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 مقدمه .1
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𝑆

]  [𝑆

S

𝑆

𝑆

] []  [] [

𝑆

(ℕ∞, 𝑚𝑖𝑛)

]  [

]  []  [

 𝐶𝐶𝐶

 

] [

]  [ℳ

ℳ

] [] [

 𝑆

]  [𝑆

 

 

𝐶

 

𝑆

𝐶𝑣

𝑆

𝐶𝑣

𝑆1

𝑆𝑆

𝐴𝐴 × 𝑆 ⟶ 𝐴

(𝑎, 𝑠) ⟶ 𝑎𝑠

𝑎 ∈  𝐴𝑠, 𝑡 ∈  𝑆

  𝑎(𝑠𝑡) = (𝑎𝑠)𝑡𝑎1 = 𝑎   

𝑆

𝑆

𝑓: 𝐴 ⟶  𝐵𝑆

𝑆

𝑎 ∈ 𝐴 𝑠 ∈ 𝑆𝑓(𝑎𝑠) = 𝑓(𝑎)𝑠

𝑆𝑆

𝐴𝑐𝑡 − 𝑆 

𝑆

𝑆

𝐵𝑆𝐴

𝑏 ∈  𝐵𝑠 ∈  𝑆

𝑏𝑠 ∈ 𝐵𝐴𝐵

 𝐴 𝑆

𝑈 ⊆ 𝐴 𝐴

𝑎 ∈ 𝐴𝑢 ∈ 𝑈𝑠 ∈ 𝑆

𝑎 = 𝑢𝑠𝐴

𝑈𝑈 =



 

𝐶𝑣𝑆 
 

   

{𝑢}𝐴

𝐴 =< 𝑢 > 

 𝐴 𝑆A 

 𝑎, 𝑏 ∈  𝐴 

𝑠 ∈  𝑆

𝑏𝑠 𝑎𝑠 = 𝑎 = 𝑏  .𝑆 𝐴 

 𝑎 ∈  𝐴  

𝑠 ∈  𝑆 𝑎′ ∈ 𝐴

𝑎 = 𝑎′𝑠. 

𝐴 𝑆𝑎 ∈  𝐴

𝑠 ∈  𝑆

𝑎𝑠 = 𝑎𝑆 

𝑆

{𝐴𝑖|𝑖 ∈ 𝐼}

𝑆

∏ 𝐴𝑖𝑖∈𝐼(𝑃, 𝜌𝑖)

𝑃 = {(𝑎𝑖)𝑖∈𝐼|𝑎𝑖 ∈ 𝐴𝑖}
𝜌𝑖: ∏ 𝐴𝑖𝑖∈𝐼 ⟶ 𝐴𝑖𝑆

𝜌𝑖((𝑎𝑖)𝑖∈𝐼) = 𝑎𝑖 

∐ 𝐴𝑖𝑖∈𝐼

(𝑄, 𝜄𝑖 )𝑄

𝜄𝑖: 𝐴𝑖 ⟶ ∐ 𝐴𝑖𝑖∈𝐼

𝜄𝑖(𝑎𝑖) = 𝑎𝑖𝑎𝑖 ∈ 𝐴𝑖

⊕𝑖∈𝐼 𝐴𝑖 

∏ 𝐴𝑖𝑖∈𝐼

𝐴𝑆

𝐵𝑆𝐴 

𝐵𝑆𝑓: 𝐵 ⟶

𝐴𝑓|𝐴 = 𝑖𝑑𝐴

𝐴𝑆𝐵

𝐴𝐵

𝑏 ∈ 𝐵𝑠 ∈ 𝑆

𝑏𝑠 ∈ 𝐴𝐵

𝐴𝑆

𝑆𝑆

𝐼𝑆𝑆

𝑠 ∈ 𝑆

𝑥 ∈ 𝑆𝑠𝑥 ∈ 𝐼

𝐴𝐵

𝐶𝐵𝐴⋂𝐶 ≠ ∅

𝑆𝑆-

𝑓: 𝐴 ⟶ 𝐵𝑆𝑓

𝑆𝑓(𝐴)

