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ℕ

ℚℝ

X

)X(*PX

(X,d)

CB(X)

XK(X)

X

A,B ∊ CB(X)x∊X

𝐷(𝑥, 𝐴): = inf{𝑑(𝑥, 𝑎): 𝑎 ∈ 𝐴}  

H(𝐴, 𝐵) =

max {sup
𝑎∈𝐴

𝐷(𝑎, 𝐵), sup
𝑏∈𝐵

𝐷(𝑏, 𝐴)}.  

 

HCB(X)

 d

X(CB(X), 

H)

f : X→XTX

CB(X)x∊X

fTTx∊fx=  f

idTx∊fx=  xx

TT

F(T)fTCOP(f,T)

 

.(X,d)

TXCB(X)

r∊ [0, 1)𝑥, 𝑦 ∈ X

H(T x, Ty) ≤ rd(x, y)

 
1. Coincidence point 

z∊ X

z∊T (z)

-

.(X,d)

TXCB(X)f : X 

→ Xβ : [0, ∞) → [0, 1)

t ≥ 0

s) < 1β( +s→tsuplim

x ∊ X

{fy : y∊T x} ⊆Tx.  

h: X→[0, 1)

x, y∊X 

H(T x, T y)  

≤ β(d(x, y)).d(x, y) + h (fy)D(fy, T x).  

COP (f, T) ∩F(T) ≠ Ø.  

 

.(X,d)T

XCB(X)

β: [0, ∞) → [0, 1)

t ≥ 0s) < 1β( s→t+suplim 

x, y∊X

𝐻(𝑇𝑥, 𝑇𝑦) ≤ 𝛽(𝑑(𝑥, 𝑦)). 𝑑(𝑥, 𝑦) +

𝐿. 𝐷(𝑦, 𝑇𝑥)  

2. Fixed point 



 

 
 

   

L ≥ 0F(T) ≠ Ø

L = 0

.(X,d) 

TXK(X)

β:[0, ∞) → (0,1)

0 >t s) < 1β( s→t+suplim

x, y∊X 

( ) ( )( ) ( ), , . ,H Tx Ty d x y d x y

F (T) ≠ Ø

T : X → CB(X)

.(X,d) 

TXCB(X)

β: [0, ∞) → [0,1)

t ≥ 0s) < 1β( s→t+suplim

x, y∊X

𝐻(𝑇𝑥, 𝑇𝑦) ≤ 𝛽(𝑑(𝑥, 𝑦)). 𝑑(𝑥, 𝑦).  

F(T)

.(X,d)

TXCB(X)

x, y∊X

 
1. Quasi contraction 

2. Lower semicontinuous 

( ) ( ) ( )

( ) ( ) ( )

, . max , , , ,

, , , , ,

H Tx Ty k d x y D x Tx

D y Ty D x Ty D y Tx



0 < k <1/2F(T) ≠ Ø

x ↦ 𝐷(𝑥, 𝑇 𝑥) 

.(X,d)

TXCB(X)

x, y∊X

( ) ( ) ( )

( )
( ) ( )

, . max , , , ,

, ,
, ,

2

H Tx Ty k d x y D x Tx

D x Ty D y Tx
D y Ty



+



0 < k <1F(T) ≠ Ø

 

.X

⊥ ⊥

∃𝑥0 ∈ 𝑋: (∀𝑦, 𝑦 ⊥ 𝑥0)   (∀𝑦, 𝑥0 ⊥ 𝑦)  

3. Orthogonal sets 

4. Incomplete metric spaces 
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⊥)⊥,X(

0x

)⊥,X(

)⊥,X(

X∊y, x⊥

x y⊥x y⊥

.X

x y⊥xy

𝑥0

 AB+y∊X

𝑦 ⊥ 𝑥0( ),X ⊥

A+ A- O+ OA+ AB+A+

O+ OO+ A+ B+ AB+O+

B+ B- O+ OB+ AB+B+

AB+AB+

A- O-A+ A- AB+ AB-A-

O-O-

B- O-B+ B- AB+ AB-B-

AB- B- O- A- AB+ AB- AB- 

.

