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Abstract

The inverse kinematics problem of a two degree of freedom (2DOF) planar robot arms is
solved using Adomian’s decomposition method (ADM), after converting to a system of two
nonlinear algebraic equations. The advantage of the method is that it gives the solutions as
functions of the desired position of the end effecter and the length of the arms. The accuracy
of the solutions can be increased up to desired order. The solutions haven’t any singularity.
The problem must be solved once for any structure and the results can be used for any path

and finally, the method is fast and simple to understand.

Keywords: Inverse Kinematics, ADM, Robots arm, 2DOF.

"Corresponding author: alrevahidi@yahoo.com



Gh. Asadi Cordshooli, et al /JNRM Vol.1, No.1, Spring 2015

6

1. Introduction

A robot is a mechanical intelligent motion
agent which can perform tasks on its own,
or with external guidance .In practice a
robot is usually an electro-mechanical
machine which guides by computer and
electronic programming. A manipulator is
an arm like mechanism on a robot that
consists of a series of segments, usually
sliding or rotating which grasp and move
objects with a number of degrees of
freedom, under automatic or manual
control by an end-effecter connected to it.
The kinematics is a fundamental part of
the multidisciplinary research area of
robotics. The position kinematic model
relates the joints positions and the end-
effecter posture. The direct kinematics
analysis is the process of calculating the
end-effecter posture from the joint
positions given, while the inverse
kinematics analysis is the process of
obtaining the joint positions necessary to
establish a desired end-effecter posture
[11]. The method commonly used for
direct kinematic modeling, is based on the
Denavit—Hartenberg convention that is a
consistent and concise description of the
kinematic relations between the links of a
kinematic chain introduced at 1955 [6].
The inverse kinematics is an ill posed

problem because of the problems such as

multiple or even infinite  solutions,
nonlinearity, singularities and uncertainties.
Scientists and engineers use artificial
neural network (ANN) to solve the inverse
kinematics problems [7, 8, 9]. In this
approach, a network will be trained to
learn a desired set of joint angles positions
from a given set of end-effecter positions.

The ADM was first introduced by George
Adomian at the beginning of the 1980's for
solving a wide range of problems whose
mathematical models yield equation or
system of equations involving algebraic,
differential, integral and integro-diffrential
terms [2, 3, 5]. This method is simple and
efficient for the solution of algebraic or
system of algebraic equations that gives
accurate approximate solutions. Abbaui

and Cherruault [1] applied ADM to solve

nonlinear algebraic equation J()=0 anq
proved the convergence of the series
solution E. Babolian et al. applied the
ADM to solve a system of nonlinear
equations [4]. A. R. Vahidi, et.al. used
restarted ADM to improve the solutions of
systems of nonlinear algebraic equations
[12].

In this paper the inverse kinematic
problem of a 2DOF robot arm is solved
using the well-known ADM after
converting to a system of nonlinear

algebraic equations. The problem is



Solution of Inverse Kinematic Problem of a 2DOF Robot Using Decomposition Method 7

introduced in section 2. Section 3 belongs
to describing the method and its
application to the problem. Section 4 gives
the application of results in controlling the
end effecter to move on three different

lines in a planar surface.

2. The problem

The structure of a planar 2DOF
manipulator is given in Figure 1.

In the structure given in figure 1, [, and [,
are the constant lengths of the arms and the
variables 6; and 6, are joint angles
measured from positive horizontal axes.
The arm lengths considered to be equal to
reduce the structural limitations. Direct
kinematics formulation of this structure is
the position of end effecter, M(p,q), as
functions of 6, and 68,. This obtains easily
by the simple geometrical relations

p = lcosB, + lcosB,, €))

q = lsinf, + lsind,. )

The inverse kinematic problem is to find
the values of 6; and 6, for a known
position M(p,q) of end -effecter.
Definingx = cosf,andy = sinf,, (1) and

(2) converts to the algebraic equations

p=Ilx+1J1—y? (3)

qg=W1-x2+ly, “4)
or

Tmx=1-y )
Tmy=Vi-2 (6)

After squaring and some simple

calculations (5) and (6) can be rewrites in

the form
_p*-r Lo 2

x ="t (4R, ™)
_q*? L a 2

y =Tt LG 4y, ®)

In the section 3, the system of equations

(7) and (8) will be solved using the ADM.

=)

Figure 1.The structure of the planar 2DOF manipulator.
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3. The method and solution

In this section, at first the ADM will be

described for the general form of a system

of nonlinear algebraic equations then it

will be used to solve the underlying

inverse kinematic problem.

3.1 The ADM for a system of nonlinear

equations

Consider the following system of

nonlinear equations

filxy, %2, ., %) =0, i=12,..,n, 9

where f;:R™ - R. Equation (9) can be

written in the canonical form

x; = ¢;(xq, e, ) + N (g, e, ),
i=12..,n, (10)

where c¢;'s are constants andN;'s are

nonlinear functions of their arguments

generally. The standard ADM [9] uses the

solutionx; in terms of the series

X =Xoxi; i=12..,n (11)

The nonlinear functions, N;'s in (10) are
expressed in terms of an infinite series
called Adomian polynomials'* as

Ni(xq, s x) = XiZo Ay 1=12,..,n (12)

A 's given in (12)

1]

depend
upon

Xl,O’XLl’ ""Xl,j’X2,1’ ’XZ,]" -"an,lr an,j .