𝐵𝑆

𝐴𝑆

𝑎 ∈ 𝐴

�́� ∈ 𝐴𝑠, �́� ∈ 𝑆

𝑎𝑠 = �́��́�

𝑎 ∈ 𝐴< 𝑎 > 

𝐴

𝑆

𝐴𝑆

𝐴𝑆

𝑀13 𝑆

𝐵 𝐴𝐵𝑆

 
1- S-act 

-2 Action 

-3 Subsystem 
4-Generating set 

5-(Strongly) torsion free 

6-Divisible   

7-Fixed element 

8- (Right) Left reversible 

9-Retract 

10-Vital  

11- Vitally absolute retract 

12- Vital element 

13- Injective  



 

 

 

𝑓: 𝐴 ⟶ 𝑀𝑆

𝑔: 𝐵 ⟶ 𝑀

𝐼𝑆

𝑆𝑁

 𝑆 𝑓: 𝐴 ⟶ 𝐵

𝑆 𝑔: 𝑁 ⟶ 𝐵𝑆 

ℎ: 𝑁 ⟶ 𝐴𝑓ℎ = 𝑔

𝑆

𝑆

 𝑆

][ 

𝐴𝑆 

𝑆𝐴𝐶𝑣𝐹𝑣

𝑆

𝑆𝐶𝑣

]) ([ 𝐴𝑆 

𝑆

𝑆𝐴

𝑆𝐴

𝑆𝐶𝑣

 𝐴 𝑆𝐶𝑣

 𝐴𝑆

𝜏: 𝐴 → 𝐵𝐴

𝐵 𝐴𝐶𝑣

𝑆𝑔: 𝐵 → 𝐴

𝑔|𝐴 = 𝑖𝑑𝐴 𝐴

𝑆

 𝑆𝐶𝑣

𝑆

]  [𝑆

𝐴𝑆 𝐶𝑣

 𝐾

𝑆𝑇𝑆𝑓: 𝐾 →

𝐴𝑆 𝑔: 𝑇 → 𝐴

𝑓

 

 
 𝐶 =< 𝑥 >

𝑆𝐵𝐵 = ∐ 𝐵𝑖𝑖∈𝐼

𝑖 ∈ 𝐼𝐵𝑖

𝐵 𝑗 ∈ 𝐼

𝑥 ∈ 𝐵𝑗. 𝐵 = 𝐵𝑗

𝑏 ∈ 𝐵 𝑘 ∈ 𝐼

𝑏 ∈ 𝐵𝑘 𝑠 ∈ 𝑆 𝑏𝑠 ∈ 𝐵𝑘

 𝐶 𝐵 𝑠 ∈

𝑆 𝑏𝑠 ∈ 𝐶 ⊆ 𝐵𝑗

𝑏𝑠 ∈ 𝐵𝑗 ∩ 𝐵𝑘

𝐵 = 𝐵𝑗𝑆

𝑔: 𝐵𝑗 → 𝐴𝑔|𝐶 = 𝑓

𝑆𝐶𝑣



 

𝐶𝑣𝑆 
 

   