Xσ

A B⊥

B A( ),  ⊥

σ 



( ),X ⊥

,A B X⊥̂AB

𝐴 ⊥̂ 𝐵   𝑎 ⊥ 𝑏 ∀ 𝑎 ∈ 𝐴, ∀𝑏 ∈ 𝐵.  

 

 
1. Orthogonal set 

2. Orthogonal element 

3. Uniqually orthogonal set 

.(𝑋, 𝑑, ⊥)

( ),X ⊥(𝑋, 𝑑)

TXCB(X)

T

⊥

𝑥, 𝑦 ∈ 𝑋, 𝑥 ⊥ 𝑦 ⇒ 𝑇𝑥 ⊥̂ 𝑇𝑦.  

.  
1 1 1

, , , , 0,1
2 4 2n

X
 

=  
 

( ),d x y x y= −X∊y, x

⊥X

𝑥 ⊥ 𝑦 ⇔ {

𝑥

𝑦
∈ ℕ

 𝑥 = 𝑦 = 0
 

  

  

T : X → CB(X)

𝑇𝑥 =

{
 

 {
1

2𝑛
,
1

2𝑛+1
} , 𝑥 =

1

2𝑛
, 𝑛 = 1,2,⋯ ,

{0},  𝑥 = 0,

{
1

4
} ,  𝑥 = 1,

T

⊥1 ⊥
1

2
{
1

4
} = 𝑇(1)

1 1 1
,

2 2 4
T
   

=   
   

 ⊥̂

.X = [0, 1)X

⊥X

𝑥 ⊥ 𝑦 𝑥𝑦 ∈ {𝑥, 𝑦}

TXCB(X)

𝑇(𝑥) = {
{
1

2
𝑥2 , 𝑥}  𝑥 ∊ ℚ ∩ 𝑋

{0}, 𝑥 ∊ ℚ𝑐 ∩ 𝑋        
  

T⊥

4. ⊥ -comparable 

5. -preserving mapping ⊥



 

 
 

   

.(𝑋, ⊥)

{𝑥𝑛}

(∀𝑛, 𝑘: 𝑥𝑛 ⊥ 𝑥𝑛+𝑘)   (∀𝑛, 𝑘: 𝑥𝑛+𝑘 ⊥ 𝑥𝑛).

.( ), ,X d ⊥

X

.(𝑋, 𝑑, ⊥)

X⊥

 

1.  nxn n kx x +⊥

 n, 𝐾 ∊ ℕ𝑥𝑛 → 𝑥x X

 nk
x nx

nk
x x⊥𝑘 ∊ ℕ 

2.  nxn k nx x+ ⊥

n, 𝑘 ∊ ℕ𝑥𝑛 → 𝑥x X

 nk
x nx

nk
x x⊥ 𝑘 ∊ ℕ 

.1 1
0, , 2

2 2
X

   
=   
   

⊥X

⊥= {(0, 𝑥): 𝑥 ∈ 𝑋}

( ), ,X d ⊥⊥

 nx

lim n
n

x x
→

= nx

𝑘 ∈ ℕ

𝑛 ≥ 𝑘𝑥𝑛 = 0

𝑛 ≥ 𝑘x
nx⊥

 
1. Strongly orthogonal sequence 

2. Strongly orthogonal complete 

.𝑋 = ℚ 

x y⊥= 0  x= 0 y

ℚ

  kx

 k n
x

 kx0k n
x =1n 

 kx

( ), ,X d ⊥

⊥

. )0,1X =

1

4

0

x y
x y

or x


 

⊥  
 =

 

X

 kx

 k n
x kx0k n

x =

1n  kx

[0,
1

4
] kx

𝑥 ∈ [0,
1

4
] ⊆ 𝑋

 kx

( ), ,X d ⊥

⊥

.( ), ,X d ⊥

f : X → X

a X⊥

 naX
na a→

3. ⊥ -regular 

4. ⊥ - continuous 
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( ) ( )nf a f a→f⊥X 

fa X⊥ 

.𝑋 = [0,2)

x y⊥0xy =

fX

𝑓(𝑥) = {
1+𝑥

2
,  𝑥 ∈ [0,1]

0,  𝑥 ∈ (1,2)
  

 

f⊥f 

.

