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y′′ = f(x, y),   y(x0), y′(x0) = y0
′ ,          

1-  

2- 

 

P

𝑘

∑ 𝛼𝑖𝑦𝑛−𝑗+1 =𝑘
𝑗=0

∑ ℎ2𝑖 ∑ 𝛽𝑖𝑦𝑛−𝑗+1
(2𝑖)

,𝑘
𝑗=0

𝑙
𝑖=1   

𝑗 = 0,1, … , 𝑘𝛼𝑗 = 𝛼𝑘−𝑗

𝛽𝑗 = 𝛽𝑘−𝑗𝑞

 

LTE = 𝐶𝑞+2ℎ𝑞+2𝑦(𝑞+2), 𝑥𝑛−𝑘+1 < 𝜂 <

𝑥𝑛+1 ,   

𝐶𝑞+2ℎ

 

𝑦′′ = −𝜔2𝑦,   𝜔 ∈ 𝑅,  

𝜔

𝑘 = 2

yn+1 − 2C(υ)yn + yn−1 = 0,  

𝜐 = 𝜔ℎh 

 



 

P 
 

   

C(υ) =
B(υ)

A(υ)
𝐴(𝜐)𝐵(𝜐)

𝜐𝑦𝑛

𝑦(𝑛ℎ)n = 0,1,2, …

𝜉2 − 2𝐶(𝜐)𝜉 + 1 = 0,  

(0, 𝜐0
2)𝜐 ∈ (0, 𝜐0

2)

𝜉1𝜉2

𝜉1 = exp (𝑖𝜃(𝜐))𝜉1 =

exp (−𝑖𝜃(𝜐))𝜃(𝜐)

𝜐

𝑡 = 𝜐 − 𝜃(𝜐) = 𝜐 − cos−1[𝐶(𝜐)].           

 

𝜐 → 0

 𝑡 = 𝑂(𝜐𝑞+1)

𝑞

∀𝜐2 ∈ (0, 𝜐0
2),       |𝐶(𝜐)| < 1,  

(0, +∞)

P

(0, +∞)

[𝐶(𝜐)−cos (𝜐)]

𝜐2



𝑘 = 2

𝑗 = 0(1) ⌊
𝑚

2
⌋𝛼𝑗 = 𝛼𝑚−𝑗

𝛽𝑖𝑗 = 𝛽𝑖,𝑚−𝑗  

𝑦𝑛+1 − 2𝑦𝑛 + 𝑦𝑛−1                                           

= ℎ2𝑖 [𝛽𝑖0 (𝑦𝑛+1
(2𝑖)

+ 𝑦𝑛−1
(2𝑖)

) + 𝛽𝑖1𝑦𝑛
(2𝑖)

]  

𝑚 = 3

𝑦𝑛+1 − 2𝑦𝑛 + 𝑦𝑛−1 =                                     

ℎ2 [𝛽10 (𝑦𝑛+1
(2)

+ 𝑦𝑛−1
(2)

) + 𝛽11𝑦𝑛
(2)

]  

+ℎ4 [𝛽20 (𝑦𝑛+1
(4)

+ 𝑦𝑛−1
(4)

) + 𝛽21𝑦𝑛
(4)

] 

+ℎ6 [𝛽30 (𝑦𝑛+1
(6)

+ 𝑦𝑛−1
(6)

) + 𝛽31𝑦𝑛
(6)

]  

𝑥𝑛

ℎ

𝛽𝑖𝑗

𝛽10 =
229

7788
,   𝛽20 = −

3665

3894
,   𝛽30 =

1

2360
   

 𝛽21 =
711

12980
,   𝛽30 =

127

39251520
,    

𝛽31 =
2923

3925152
                                  

 

𝑝𝑙𝑐𝑙𝑎𝑠 = −
45469

3394722659328000
𝜐12 +

𝑂(𝜐14),  

𝐿𝑇𝐸𝑐𝑙𝑎𝑠 = −
45469

1697361329664000
ℎ14𝑦(14) +

𝑂(ℎ16).   