𝑆𝐶𝑣

𝑆

𝐶𝑣𝐶

𝑀𝑣

𝑆𝐶𝑣

𝑆

{𝐴𝑖|𝑖 ∈ 𝐼}

S𝑖 ∈ 𝐼 𝐴𝑖𝑆

𝐶𝑣 𝐴 =

∐ 𝐴𝑖𝑖∈𝐼𝐶𝑣

𝐴 = ∐ 𝐴𝑖𝑖∈𝐼𝐶𝑣

𝑖 ∈ 𝐼 𝐴𝑖𝑆

𝐶𝑣

𝐴 = ∐ 𝐴𝑖𝑖∈𝐼𝐶𝑣𝑆

ℎ: 𝐶 → 𝐴

ℎ|𝐵 = 𝜄𝑖𝑓𝑥𝜖𝐶ℎ(𝑥) ∈

𝐴𝑖𝑗 ∈ 𝐴

 ℎ(𝑥) ∈ 𝐴𝑗𝑠 ∈ 𝑆

ℎ(𝑥𝑠) = ℎ(𝑥)𝑠 ∈ 𝐴𝑗 

 < 𝑏 >𝐶𝑡 ∈ 𝑆

𝑥𝑡 ∈ 𝐵

ℎ(𝑥𝑡) = 𝜄𝑖𝑓(𝑥𝑡) ∈ 𝐴𝑖

(𝑥𝑡) ∈ 𝐴𝑖 ∩ 𝐴𝑗

 𝐵

𝑆𝐴

 𝐵

𝐼𝑚(𝑓) ⊆ 𝐴𝑖 𝐼𝑚(𝑓) ⊆

∐ 𝐴𝑖𝑖∈𝐼

𝐼𝑚(𝑓) = 𝐼𝑚(𝑓) ∩ ∐ 𝐴𝑖𝑖∈𝐼 =
∐ (𝐼𝑚(𝑓) ∩ 𝐴𝑖𝑖∈𝐼 ) = (𝐼𝑚(𝑓) ∩

𝐴𝑖)⨃(∐ (𝐼𝑚(𝑓) ∩ 𝐴𝑗))𝑗≠𝑖

𝐼𝑚(𝑓)𝐴

 𝐴

𝑖 ∈ 𝐼𝐴𝑖𝑆𝐶𝑣 

{𝐴𝑖|𝑖 ∈ 𝐼}

𝑆 𝐴 = ∏ 𝐴𝑖𝑖∈𝐼𝐶𝑣 

𝑖 ∈ 𝐼 𝐴𝑖𝑆

𝐶𝑣

 𝐴 =< 𝑎 >𝐵

𝑓: 𝐴 ⟶ ∏ 𝐴𝑖𝑖∈𝐼𝑆 

𝜌𝑖: ∏ 𝐴𝑖𝑖∈𝐼 ⟶ 𝐴𝑖𝑆

𝐴𝑖 𝑖 ∈ 𝐼𝐶𝑣

𝑆𝑔𝑖: 𝐵 ⟶  𝐴𝑖

𝑔𝑖ℎ = 𝜌𝑖 𝑓

𝑆𝑘: 𝐵 ⟶ ∏ 𝐴𝑖𝑖∈𝐼

𝜌𝑖𝑘 = 𝑔𝑖

𝜌𝑖𝑘ℎ = 𝑔𝑖ℎ = 𝜌𝑖𝑓

𝑘ℎ = 𝑓

{𝐴𝑖|𝑖 ∈ 𝐼}

𝑆



 

 

 

𝐴 = ∏ 𝐴𝑖𝑖∈𝐼𝐶𝑣  

𝑖 ∈ 𝐼 𝐴𝑖𝑆𝐶𝑣

 

𝐵𝐶

𝑓: 𝐵 ⟶ 𝐴𝑘𝑆

𝑓:̅ 𝐵 ⟶  ∏ 𝐴𝑖𝑖∈𝐼   

:

𝑓(̅𝑥)(𝑖) = {
𝑓(𝑥)      𝑖 = 𝑘 

𝜃𝑖          𝑖 ≠ 𝑘 

𝑓̅𝑆

𝑏1, 𝑏2 ∈ 𝐵

𝑏1 = 𝑏2

𝑓(̅𝑏1) = (⋯ , 𝜃𝑘−1, 𝑓(𝑏1), 𝜃𝑘+1, ⋯ )

= (⋯ , 𝜃𝑘−1, 𝑓(𝑏2), 𝜃𝑘+2, ⋯ ) = 𝑓(̅𝑏2).