𝜑(𝑡₁, 𝑡₂, 𝑡₃, 𝑡₄, 𝑡₅): ℝ₊⁵ → ℝ₊ 

( )12 3 4, ,t t t5t

( )2𝑢, 𝑣 ∊ ℝ₊ 

𝜐 ≤ 𝜑(𝑢, 𝑢, 𝑣, 𝑢 + 𝑣, 0)𝜐 ≤ 𝑢

( )3, , 0n n nt s p →𝑢𝑛 → 𝛾 > 0

lim
𝑛→∞

sup𝜑( 𝑡𝑛, 𝑠𝑛 , 𝛾, 𝑢𝑛, 𝑝𝑛) ≤ 𝛾  

( )4𝑢 ∊ ℝ₊

( ), , , 2 ,0u u u u u 

( )50it  1,2,3i 

𝜑(𝑡1 , 𝑡2, 𝑡3 , 𝑡4 , 𝑡5) ≠ 0.  



 

.

(I): 𝜙1(𝑡1, 𝑡2 , 𝑡3 , 𝑡4 , 𝑡5) = �̂�𝑡1 + �̂�𝑡2  + �̂�𝑡3  
+�̂�𝑡4 + 𝐿𝑡5 , �̂�, �̂�, 𝛾, �̂�, 𝐿 ≥ 0, �̂� + �̂�  

+𝛾 + 2�̂� = 1, 𝛾 ≠ 1, �̂� + �̂� + 𝛾 > 0.  
(II):𝜙2(𝑡1, 𝑡2 , 𝑡3 , 𝑡4, 𝑡5) =  
1

2
max{𝑡1, 𝑡2 , 𝑡3, 𝑡4 , 𝑡5}.  

(III): 𝜙3(𝑡1 , 𝑡2, 𝑡3 , 𝑡4 , 𝑡5) =  

max {𝑡1, 𝑡2 , 𝑡3 ,
1

2
(𝑡4 + 𝑡5)}.  

(IV): 𝜙4(𝑡1, 𝑡2 , 𝑡3 , 𝑡4, 𝑡5) =  

�̂�𝑡1 + �̂�𝑡2 + 𝛾𝑡3, �̂�, �̂�, 𝛾 > 0,  

�̂� + �̂� + 𝛾 < 1.  
 

..�̃�

�̃�: = (𝑡1 , 𝑡2, 𝑡3 , 𝑡4, 𝑡5) =
𝜙(𝑡1 , 𝑡2, 𝑡3, 𝑡4 , 𝑡5) + 𝐿. 𝑡5  

0L �̃� ∈ 𝛬

.( ), ,X d ⊥

⊥)X(CB→  X:  T

⊥

X→  X:  f⊥

𝛼: [0,∞) → (0,1]

0t ( )lim sup 1
s t

s
+→



1. x X :fy y Tx Tx  

2. ℎ: 𝑋 → [0,∞)

,x y X⊥

 

( ) ( )( )

( ) ( )

, , .

,

y

xH Tx Ty d x y

h fy D fy Tx

 

+
               

 

𝜙𝑥
𝑦: = 𝜙(𝑑(𝑥, 𝑦), 𝐷(𝑥, 𝑇𝑥),

 𝐷(𝑦, 𝑇𝑦), 𝐷(𝑥, 𝑇𝑦), 𝐷(𝑦, 𝑇𝑥)).
  

( ) ( ),COP f T F T  

x ∈ 𝑇(x)

( ) ( ),Tx COP f F T

T 



 

 
 

   

0xX

 

∀𝑦 ∈ 𝑋, 𝑥0 ⊥ 𝑦  ∀𝑦 ∈ 𝑋, 𝑦 ⊥ 𝑥0.  

