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[1-7]

[8, 9, 10]

𝑅  𝑀𝑅

 𝑅

𝑅𝐼(𝑅)∗

𝑅 

𝑀 𝑅  𝑀

𝐼𝑀

𝐼 𝑅 𝑀ann(𝑀)

𝑀

. ann(𝑀) = {0}ℤ𝑛

𝑛

𝑎𝑏

[𝑎, 𝑏]𝑎|𝑏𝑏

𝑎. 

𝑛�̅�𝑛

𝑋𝑌

|𝑋| = 𝑚|𝑌| = 𝑛𝐾𝑚,𝑛

𝐺𝐻

𝐺 ∪ 𝐻    

𝐺 

         

       .  

   𝑢𝑣𝐺   

    𝑑(𝑢, 𝑣)

𝑢𝑣𝑑(𝑢, 𝑣) =

∞𝐺diam(𝐺)

sup{𝑑(𝑢, 𝑣)|𝑢, 𝑣 ∈ 𝑉(𝐺)} 

𝑉(𝐺)𝐺 𝐺

gr(𝐺)

𝐺𝐺

gr(𝐺) = ∞

𝐺

𝐺𝑊𝐺

𝐺

𝐺

𝜔(𝐺)

𝐺 𝜒(𝐺)

𝐺

𝜒(𝐺) ≥ 𝜔(𝐺) 

 𝐺 𝜒(𝐺) = 𝜔(𝐺)

        

NP

𝑀𝑅𝐺𝑀(𝑅)

[11]

𝑅𝑀diam(𝐺𝑀(𝑅)) ∈

{0, 1, 2, ∞}gr(𝐺𝑀(𝑅)) ∈ {3, ∞}

𝑀𝑅

Γ𝑀(𝑅)

𝑅𝑀Γ𝑀(𝑅)

diam(Γ𝑀(𝑅)) ∈ {0, 1, 2, 3, ∞}

gr(Γ𝑀(𝑅)) ∈ {3, 4, ∞} 𝑚, 𝑛 >

1ℤ𝑛ℤ𝑚

Γℤ𝑛
(ℤ𝑚)

Γ𝑛(ℤ𝑚)

𝑴 

       

𝑅 𝑀𝑅

𝑀

𝑅Γ𝑀(𝑅)



 

M 
 

   

 𝐼(𝑅)∗ 𝐼𝐽

𝐼𝑀 ∩ 𝐽𝑀 = {0}

𝑀𝑁𝑅

Γ𝑀(𝑅)Γ𝑁(𝑅)

 𝑀𝑅

. ann(𝑀) ≠ {0}

𝐼 𝐼 ⊆ ann(𝑀)

𝐼 Γ𝑀(𝑅) 

Γ𝑀(𝑅)

𝑅

𝑀. diam(Γ𝑀(𝑅)) ∈ {0, 1, 2, 3, ∞}  

𝑅 𝑀𝑅

Γ𝑀(𝑅)

diam(Γ𝑀(𝑅)) ≤ 3.

 ann(𝑀) ≠ {0} 

diam(Γ𝑀(𝑅)) ≤ 2 𝑀𝑅

𝐼𝐽Γ𝑀(𝑅)

Γ𝑀(𝑅)𝐼′

𝐽′𝐼𝐽 

𝐼𝑀 ∩ 𝐼′𝑀 = {0}. 𝐽𝑀 ∩ 𝐽′𝑀 = {0}

𝐼′ = 𝐽′

𝐼′𝑀 ∩ 𝐽′𝑀 = {0}

𝐼 − 𝐼′ − 𝐽′ − 𝐽

𝐼𝐽 

𝐼′𝑀 ∩ 𝐽′𝑀 ≠ {0}

𝑀𝑅𝐾𝑅

𝐾𝑀 = 𝐼′𝑀 ∩ 𝐽′𝑀

𝐾 = 𝑅𝐼′𝑀 ∩ 𝐽′𝑀 = 𝑀

 𝐼′𝑀 = 𝑀𝐼𝑀 ∩ 𝐼′𝑀 = {0}

𝐼𝑀 = {0}ann(𝑀) = {0}

𝐼 = {0}𝐾

𝑅

𝐼𝑀 ∩ 𝐾𝑀 ⊆ 𝐼𝑀 ∩ 𝐼′𝑀 = {0},  

𝐽𝑀 ∩ 𝐾𝑀 ⊆ 𝐽𝑀 ∩ 𝐽′𝑀 = {0} . 

𝐾𝐼𝐽

 ◻

𝑅

𝑀. gr(Γ𝑀(𝑅)) ∈ {3, 4, ∞}   

𝑅 𝑀𝑅

Γ𝑀(𝑅)

gr(Γ𝑀(𝑅)) ≤ 4. 