𝑓̅𝑓̅

𝑆𝑏 ∈ 𝐵𝑡 ∈

𝑆𝑓𝑆

𝑓(̅𝑏𝑡) = (⋯ , 𝜃𝑘−1, 𝑓(𝑏𝑡), 𝜃𝑘+1, ⋯ )
= (⋯ , 𝜃𝑘−1, 𝑓(𝑏)𝑡, 𝜃𝑘+1, ⋯ )
= (⋯ , 𝜃𝑘−1, 𝑓(𝑏), 𝜃𝑘+1, ⋯ )𝑡
= 𝑓(̅𝑏)𝑡.

𝑓̅𝑆

∏ 𝐴𝑖𝑖∈𝐼  𝐶𝑣𝑆

�̅�: 𝐶 ⟶  ∏ 𝐴𝑖𝑖∈𝐼

�̅�|𝐵 = 𝑓̅𝑆𝜌𝑘�̅�: 𝐶 ⟶  𝐴𝑘

𝜌𝑘𝑘𝑆

 𝑏 ∈ 𝐵   

𝜌𝑘�̅�(𝑏) = 𝜌𝑘𝑓(̅𝑏)
= 𝜌𝑘(… , 𝜃𝑘−1, 𝑓(𝑏), 𝜃𝑘 … ) = 𝑓(𝑏). 

𝐴𝑘

{𝐴𝑖|𝑖 ∈ 𝐼}

 𝑆

𝐴 =⊕𝑖∈𝐼 𝐴𝑖𝐶𝑣  

𝑖 ∈ 𝐼 𝐴𝑖𝑆𝐶𝑣

𝐴 =⊕𝑖∈𝐼 𝐴𝑖𝐶𝑣 

]  [𝑖 ∈

𝐼 𝐴𝑖𝑆𝐶𝑣 

]  [

 𝑆

𝑆𝐶𝑣

𝑆

𝐶𝑣 

𝑆𝐶𝑣 

𝑆

𝑆𝐹𝑣

𝑆

⇐⇐ ⇐ ⇐

⇔

] [

 ⇐𝐼 𝑆

< 𝑏 >𝑆

 𝐵𝑓: < 𝑏 >⟶ 𝐼𝑆

 𝑆

𝑓(𝑏𝑆) = 𝑓(𝑏)𝑆 

 𝑆

𝑓(𝑏𝑆)𝑆𝐶𝑣 

𝑆

𝑔: 𝐵 ⟶ 𝑓(𝑏𝑆)

𝑔|𝑏𝑆 = 𝑓𝑔 𝑆

𝐵𝐼

 ⇐𝐾𝑆

𝐾𝐶𝑣 



 

𝐶𝑣𝑆 
 

   

 𝐾

 𝑆 𝐴𝑆

]  [ 𝐴𝑆𝐶

𝐶𝑣

{0,1, 𝑒, 𝑏}

𝑒𝑏 = 𝑏𝑒 = 0

]  [𝑆𝐶𝑣 

𝐾 = {0, 𝑒, 𝑏}

𝐶𝑣 

] [

 

𝐾𝑆𝑠

 𝑆

 𝑆 

𝐾𝜇
̅̅̅̅ = {𝑘𝜇 ∈

𝑆

𝜇
|𝑘 ∈ 𝐾}

𝐾(𝑠, 𝜇) = {𝑎 ∈ 𝑆|[𝑠𝑎]𝜇 ∈ 𝐾𝜇
̅̅̅̅ }

𝐾𝜇
̅̅̅̅𝑆

𝑆

𝜇

𝜇𝜆𝑆𝑞

𝑆𝑎 ∈

𝐾(𝑠, 𝜇)𝑆

𝑠ℜ(𝐾, 𝜇, 𝜆, 𝑞)𝑡 ⟺

𝐾(𝑠, 𝜇) = 𝐾(𝑡, 𝜇)  (𝑞𝑠𝑎)𝜆(𝑞𝑡𝑎)

]  [

𝜇𝜆

𝑆 𝐾  𝑞

 𝑆ℜ(𝐾, 𝜇, 𝜆, 𝑞)

 𝑆

𝜇𝜆𝑆

𝐾 𝑆𝑝, 𝑞 ∈ 𝑆

 [𝑚]𝜇 ∈ 𝐾𝜇

(𝑝𝑚)𝜆(𝑞𝑚)