∀𝑦 ∈ 𝑇(𝑥0), 𝑥0 ⊥ 𝑦 

  ∀𝑦 ∈ 𝑇(𝑥0), 𝑦 ⊥ 𝑥0.

 

( )0 0,y T x x y  ⊥  

 

1 0x Tx0 1x x⊥ 

T⊥
0 1

ˆTx Tx⊥

0 1x x=
0 1x x Tx= T

0 1x x( )51

0
0

x

x 

1n 

( )( ) ( )( )( )1 1
0 1 0 1 0
, 1 ,

n x

xd x x d x x   −  

0 1
ˆTx Tx⊥2 1x Tx 

1 2x x⊥ 

( ) ( ) ( )( )1
1 2 0 1 0 1, , ,

n
d x x H Tx Tx d x x +

( )1

𝑑(𝑥1, 𝑥2) ≤ 𝛼(𝑑(𝑥0, 𝑥1))𝜙𝑥0
𝑥1   

+𝛼𝑛1(𝑑(𝑥0, 𝑥1))  

= 𝜙𝑥0
𝑥1 = 𝜙(𝑑(𝑥0 , 𝑥1),  

𝐷(𝑥0, 𝑇𝑥0), 𝐷(𝑥1, 𝑇𝑥1),  
𝐷(𝑥0, 𝑇𝑥1), 𝐷(𝑥1, 𝑇𝑥0))  
≤ 𝜙(𝑑(𝑥0 , 𝑥1), 𝑑(𝑥0, 𝑥1),  
𝑑(𝑥1, 𝑥2), 𝑑(𝑥0 , 𝑥1) + 𝑑(𝑥1, 𝑥2), 0). 

( )2

( ) ( )1 2 0 1, ,d x x d x x2 1x x=

1xT

2 1x x( )5

2

1
0

x

x 
2 1n n

( )( ) ( )( )( )2 2
1 2 1 2 1
, 1 ,

n x

xd x x d x x   −  

3 2x Tx2 3x x⊥

( ) ( ) ( )( )2
2 3 1 2 1 2, , ,

n
d x x H Tx Tx d x x +  

( )1

𝑑(𝑥2, 𝑥3) ≤ 𝛼(𝑑(𝑥1, 𝑥2))𝜙𝑥1
𝑥2  

+𝛼𝑛2(𝑑(𝑥1, 𝑥2)) 

= 𝜙𝑥1
𝑥2 = 𝜙(𝑑(𝑥1, 𝑥2), 

𝐷(𝑥1, 𝑇𝑥1), 𝐷(𝑥2, 𝑇𝑥2), 𝐷(𝑥1 , 𝑇𝑥2), 
𝐷(𝑥2, 𝑇𝑥1)) 
≤ 𝜙(𝑑(𝑥1, 𝑥2), 𝑑(𝑥1, 𝑥2), 
𝑑(𝑥2, 𝑥3), 𝑑(𝑥1 , 𝑥2) + 𝑑(𝑥2 , 𝑥3), 0). 

( )2

( ) ( )2 3 1 2, ,d x x d x x

𝑘 ∊ ℕkn

 

( )( ) ( )( )( )1 1 1
, 1 ,

n xk k
k k k k x k

d x x d x x  − − −
 −  

1k kx Tx+ 1k kx x +⊥

1k kx x +

𝑑(𝑥𝑘 , 𝑥𝑘+1) ≤ 𝐻(𝑇𝑥𝑘−1, 𝑇𝑥𝑘) +
𝛼𝑛𝑘(𝑑(𝑥𝑘−1, 𝑥𝑘)),  

( ) ( )1 1, ,k k k kd x x d x x+ −

( )1: ,k k kd d x x−=

lim k
k

d c
→

=

0c ( )lim sup 1
t c

t
+→



0k
0k k( )kd h 

( )lim sup 1
t c

t h
+→

 