Γ𝑀(𝑅)

gr(Γ𝑀(𝑅)) = g ≥ 5

𝐼1 , … , 𝐼𝑔   

𝐼1𝐼𝑔−2𝐼1𝑀 ∩

𝐼𝑔−2𝑀 ≠ {0}𝑀𝑅

𝐽𝑅𝐽𝑀 = 𝐼1𝑀 ∩

𝐼𝑔−2𝑀𝐽 = 𝑅𝐼1𝑀 = 𝑀

𝐼1𝑀 ∩ 𝐼2𝑀 = {0} 𝐼2𝑀 = {0}

 𝐼2𝑀 ∩ 𝐼𝑔𝑀 = {0}

𝐼1 , 𝐼2 , 𝐼𝑔Γ𝑀(𝑅)

𝐽𝑅

𝐽𝑀 ∩ 𝐼𝑔𝑀 ⊆ 𝐼1𝑀 ∩ 𝐼𝑔𝑀 = {0}, 

 

𝐽𝑀 ∩ 𝐼𝑔−1𝑀 ⊆ 𝐼𝑔−2𝑀 ∩ 𝐼𝑔−1𝑀 = {0}.  

𝐽𝐼𝑔𝐼𝑔−1

𝐽, 𝐼𝑔−1, 𝐼𝑔Γ𝑀(𝑅)

◻

𝑚, 𝑛 ≥ 2

ℤ𝑛ℤ𝑚𝑛|𝑚

ℤ𝑛ℤ𝑚



 

 

 

Γℤ𝑛
(ℤ𝑚)

Γ𝑛(ℤ𝑚)

𝑚 = 𝑝1
𝛼1 ⋯ 𝑝𝑠

𝛼𝑠𝑛 = 𝑝1
𝛽1 ⋯ 𝑝𝑡

𝛽𝑡

𝑡 ≤ 𝑠𝑝1, … , 𝑝𝑠

1 ≤ 𝑖 ≤ 𝑡0 < 𝛽𝑖 ≤ 𝛼𝑖

𝑚

𝐼(ℤ𝑚)∗ = {𝑑ℤ𝑚| 𝑑|𝑚, 𝑑 ≠ 1, 𝑚}. 

|𝐼(ℤ𝑚)∗| = ∏ (𝛼𝑖 + 1) − 2𝑠
𝑖=1

𝑛|𝑚ℤ𝑛ℤ𝑚

𝑑1ℤ𝑚  𝑑2ℤ𝑚  

 Γ𝑛(ℤ𝑚)𝑛|[𝑑1, 𝑑2]

𝑑ℤ𝑚 ∈ 𝐼(ℤ𝑚)∗𝑛|𝑑𝑑ℤ𝑚

Γ𝑛(ℤ𝑚)

Γ𝑛(ℤ𝑚)

 

Γ𝑛(ℤ𝑚)

1.  𝑚 = 𝑝1
𝛼1𝑝2, 𝑛 = 𝑝1,    𝛼1 ≥ 1,   

2.  𝑚 = 𝑝1
𝛼1 ,       𝑛 = 𝑝1,    𝛼1 ≥ 2,   

3.  𝑚 = 𝑝1
𝛼1 , 𝑛 = 𝑝1

2,    𝛼1 ≥ 2,  
4.  𝑚 = 𝑛 = 𝑝1𝑝2.    

[12]

 

 

Γ𝑛(ℤ𝑚)

 

Γ𝑛(ℤ𝑚)𝑚 = 𝑛

𝑖1 ≤ 𝑖 ≤ 𝑠  𝛼𝑖 ≥ 2 

diam(Γ𝑛(ℤ𝑚)) = 3𝑚 = 𝑛 =

𝑝1 ⋯  𝑝𝑠𝑠 ≥ 3 

diam(Γ𝑛(ℤ𝑚)) = 2 . 𝑚 ≠ 𝑛

 

 

[12]

𝑚 = 𝑛 = 𝑝1 ⋯  𝑝𝑠𝑠 ≥ 3

𝑑(𝑝1ℤ𝑚 , 𝑝2ℤ𝑚) = 3

𝑚 ≠ 𝑛𝑛ℤ𝑚

Γ𝑛(ℤ𝑚)◻

Γ𝑛(ℤ𝑚)

𝑛
𝑛

𝑝1
𝛽1

ℤ𝑚
𝑛

𝑝2
𝛽2

ℤ𝑚
𝑛

𝑝3
𝛽3

ℤ𝑚

𝑛 = 𝑝1
𝛽1𝑝2

𝛽2𝑚 ≠ 𝑛𝑝1
𝛽1ℤ𝑚𝑝2

𝛽2 ℤ𝑚

𝑛ℤ𝑚 Γ𝑛(ℤ𝑚)

𝑚 = 𝑛 = 𝑝1
𝛼1𝑝2

𝛼2 𝛼1,  𝛼2 ≥ 2

𝑋 = {𝑝1
𝑟1𝑝2

𝛼2ℤ𝑚|0 ≤ 𝑟1 < 𝛼1}, 

𝑌 = {𝑝1
𝛼1𝑝2

𝑟2ℤ𝑚|0 ≤ 𝑟2 < 𝛼2} 

 

𝑍 =
{𝑝1

𝑟1𝑝2
𝑟2ℤ𝑚|0 ≤ 𝑟1 < 𝛼1, 0 ≤ 𝑟2 < 𝛼2} −

{ℤ𝑚}.   