ℜ(𝐾, 𝜇, 𝜆, 𝑝) = ℜ(𝐾, 𝜇, 𝜆, 𝑞)

𝑆𝐶𝑣 

𝑆𝐶𝑣

𝑆𝐶𝑣  

𝑆𝐶𝑣 

𝑆

𝑆

 𝐾𝑆𝜇

𝜆𝑆𝑆𝑓: 𝐾𝜇
̅̅̅̅ ⟶

𝑆

𝜆

 𝑞 ∈ 𝑆 

[𝑚]𝜇 ∈ 𝐾𝜇
̅̅̅̅𝑓([𝑚]𝜇) = [𝑞]𝜆

ℜ(𝐾, 𝜇, 𝜆, 𝑝) = ℜ(𝐾, 𝜇, 𝜆, 𝑞)
(𝑞𝑠)𝜆(𝑞𝑡)

⇐ ⇐ ⇐ ⇐ 

 

⇐ ⇐ ⇐

 ⇐ 𝑆

𝑆

𝐶𝑣𝑆

 ⇐𝐾𝑆μ

λ𝑆𝑓: 𝐾μ ⟶
𝑆

𝜆
𝑆

𝑆

𝜆

𝐾

𝑆𝐾𝜇
𝑆

𝜇

[𝑥]𝜇 ∈
𝑆

𝜇

𝑥 ∈ 𝑆𝐾𝑆𝑡 ∈ 𝑆

𝑥𝑡 ∈ 𝐾

[𝑥]𝜇𝑡 = [𝑥𝑡]𝜇 ∈ 𝐾𝜇
𝑠

𝜆

𝑆𝑔:
𝑆

𝜇
⟶

𝑆

𝜆

𝑔|�̅�𝜇
= 𝑓

𝑔 ([1]𝜇) = [𝑝]𝜆𝑝 ∈ 𝑆

[𝑚]𝜇 ∈ 𝐾𝜇



 

 

 

𝑔([𝑚]𝜇) = 𝑔([1]𝜇)𝑚 = [𝑝]𝜆𝑚 =

𝑓([𝑚]𝜇).

𝜌 = ℜ(𝐾, 𝜇, 𝜆, 𝑝) 

𝑆𝛼: 𝐾𝜌 ⟶
𝑆

𝜆

[𝑚]𝜌 ∈ 𝐾𝜌

𝛼([𝑚]𝜌) = [𝑝]𝜆𝑚
𝑆

𝜆

𝑆𝛽:
𝑆

𝜌
⟶

𝑆

𝜆

𝛽|�̅�𝜌
= 𝛼𝑞 ∈ 𝑆

𝛽([1]𝜌) = [𝑞]𝜆

[𝑚]𝜇 ∈ 𝐾𝜇[𝑚]𝜌 ∈ 𝐾𝜌

[𝑚]𝜇 ∈ 𝐾𝜇

𝑓([𝑚]𝜇) = [𝑝]𝜆𝑚 = 𝛼([𝑚]𝜌) =

𝛽([𝑚]𝜌) = 𝛽([1]𝜌𝑚) = [𝑞]𝜆𝑚

(𝑝𝑚)𝜆(𝑞𝑚)

ℜ(𝐾, 𝜇, 𝜆, 𝑝) = ℜ(𝐾, 𝜇, 𝜆, 𝑞)

𝜌 = ℜ(𝐾, 𝜇, 𝜆, 𝑞)

(𝑠, 𝑡) ∈ ℜ(𝐾, 𝜇, 𝜆, 𝑞)

[𝑞𝑠]𝜆 = [𝑞]𝜆𝑠 = 𝛽([1]𝜌)𝑠 =

𝛽([𝑠]𝜌) = 𝛽([𝑡]𝜌) = 𝛽([1]𝜌)𝑡 =

[𝑞]𝜆𝑡 = [𝑞𝑡]𝜆.