In view of the equation (11) and (12),

N(Z] 0 XA, ., ]Oxnjl)—
< odij,  i=12,..,m, (13)

from which we obtain

1 d - RS .
= 1l le_j,v,...,zxn_jw lizo,

j=0 Jj=0

i=12,..n. (14)

Where A is the parameter introduced for
convenience. Hence the equation (10) can
be written as

Z?;Oxi’j = C; + ZT:OAL',]" i = 1,2, e, N (15)

The ADM defines the componentsy, ,,

j >0, by the following recursive relations
Xi’o = (i, (16)

Xpje1 = Ay, 1=12,..,n, j=012,... (17)

Finally the approximate solution x; can be

approximated by the truncated series

Pik = Z;{:o Xij» (18)
that
limk_,oo Qoi,k = X, i= 1,2, . n, (19

gives a converge solution which the

: 13
convergence 18 proved .

3.2 Application of ADM to inverse
kinematics problem
In order to solve the system of nonlinear

algebraic equations(7) and (8) using ADM,
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let x=X20Xi, ¥=2XZ0Vi x? +
y? = X2, A;to obtain
© 2_12 -
i=0Xi = pzT — Li=oAi, (20)
© q2_l2 -
i=0YVi = BT i=0 4. 2D

The equations (20) and (21) give the

recursive relations

2_p2

xo =5 (22)
_ q2—12

yO 2ql 5 (23)

Xiy1 = Ai’ (24)

Yiz1 = 4;. (25)

Here x,yare used rather than x;,x,
adopted in section 2. Choosing k =1 in
(18) the approximate solution x =~ ¢4

andy ~ ¢, ,for | = 1will be obtained as

X= P11 =
—a*+p°q®(-1+12¢*)-p®a?(2-84>+q*) +p*(-1+8¢°~264* +44°)
16p5q*
(26)
Y= Q1=
—a*+p%q*(-1+44*)-p?q*(2-8q%+q*) +p* (-1+8q%-26¢*+12¢°)
16p*q5
27)
Using (26) and (27) in (3) and (4), the
approximate solutions of the direct

problem (p. , q.) obtains as follows.

pc®,q) =111 + 11— @,42 (28)
9@ Q) = Y1 — @112 + 1oz, (29)

Obviously, the point (p.,q.) includes the

approximate horizontal and vertical
coordinates of the end effecter as functions
of desired coordinates(p,q). The
procedure can be repeated to obtain more
accurate approximations up to desired

accuracy.

4. Results and discussions

The end effecter coordinates obtained as
the functions of desired coordinates in the
section 3 using the ADM. The results for
two terms of the approximate solution (18)
are illustrated as (28) and (29). Here we
examine these functions to obtain some
desired paths of the robot end effecter
given in the figure 1. Three paths are
considered. At first we choose the
horizontal path ¢ =1 while q is in [0,
1.8]. Some points of this line, by the
increment 0.1, are calculated using (28)

and (29) and plotted in figure 2.
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Figure 2.The calculated path of robot end effecter for desired horizontal line by two terms of

(18).
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There are some important points in the
figure 1 that must be considered.

Due to the structure of robot arms, as
shown in the figure 1, for the line g =
1there is an upper limit for the value of
horizontal coordinate, i.e. Py = V3 .

- Due to the square root in the (28) and
(29), there aren’t real solutions for all
points in the surface. We just show the
points with real p. andgq..

As the second path, we choose the vertical
line p =1. The figure 3 shows some

points of this line.

It can be seen in the figure 3 that as in
horizontal line given in the figure 2, there
is a lower limit due to the approximate
calculations and an upper limit arising
from the structure of the robot arm given
in the figure 1.

As the last example we calculate the path
of an inclined line with the slope of one,
i.e. p=gq. Some points of this line are

given in figure 4.
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Figure 3.The calculated path of robot end effecter for desired vertical line by two terms of

(18).
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Figure 4.The calculated path of robot end effecter for inclined line by two terms of (18).
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The structure of the robot arm for the
given line, p = q, imposes the upper limit
of V2 on both p and q. This limit can be
seen in the figure 4.

More accurate solutions can be obtained

by calculating more terms in ADM. The

11
figures 5-7 are plotted with the
approximate solutions p, and q,

considering k = 6 in the series solution

(18) for three predefined paths.
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Figure 6.The calculated path of robot end effecter for vertical line by seven terms of (18).
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Figure 7.The calculated path of robot end effecter for inclined line by seven terms of (18).
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As expected, the lines(q=1, p=
1 & p = q)will be obtained approximately.
Comparing to the figures 2-4, it can be
seen that increasing the number of
calculated terms of (18), increases the

accuracy of the results.

5. Conclusions

The studies show that the ADM can be
used to solve the inverse kinematics
problem of a planar 2DOF robot
manipulator which can be used to control
the robot end effecter on desired line.
Increasing the number of calculated terms
of the approximate solutions obtained by
the ADM, gives more accurate paths. The
solutions exactly show the farthest
possible position of the end effecter
limited by the lengths of the arms. The
solutions have and lower limit for any
desired line, due to the existence of square
root in the direct kinematic

equation. The study revealed some
advantages of the ADM to the inverse
kinematic problems.(a) The solutions can
be obtained as functions of the desired
position of the end effecter and the length
of the arms. (b) The accuracy of the
solutions can be increased up to desired
order. (¢) The solutions haven’t any
singularity. (d) The problem must be

solved once for any structure and the

results can be used for any path at any
time. () The method is fast and simple to
understand. We propose more studies in
this field using the ADM, especially for
more complicated structures with higher

degrees of freedom.
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