( )1( )4

1k kx Tx+  𝑘 ∊ ℕ
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𝑑𝑘+1 = 𝑑(𝑥𝑘 , 𝑥𝑘+1) ≤ 𝐻(𝑇𝑥𝑘−1, 𝑇𝑥𝑘)  
+𝛼𝑛𝑘(𝑑𝑘) ≤ 𝛼(𝑑(𝑥𝑘−1, 𝑥𝑘)) 

𝜙(𝑑(𝑥𝑘−1, 𝑥𝑘), 𝐷(𝑥𝑘−1 , 𝑇𝑥𝑘−1), 
𝐷(𝑥𝑘 , 𝑇𝑥𝑘), 𝐷(𝑥𝑘−1, 𝑇𝑥𝑘), 𝐷(𝑥𝑘 , 𝑇𝑥𝑘−1)) 

+𝛼𝑛𝑘(𝑑𝑘) ≤ 𝛼(𝑑(𝑥𝑘−1, 𝑥𝑘)) 

𝜙(𝑑(𝑥𝑘−1, 𝑥𝑘), 𝑑(𝑥𝑘−1 , 𝑥𝑘), 𝑑(𝑥𝑘 , 𝑥𝑘+1), 
𝑑(𝑥𝑘−1 , 𝑥𝑘) + 𝑑(𝑥𝑘 , 𝑥𝑘+1), 0) 
+𝛼𝑛𝑘(𝑑𝑘) ≤ 𝛼(𝑑(𝑥𝑘−1, 𝑥𝑘)) 

𝜙(𝑑(𝑥𝑘−1, 𝑥𝑘), 𝑑(𝑥𝑘−1 , 𝑥𝑘), 𝑑(𝑥𝑘 , 𝑥𝑘−1),  
2𝑑(𝑥𝑘−1, 𝑥𝑘), 0) + 𝛼

𝑛𝑘(𝑑𝑘)  
≤ 𝛼(𝑑𝑘)𝑑𝑘 + 𝛼

𝑛𝑘(𝑑𝑘)  
≤ 𝛼(𝑑𝑘)𝛼(𝑑𝑘−1)𝑑𝑘−1 +
𝛼(𝑑𝑘)𝛼

𝑛𝑘−1(𝑑𝑘−1) + 𝛼
𝑛𝑘(𝑑𝑘)  

⋯ 
≤ ∏ 𝛼(𝑑𝑖)

𝑘
𝑖=1 𝑑1 +

∑ ∏ 𝛼(𝑑𝑖)
𝑘
𝑖=𝑚+1

𝑘−1
𝑚=1 𝛼𝑛𝑚(𝑑𝑚) +

𝛼𝑛𝑘(𝑑𝑘) ≤ ∏ 𝛼(𝑑𝑖)
𝑘
𝑖=1 𝑑1 +

∑ ∏ 𝛼(𝑑𝑖)
𝑘
𝑖=𝑚𝑎𝑥{𝑘0,𝑚+1}

𝑘−1
𝑚=1 𝛼𝑛𝑚(𝑑𝑚) +

𝛼𝑛𝑘(𝑑𝑘) ≡ 𝐴.  

( ) 1t  )0,t  

0 1k k +

∑ ∏ 𝛼𝑘
𝑖=𝑚𝑎𝑥{𝑘0,𝑚+1}

𝑘−1
𝑚=1 (𝑑𝑖)𝛼

𝑛𝑚(𝑑𝑚) ≤

∑ ∏ 𝛼𝑘
𝑖=𝑘0

𝑘0−1
𝑚=1

(𝑑𝑖)𝛼
𝑛𝑚(𝑑𝑚) +

∑ ∏ 𝛼𝑘
𝑖=𝑚+1

𝑘−1
𝑚=𝑘0

(𝑑𝑖)𝛼
𝑛𝑚(𝑑𝑚) ≤

ℎ
𝑘−𝑘0+1 ∑ 𝛼𝑛𝑚(𝑑𝑚) +

𝑘0−1
𝑚=1   

∑ ℎ
𝑘−𝑚𝛼𝑛𝑚(𝑑𝑚)