(𝑞𝑠)𝜆(𝑞𝑡)

⇐𝑆

] [

𝑆𝐴𝜌

𝐴 ≅
𝑆

𝜌

𝑆

𝜆

𝑆

𝜇

𝑆𝜇𝜆

𝑆

𝐴
𝑆

𝜇

𝐾 = {𝑎 ∈ 𝑆|[𝑎]𝜇 ∈ 𝐴}

𝑆𝐴 = 𝐾𝜇𝑆

𝑓: 𝐾𝜇 ⟶
𝑆

𝜆

𝑞 ∈ 𝑆

[𝑚]𝜇 ∈ 𝐾𝜇𝑓([𝑚]𝜇) = [𝑞]𝜆𝑚

𝑠, 𝑡 ∈ 𝑆𝑠ℜ(𝐾, 𝜇, 𝜆, 𝑞)𝑡 

(𝑞𝑠)𝜆(𝑞𝑡)𝑆

𝑔:
𝑆

𝜇
⟶

𝑆

𝜆

𝑠 ∈ 𝑆𝑔([𝑠]𝜇) = [𝑞]𝜆𝑠

𝐴
𝑆

𝜇

[𝑥]𝜇 ∈ 𝐾𝜇𝑔([𝑥]𝜇) = [𝑞]𝜆𝑥 =

𝑓([𝑥]𝜇)
𝑆

𝜆
 

𝜆

𝑆

𝑆
𝑆

𝜆

𝐾𝑆𝜇

𝑆𝑓: 𝐾𝜇
̅̅̅̅ ⟶

𝑆

𝜆
𝑞 ∈ 𝑆

[𝑚]𝜇 ∈ 𝐾𝜇
̅̅̅̅

𝑓([𝑚]𝜇) = [𝑞]𝜆𝑠, 𝑡 ∈ 𝑆

𝑠ℜ(𝐾, 𝜇, 𝜆, 𝑞)𝑡 (𝑞𝑎)𝜆(𝑞𝑡)

𝑆𝐶𝑣 

𝑆

𝑆𝛩 ⊔ 𝛩𝐶𝑣 

𝛩 ⊔ 𝛩

]  [𝑆 

𝑆

𝐶𝑣 𝐶

𝑆

𝑆𝐶𝑣 

𝐶

]  [

𝐵 =< 𝑏 >↪ 𝑇 

𝑇𝑆

 𝐷 𝑇

𝐵 ∩ 𝐷 = ∅𝐵 ⊔

𝐷𝑇

] [



 

𝐶𝑣𝑆 
 

   

 𝑆

𝑆

𝑆𝐶𝑣 

𝑆𝐶𝑣

𝐴𝑆

 𝐴𝑆

𝑆

 𝑆𝐶𝑣 

 𝐴𝑆𝐶𝑣 

 

 𝐴𝑆𝐶𝑣 

𝐶𝐴

𝐸𝑣(𝐶) ⊆ 𝐴𝐸𝑣(𝐶)

 𝐴

𝐴𝑆𝐶𝑣 

:

 
𝐸𝑣(𝐶)𝐶

𝐴 S𝐶𝑣 𝑆

𝑔: 𝐸𝑣(𝐶) ⟶ 𝐴

𝑔|𝐶 = f𝐸𝑣(𝐶)

𝑓𝑔

𝐸𝑣(𝐶) ⊆ 𝐴

 
𝐷𝐵

𝐶 = 𝑓(𝐷)𝐴

𝐸𝑣(𝐶) ⊆ 𝐴

𝐸𝑣(C)𝑆

𝑔: 𝐵 ⟶ 𝐸𝑣(𝐶)

𝑔|𝐷 = 𝑓𝑔

𝑆𝐵𝐴

]  [

𝑆

𝐴𝑆

 𝑆

𝑆𝐶𝑣 

𝐵 =< 𝑏 >

𝑆 𝐶𝑓: 𝐵 ⟶ 𝐴𝑆

𝐸(𝐴)

 𝐴 𝐸(𝐴)

 𝑆 𝑔: 𝐶 ⟶ 𝐸(𝐴)

