 }) , ( 𝑥3 , {1 / 𝑢1 , 0 / 𝑢2 , 0.5 / 𝑢3  , 0 / 𝑢4}) } 

Step 2: The cardinal is computed, 

cΓ𝐴 = {0.7/𝑥1, 0.18/𝑥2, 0.375/ 𝑥3} 

Step 3: The aggregate fuzzy set is found by using Theorem 2.6, 
   

𝑀Γ𝐴
∗ =

1

3
[

0.38
0.57

0.21
0.3

1
0

1 1 0.5
0.85 0.21 0

] [
0.7

0.18
0.375

] = [

0.23
0.15

0.355
0.21

] 

   
that means,  

𝛤𝐴
∗ = {0.23/𝑢1, 0.15/𝑢2, 0.335/ 𝑢3, 0.21/ 𝑢4}. 

Step 4: Finally, the largest membership grade is chosen by   

max 𝜇Γ𝐴
∗ (𝑢) = 0.355, 

which means that the candidate u3 has the largest membership grade, hence he may be selected for the job. 
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Software separation calculations:  

 

 

 

 

 

 

 

 

 

 

 

5. Conclusions 

 
    A soft set is a mapping from parameter to the crisp subset of universe. However, the situation may be more 

complicated in real world because of the fuzzy characters of the parameters. In fs-sets, the soft set theory is 

extended to a fuzzy one and then the fuzzy membership is used to describe parameter approximate elements of 

fuzzy soft set. To do this, we first defined the fs-sets and their operations. We then presented the decision making 

method for the fs-set theory. Finally, we provided an example demonstrating the successfully application of this 

method. It may be applied to many fields with problems that contain uncertainty, and it would be beneficial to 

extend the proposed method to subsequent studies. However, the approach should be more comprehensive in the 

future to solve the related problems.  
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