𝑘0−1
𝑚=𝑘0

≤ 𝐶1ℎ
𝑘 +

∑ ℎ
𝑘−𝑚+𝑛𝑚𝑘−1

𝑚=𝑘0
  

≤ 𝐶1ℎ
𝑘 + ℎ

𝑘+𝑛𝑘0−𝑘0 +

ℎ
𝑘+𝑛𝑘0+1−(𝑘0+1) +⋯+ ℎ

𝑘+𝑛𝑘+1−(𝑘−1)  

≤ 𝐶1ℎ
𝑘 +∑ ℎ

𝑚 = 𝐶1
𝑘+𝑛𝑘+1−(𝑘−1)
𝑚=𝑘+𝑛𝑘0−𝑘0

ℎ
𝑘  

+
ℎ
𝑘+𝑛𝑘0

−𝑘0−ℎ𝑘+𝑛𝑘+1−𝑘+2

1−ℎ
≤ 𝐶1ℎ

𝑘 +

ℎ
𝑘 ℎ

𝑛𝑘0
−𝑘0

1−ℎ
= 𝐶2ℎ

𝑘  

1C
2C

𝐴 ≤ ∏ 𝛼(𝑑𝑖)𝑑1 + 𝐶2ℎ
𝑘 + 𝛼𝑛𝑘(𝑑𝑘)

𝑘

𝑖=1
 

< ℎ𝑘−𝑘0+1∏ 𝛼(𝑑𝑖)𝑑1 + 𝐶2ℎ
𝑘 + ℎ𝑛𝑘

𝑘0−1

𝑖=1
  

≤ 𝐶3ℎ
𝑘 + 𝐶2ℎ

𝑘 + ℎ𝑘 = 𝐶ℎ𝑘  
 

0k k3CC

0k k 𝑚 ∊ ℕ

𝑑(𝑥𝑘 , 𝑥𝑘+𝑚) ≤ ∑ 𝑑𝑖
𝑘+𝑚
𝑖=𝑘+1 <

∑ 𝐶ℎ𝑖−1
𝑘+𝑚

𝑖=𝑘+1
  

= 𝐶
ℎ𝑘+1−ℎ𝑘+𝑚+1

1−ℎ
≤ 𝐶ℎ𝑘  

 kx0x

(𝑋, ⊥)T

⊥ kx

*lim k
k

x x
→

= 

*x X
1k kx Tx+ 𝑘 ∊ ℕ

1k kfx Tx+  𝑘 ∊ ℕ⊥f
*lim k

k
x x

→
=

*

1lim k
k

fx fx+
→

=   

⊥Xn n kx x +⊥

𝑛, 𝑘 ∊ ℕ*

nx x→n →

 nk
x nx

nk
x x⊥ 𝑘 ∊ ℕ( )1

nk
x x=

*y x=

𝐷(𝑥𝑛𝑘+1, 𝑇𝑥
∗) ≤ 𝐻(𝑇𝑥𝑛𝑘 , 𝑇𝑥

∗)  

≤ 𝛼 (𝑑(𝑥𝑛𝑘 , 𝑥
∗)) . 𝜙 (

𝑑(𝑥𝑛𝑘 , 𝑥
∗),

𝑑(𝑥𝑛𝑘 , 𝑥𝑛𝑘+1),
  

𝐷(𝑥∗, 𝑇𝑥∗), 𝐷(𝑥𝑛𝑘 , 𝑇𝑥
∗), 𝑑(𝑥∗, 𝑥𝑛𝑘+1))  

+ℎ̂(𝑓𝑥∗)𝑑(𝑓𝑥∗, 𝑓𝑥𝑛𝑘+1)  