𝐼𝑚(𝑔) ⊆ 𝐴𝑐 ∈

𝐶𝑠, �́� ∈ 𝑆𝑐𝑠 = 𝑏�́�

𝑔(𝑐𝑠) = 𝑓(𝑐𝑠) = 𝑔(𝑏�́�) ∈

𝐴𝑆

𝑔(𝑐)𝑠�́� = 𝑔(𝑐𝑠)𝑠′ = 𝑔(𝑏𝑠′)𝑠′ =
𝑔(𝑏)�́��́� = 𝑔(𝑏)𝑠′

𝑔(𝑐)𝑠�́�𝑠 = 𝑔(𝑏)�́�𝑠𝑆



 

 

 

𝑔(𝑐)�́�𝑠 = 𝑔(𝑐)�́�𝑠𝑠 = 𝑔(𝑐)𝑠�́�𝑠 =

𝑔(𝑏)�́�𝑠. 

𝑔(𝑐)𝑠�́� = 𝑔(𝑏)�́�𝑠

 𝐴

𝐸(𝐴)

.𝑔(𝑐) = 𝑔(𝑏) ∈ 𝐴

ℎ = 𝑔: 𝐶 ⟶ 𝐴ℎ|𝐵 = 𝑓

 𝐴𝑆𝐶𝑣 

𝑀𝑆

 𝐴𝑆 𝑀𝑣

 𝑁 𝑀𝑆

 𝑓: 𝑁 ⟶ 𝐴𝑆

 𝑔: 𝑀 ⟶ 𝐴𝑔|𝑁 = 𝑓

𝐴𝑆

 𝑆𝑣

𝑀𝑆

 𝑀

𝑆𝑆𝑀𝑣

𝑀𝑣

𝑆𝑆

 𝑀𝑣

 ⇐ 

⇐𝐴𝑆 𝑀𝑣
𝐴

𝜌
 𝑀𝑣

 𝑁 𝑀𝑆

𝑓: 𝑁 ⟶
𝐴

𝜌
𝜋: 𝐴 ⟶

𝐴

𝜌

 𝑁

𝑆𝑔: 𝑁 ⟶ 𝐴

𝜋𝑔 = 𝑓 𝐴𝑆 𝑀𝑣

S ℎ: 𝑀 ⟶ 𝐴

ℎ|𝑁 = 𝑔𝜓 = 𝜋ℎ

𝜓|𝑁 = 𝜋ℎ|𝑁 = 𝜋𝑔 = 𝑓
𝐴

𝜌

𝑆 𝑀𝑣

⇐ 𝑁

 𝑀 𝑓: 𝑁 ⟶ 𝐵𝑆

 ℎ: �́� ⟶ 𝐵

𝑄�́�

𝑆𝜓: 𝐵 = ℎ(�́�) ⟶
𝑄

𝐾
 

𝜓(ℎ(𝑏)́ ) = [𝑏]́
𝐾

𝐾 = 𝑘𝑒𝑟 (ℎ)�́� 

𝜓
Q

𝐾

 𝑀𝑣S

𝜙: 𝑀 ⟶
𝑄

𝐾
𝜙|𝑁 =

𝜓𝑓 𝑀 𝑆

𝜎: 𝑀 ⟶ 𝑄𝜋𝜎 = 𝜙

 𝜋: 𝑄 ⟶
𝑄

𝜌

𝜎(𝑁) ⊆ 𝐵𝑥 ∈ 𝑁

𝜋𝜎(𝑥) = 𝜙(𝑥) = 𝜓𝑓(𝑥) =
𝜓(ℎ(𝑏)) = [𝑏]𝐾 = 𝜋(𝑏)

𝑏 ∈ �́�𝜎(𝑥) = 𝑏

 

𝑆

𝑆𝑆

𝑆𝑆

𝑆𝐶𝑣

𝜌𝑆

 𝑥 ∈ 𝑆𝑎 ∈< 𝑥 >

(𝑎𝑥)𝜌𝑥𝑢𝜌𝑣

(𝑎𝑢)𝜌(𝑎𝑣)