𝐶(𝜐) =
1−

1

2
𝛽11𝜐2+

1

2
𝛽21𝜐4−

1

2
𝛽31𝜐6

1+𝛽10𝜐2−𝛽20𝜐4+𝛽30𝜐6 ,            



 

 

 

P

𝛽10 = −2𝛽20 − 𝛽21 +
1

12
 ,  

𝛽11 = 4𝛽20 + 2𝛽21 +
5

6
 .  

𝑃𝐿(𝑖) = 0,         𝑖 = 0,1,2,3.

𝛽𝑖𝑗𝑖 = 1,2,3𝑗 = 0,1

𝛽10 =
229

778
+

45469

328536780
𝜐2 − ⋯  

𝛽11 = −
3665

3894
−

45469

164268390
𝜐2 + ⋯ 

𝛽20 = −
1

2360
−

45469

7526478960
𝜐2 − ⋯ 

𝛽21 = −
1

2360
−

1045787

8279126856
𝜐2 + ⋯ 

𝛽30 =
127

39251520
+

45469

382113547200
𝜐2 + ⋯ 

𝛽31 =
2923

3925152
−

14231797

2483738056800
𝜐2 + ⋯  

𝜐 = 𝜔ℎ𝜔

 𝐿𝑇𝐸𝑁𝑒𝑤 =  

−
45469

1697361329664000
(𝜔8𝑦(6) + 4𝜔6𝑦(8) +

6𝜔4𝑦(10) + 4𝜔2𝑦(12) + 𝑦(14) + 𝑦(4)),  

 
10



 

P 
 

   

11

20

21



 

 

 

30

31

 

𝜔

𝜙vs −

𝜐 = 𝜔ℎ𝑠 = 𝜙ℎℎ

𝑦′′ = −𝜙2𝑦,   𝜙 ≠ 𝜔,   

𝐴1(𝑠, 𝜐)(𝑦𝑛+1 + 𝑦𝑛11) + 𝐴0(𝑠, 𝜐)(𝑦𝑛)  

= 0. 

A0(s, υ) A1(s, υ)

𝑠 𝜐

𝐴0(𝑠, 𝜐) =
𝑇00

6𝑇
 ,    𝐴1(𝑠, 𝜐) =

𝑇10

12𝑇
 ,  

𝑇10 = (1440𝑠6𝜐2 − 3744𝑠4𝜐4 +
3168𝑠2𝜐6 − 864𝜐8 − 4608𝑠6) cos(𝜐)3  

+(96(𝑠 + 𝜐)(𝑠6 + (−2𝑠2 − 15)𝜐4  

+(𝑠4 + 48𝑠2)𝜐2 − 57𝑠4)(𝑠 − 𝜐)sin (𝜐)  

+(𝑠2 + 12)𝜐12 + (−2𝑠4 − 21𝑠2  



 

P 
 

   

+36)𝜐10 + (𝑠6 + 6𝑠4 − 72𝑠2)𝜐8  

+(−21𝑠6 + 900𝑠4)𝜐6 − 1152𝑠6𝜐4   

−13824𝑠6) cos(𝜐)2 + (−8((−𝑠4  

+12𝑠2 + 48)𝜐8 + (𝑠6 + 360 − 87/
2𝑠4 − 54𝑠2)𝜐6  

+ (1512𝑠2 +
45

2
𝑠6 − 234𝑠4) 𝜐4  

+(−156𝑠6 − 2520𝑠4)𝜐2 −
1368𝑠6)𝜐sin (𝜐) + (180𝑠4 + 432𝑠2 +
2592)𝜐8  

+(−60𝑠6 − 1584𝑠4 − 9504𝑠2)𝜐6  

+(86𝑠6 + 11232𝑠4)𝜐4 − 4320𝑠2𝜐6 −
13824𝑠6)cos (𝜐)  

+20((−
12

5
𝑠2 − 𝑠4 + 24) 𝜐8  

+ (𝑠6 + 72 +
111

5
𝑠4 − 36𝑠2) 𝜐6  

−
9

5
𝑠2(𝑠4 + 44𝑠2 − 168)𝜐4  

+ (504𝑠4 −
336

5
𝑠6) 𝜐2 −

1368

5
𝑠6)𝜐sin (𝜐)  