 𝑘 ∊ ℕ
* *x Tx

( )3

𝐷(𝑥∗, 𝑇𝑥∗) = lim sup
𝑘→∞

𝐷(𝑥𝑛𝑘+1 , 𝑇𝑥
∗) ≤   

lim sup
𝑘→∞

(𝛼(𝑑(𝑥𝑛𝑘 , 𝑥
∗))𝜙(𝑑(𝑥𝑛𝑘 , 𝑥

∗)𝑑(𝑥𝑛𝑘 , 𝑇𝑥𝑛𝑘), 

𝐷(𝑥∗, 𝑇𝑥∗), 𝐷(𝑥𝑛𝑘 , 𝑇𝑥
∗), 𝑑(𝑥∗, 𝑥𝑛𝑘+1))  

+ℎ̂(𝑓𝑥∗)𝑑(𝑓𝑥∗, 𝑓𝑥𝑛𝑘+1)) < 𝐷(𝑥
∗, 𝑇𝑥∗)  



 

 
 

   

* *x Tx
* *fx Tx

( ) ( )* ,x COP f T F T

 

( )1 2 3 4 5 1 2 3 4 5, , , ,t t t t t t t t t Lt    = + + + +

 

α, β, γ, δ, L > 0, α+ β + γ + 2δ = 1, γ ≠ 1 

0  + + .

.( ), ,X d ⊥ 

⊥)X(CB→  X:T

⊥X→  X:f

⊥𝛼: [0,∞) → (0,1)

0t 

( )lim sup 1
s t

s
+→

 

x X :fy y Tx Tx 

ℎ: 𝑋 → [0,∞)

,x y X⊥

𝐻(𝑇𝑥, 𝑇𝑦) ≤ 𝛼(𝑑(𝑥, 𝑦)).  
(𝛼. 𝑑(𝑥, 𝑦) + 𝛽. 𝐷(𝑥, 𝑇𝑥)  
+𝛾.𝐷(𝑦, 𝑇𝑦) + 𝛿. 𝐷(𝑥, 𝑇𝑦))  

+𝐿.𝐷(𝑦, 𝑇𝑥) + ℎ(𝑓𝑦). 𝐷(𝑓𝑦, 𝑇𝑥)  
 

, , , , 0, 2 1, 1L         + + + =   

0  + + 

( ) ( ),COP f T F T 

 )0, )0,1

( )
( ) 1

2

t
t




+
= )0,t  

. lim
𝑠→𝑡+

sup 𝛽(𝑠) < 1 ∀𝑡 ∈ [0,∞) 

( ) ( )  ). 0,t t t      

. �̃�(𝑡) ≥
1

2
 ∀𝑡 ∈ [0,∞) 

,x y X⊥

𝐻(𝑇𝑥, 𝑇𝑦) ≤ 𝛼(𝑑(𝑥, 𝑦)) 
(𝛼. 𝑑(𝑥, 𝑦) + 𝛽. 𝐷(𝑥, 𝑇𝑥) + 

𝛾. 𝐷(𝑦, 𝑇𝑦) + 𝛿. 𝐷(𝑥, 𝑇𝑦))  

+𝐿.𝐷(𝑦, 𝑇𝑥) + ℎ(𝑓𝑦). 𝐷(𝑓𝑦, 𝑇𝑥)  
< 𝛽(𝑑(𝑥, 𝑦))  
(𝛼. 𝑑(𝑥, 𝑦) + 𝛽. 𝐷(𝑥, 𝑇𝑥) +  

𝛾. 𝐷(𝑦, 𝑇𝑦) + 𝛿. 𝐷(𝑥, 𝑇𝑦)) 

+
𝐿.�̃�(𝑑(𝑥,𝑦)).𝐷(𝑦,𝑇𝑥)

�̃�(𝑑(𝑥,𝑦))
  

+ℎ(𝑓𝑦). 𝐷(𝑓𝑦, 𝑇𝑥)  
≤ 𝛽(𝑑(𝑥, 𝑦)).  
(𝛼. 𝑑(𝑥, 𝑦) + 𝛽. 𝐷(𝑥, 𝑇𝑥) +  
𝛾. 𝐷(𝑦, 𝑇𝑦) + 𝛿. 𝐷(𝑥, 𝑇𝑦)  
2𝐿. 𝐷(𝑦, 𝑇𝑥))  

+ℎ(𝑓𝑦). 𝐷(𝑓𝑦, 𝑇𝑥),  
 

.-I .