𝜋: 𝑆 ⟶
𝑆

𝜌

𝑥 𝑆𝑆

 π(< 𝑥 >) =< 𝜋(𝑥) >
S

𝜌
[𝑠]𝜌 ∈

𝑆

𝜌
 𝑥

 𝑆𝑡, �́� ∈ 𝑆

𝑥𝑡 = 𝑠�́�𝜋(𝑥)𝑡 = 𝜋(𝑠)�́� =

[𝑠]𝜌 �́�[𝑠]𝜌 �́� ∈< 𝜋(𝑥) >



 

𝐶𝑣𝑆 
 

   

𝑆 𝑔:
𝑆

𝜌
⟶ 𝜋(<

𝑥 >)𝑔(𝜋(< 𝑥 >

)) = 𝑖𝑑𝜋(<𝑥>)𝑔([1]𝜌) =

𝜋(𝑎) = [𝑎]𝜌𝑎 ∈< 𝑥 >

[𝑎𝑥]𝜌 = [𝑎]𝜌𝑥 = 𝑔([1]𝜌)𝑥 =

𝑔([𝑥]𝜌) = [𝑥]𝜌

(𝑎𝑥)𝜌𝑥𝑢𝜌𝑣

[𝑎]𝜌𝑢 = 𝑔([1]𝜌)𝑢 = 𝑔([𝑢]𝜌) =

𝑔([𝑣]𝜌) = 𝑔([1]𝜌)𝑣 = [𝑎]𝜌𝑣

(𝑎𝑢)𝜌(𝑎𝑣)

𝑆

𝐴𝑆

 𝐴𝑆 -𝐶𝑣 

 𝑎 ∈ 𝐴𝐵

𝐴𝑆 𝑓: 𝐵 ⟶ 𝐴

𝑓(𝑎) = 𝑎

 𝑎 ∈ 𝐴

𝐸𝑣(A)𝐴𝑆 𝑓: 𝐸𝑣(A) ⟶

 A𝑓(𝑎) = 𝑎

 ⇐

 ⇐𝑎𝐴

< 𝑎 >𝐴

 

𝐴𝑆𝐶𝑣 𝑆

𝑔: 𝐵 ⟶  𝐴

𝑔(𝑎) = 𝑎

 ⇐

< 𝑐 >𝐵

𝐸𝑣(𝐴) S

𝜓: 𝐵 ⟶ 𝐸𝑣(𝐴)

𝜓|<𝑐> = 𝑔𝑔(𝑐)

 𝐴𝑥 ∈ 𝐴

< 𝑔(𝑐) > ⋂ < 𝑥 >= ∅

< 𝑔(𝑐) > ⨆ < 𝑥 >

 𝐴]  [

𝑆ℎ: 𝐸𝑣(𝐴) ⟶  𝐴

ℎ(𝑔(𝑐)) = 𝑔(𝑐)

𝜑 = ℎ𝜓

𝜑(𝑐) = ℎ𝜓(𝑐) = ℎ𝑔(𝑐) = 𝑔(𝑐)

𝐴𝑆𝐶𝑣 

]  [

𝑆

𝑆

𝑆𝑆

𝑆𝑆

𝑆

S𝐶𝑣 

𝑆



 

 

 

 𝐴𝑆

]  [ 𝐴 =

∐ 𝐴𝑖𝑖∈𝐼

𝑒𝑖 ∈ 𝑆 𝑖 ∈ 𝐼

𝐴𝑖 ≅ 𝑒𝑖𝑆𝑖 ∈ 𝐼𝑒𝑖𝑆

𝑆𝐶𝑣 

 𝐴𝑆 𝐶𝑣  

]  [

𝑆

𝑆𝐶𝑣 𝑆

𝑆

 𝑆 𝑆𝐶𝑣 

 𝑆 

 ⇐

 ⇐𝑆𝑆𝐶𝑣 

]  [

𝑆

𝑆𝑆
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