𝑍

𝑋𝑌

Γ𝑛(ℤ𝑚) = �̅�𝛼1𝛼2−1 ∪ 𝐾𝛼1,𝛼2

gr(Γ𝑛(ℤ𝑚)) = 4𝑚 =

𝑛 = 𝑝1
𝛼1𝑝2

𝛼2 𝛼1,  𝛼2 ≥ 2

 

Γ𝑛(ℤ𝑚)

1.  𝑚 = 𝑛 = 𝑝1
𝛼1𝑝2,      𝛼1 ≥ 1,  

2.  𝑚 = 𝑛 = 𝑝1
𝛼1 ,     𝛼1 ≥ 2,  

3.  𝑚 = 𝑝1
𝛼1𝑝2, 𝑛 = 𝑝1

𝛼1 , 𝛼1 ≥ 1,  

4.  𝑚 = 𝑝1
𝛼1 , 𝑛 = 𝑝1

𝛼1−1
, 𝛼1 ≥ 2,  

5.  𝑚 = 𝑝1
3, 𝑛 = 𝑝1.    



 

M 
 

   

 

𝑚 = 𝑛 = 𝑝1𝑝2  𝑛 = 𝑝1𝑚 = 𝑝1
𝛼1

𝛼1 = 2,3Γ𝑛(ℤ𝑚)

Γ𝑛(ℤ𝑚)

1. Γ𝑛(ℤ𝑚) = �̅�𝛼1−1 ∪ 𝐾1,𝛼1
, 𝛼1 ≥ 2,  

2. Γ𝑛(ℤ𝑚) = �̅�𝛼1−1 ,  

3. Γ𝑛(ℤ𝑚) = 𝐾1,2𝛼1−1  , 

4. Γ𝑛(ℤ𝑚) = 𝐾1,𝛼1−2 , 𝛼1 ≥ 3.   

Γ𝑛(ℤ𝑚)

Γ𝑛(ℤ𝑚)

Γ𝑛(ℤ𝑚)

𝜒(Γ𝑛(ℤ𝑚)) = 𝜔(Γ𝑛(ℤ𝑚)) =  

∏ (𝛼𝑖 − 𝛽𝑖 + 1) ∏ (𝛼𝑖 + 1) − 1 +𝑠
𝑖=𝑡+1

𝑡
𝑖=1

𝑡.  

 

Γ𝑛(ℤ𝑚)

[12] 

𝜔(Γ𝑛(ℤ𝑚)) =  

∏ (𝛼𝑖 − 𝛽𝑖 + 1) ∏ (𝛼𝑖 + 1) − 1 + 𝑡.𝑠
𝑖=𝑡+1

𝑡
𝑖=1

𝑊 = {𝑝1
𝑟1 ⋯ 𝑝𝑠

𝑟𝑠ℤ𝑚 ∈ 𝑉(Γ𝑛(ℤ𝑚))|  
𝛽𝑗 ≤ 𝑟𝑗 ≤ 𝛼𝑗, 𝑓𝑜𝑟 1 ≤ 𝑗 ≤ 𝑡}   

𝑋 = {𝑥1, … , 𝑥𝑡}1 ≤ 𝑗 ≤ 𝑡

𝑥𝑗 = 𝑝
𝑗

𝛽𝑗−1
∏ 𝑝𝑖

𝛼𝑖ℤ𝑚  𝑖≠𝑗𝑊 ∪ 𝑋

Γ𝑛(ℤ𝑚)

𝑋1 = {𝑝1
𝑟1 ⋯ 𝑝𝑠

𝑟𝑠ℤ𝑚 ∈ 𝑉(Γ𝑛(ℤ𝑚))|  
0 ≤ 𝑟1 < 𝛽1}   

2 ≤ 𝑗 ≤ 𝑡 

𝑋𝑗 = {𝑝1
𝑟1 ⋯ 𝑝𝑠

𝑟𝑠ℤ𝑚 ∈ 𝑉(Γ𝑛(ℤ𝑚))|

𝛽𝑖 ≤ 𝑟𝑖 ≤ 𝛼𝑖 ,   𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 𝑗 − 1,    
0 ≤ 𝑟𝑗 < 𝛽𝑗 }.    

𝑋𝑗

𝑥𝑗 ∈ 𝑋𝑗𝑋𝑗

𝑥𝑗

𝑉(Γ𝑛(ℤ𝑚)) = 𝑊 ∪ (⋃ 𝑋𝑗)𝑡
1  

◻ 

 

𝑅

𝑀𝑀𝑅

ℤ𝑛ℤ𝑚

ℤ𝑛ℤ𝑚
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