 

𝜙(𝑡1 , 𝑡2, 𝑡3, 𝑡4 , 𝑡5) =

max {𝑡1, 𝑡2 , 𝑡3 ,
1

2
(𝑡4 + 𝑡5)}

.

.( ), ,X d ⊥

⊥)X(CB→  X:T

⊥X→  X:f

⊥ ) ( ): 0, 0,1  →

0t 

( )lim sup 1
s t

s
+→



x X :fy y Tx Tx 
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ℎ: 𝑋 → [0,∞)

,x y X⊥

𝐻(𝑇𝑥, 𝑇𝑦) ≤ 𝛼(𝑑(𝑥, 𝑦)).  

(max{𝑑(𝑥, 𝑦),𝐷(𝑥, 𝑇𝑥), 𝐷(𝑦, 𝑇𝑦),
1

2
(𝐷(𝑥, 𝑇𝑦)  

+𝐷(𝑦, 𝑇𝑥))}) + 𝐿. 𝐷(𝑦, 𝑇𝑥) +
ℎ(𝑓𝑦). 𝐷(𝑓𝑦, 𝑇𝑥)  

0L 

( ) ( ),COP f T F T 

.

.

. nS

𝑆1 = ln 1,  
𝑆2 = ln(1 + 2),  
𝑆3 = ln(1 + 2 + 3),  
⋯ 

𝑆𝑛 = ln(1 + 2 + 3…+ 𝑛)  

= ln(
𝑛(𝑛+1)

2
), 𝑛 ∈ ℕ. 

𝑋 = {𝑆𝑛 ∶ 𝑛 ∊ ℕ} 

( ), , ,d x y x y x y X= − 

,n mS S Xn mS S⊥

( )1 n m= ( ), ,X d ⊥

⊥

( ):T X CB X→

𝑇𝑥 = {
{𝑆𝑛−1, 𝑆𝑛+1},  𝑥=𝑆𝑛, 𝑛 = 3,4,⋯ ,

{𝑆1},  𝑥=𝑆1, 𝑆2.
 

T⊥

( ) ( )( )
( )

1

1

,
lim 1,

,

n

n
n

H T S T S

d S S→
=  

T

( ) ( ) ( ), 1 , 2n m n mS S T S T S n m⊥   =   

⊥

,n mS S X

( )

( )( ) ( )( ) ( )

,

, . , . ,

n m

n m n m m n

H TS TS

d S S d S S L D S TS 



+

1, 5L = =𝛼: [0,∞) → (0,1)

( )  )
1

, 0,
2

t t =  

.⊥

:f X X→.

( ) ( ),COP f T F T 

T

.

.

𝑥 = 𝑆3 𝑦 = 𝑆4 

.l

 ne

l n

( )0,𝑛 ∊ ℕ

n n nx e=

 1 2 3, , ,X x x x=X

lTX

( )CB X

𝑇𝑥𝑛 = {
{𝑥𝑛−1, 𝑥𝑛+1},  𝑛 = 3,4,⋯ ,

{𝑥1}, 𝑛=1,2.
  

,n mx x Xn mx x⊥

( )1 n m= ( ), ,X d ⊥

⊥T

⊥

⊥,n mx x X

𝐻(𝑇𝑥𝑛, 𝑇𝑥𝑚) ≤ 

𝛼(𝑑(𝑥𝑛, 𝑥𝑚))(𝛼. 𝑑(𝑥𝑛, 𝑥𝑚)) +

𝐿. 𝐷(𝑥𝑚 , 𝑇𝑥𝑛)



 

 
 

   

1, 3L = =𝛼: [0,∞) → (0,1)

( )  )
1

, 0,
2

t t =  

.⊥

:f X X→.

( ) ( ),COP f T F T 

T

𝑥 = 𝑥4 𝑦 = 𝑥5
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