+(2𝑠2 + 24)𝜐12 + (−4𝑠4 − 51𝑠2 −
36)𝜐10  

+(2𝑠6 + 66𝑠4 − 360𝑠2 − 1728)𝜐8 +
(9𝑠6 + 684𝑠4 + 6336𝑠2)𝜐6  

+(288𝑠6 − 7488𝑠4)𝜐4 + 2880𝑠6𝜐2 +
4608𝑠6,  

T = (−72𝜐 cos(𝜐)3 + (𝜐5 + 3𝜐3  

−8𝜐2 sin(𝜐) + 120 sin(υ)) cos(𝜐)2  

+(−32𝜐2 sin(𝜐) + 216υ −
240 sin(𝜐)) cos(𝜐)  

+2𝜐5 − 3𝜐3 + 40𝜐2 sin(𝜐) − 144𝜐 +
120sin (𝜐))𝜐,  

𝑇00 = 4608 cos(𝜐)4 𝑠6 + ((36𝑠4 −
432𝑠2 + 864)𝜐8  

+(−12𝑠6 + 1584𝑠4 − 3168𝑠2)𝜐6  

+(−864𝑠6 + 3744𝑠4)𝜐4 − 1440𝑠6𝜐2  

−13824𝑠6) cos(𝜐)3 + (−4((−𝑠4  

+12𝑠2 − 24)𝜐8 + (𝑠6 − 21𝑠4 −
108𝑠2 + 360)𝜐6 + (27𝑠6 + 684𝑠4 −
1512𝑠2)𝜐4  

+(240𝑠6 + 2520𝑠4)𝜐2  

−1368𝑠6)𝜐sin (𝜐)  

+(5𝑠2 − 12)𝜐12 + (−10𝑠4 + 39𝑠2 −
36)𝜐10  

+(5𝑠6 − 42𝑠4 + 72𝑠2)𝜐8  

+(−105𝑠6 − 900𝑠4)𝜐6 + 1152𝑠6𝜐4  

+13824𝑠6) cos(𝜐)2 + (40((−
12

5
𝑠2  

−𝑠4 +
48

5
)𝜐8 + ((𝑠6 + 72 −

3

10
𝑠4 −

234

5
𝑠2) 𝜐6 −

63

10
𝑠2 (𝑠4 −

116

7
𝑠2 + 48) 𝜐4  

+(12𝑠6 + 504𝑠4)𝜐2 −
1368

5
𝑠6)𝜐sin (𝜐) 

−72(𝑠2 − 6)2𝜐8 + (24𝑠6 − 3168𝑠4 +
9504𝑠2)𝜐6 + (1728𝑠6 − 11232𝑠4)𝜐4 +
4320𝑠6𝜐2 − 4608𝑠6)cos (𝜐)  

+10(𝑠 + 𝜐)(𝑠 − 𝜐)(((48 −
144

5
𝑠2 +

12

5
𝑠4) 𝜐6 + (−96𝑠2 +

288

5
𝑠4 + 144) 𝜐4  

+ (−
2304

5
𝑠2 + 48𝑠4) 𝜐2 +

2736

5
𝑠4) sin(𝜐)  

+ (−𝑠2 +
12

5
) 𝜐8 + (−

9

10
𝑠2 + 𝑠4 −

18

5
) 𝜐6  

+ (
33

2
𝑠4 +

234

5
𝑠2 −

864

5
) 𝜐4  

+ (−
1008

5
𝑠4 +

2304

5
𝑠2) 𝜐2 − 288𝑠4)𝜐)𝜐.  

𝑠 = 𝜐

P

𝑠 − 𝜐

(0, +∞)

P



 

 

 

P

𝑠 = 𝜐

ChE

𝐶ℎ𝐸 =
−2𝑇0

𝑇1
(𝜆2 − 2 cos(𝜐) 𝜆 + 1),  

T0 = 𝑠6 cos(𝑠)2 − 3𝑠5 cos(𝑠) sin(𝑠)  

−5𝑠6 cos(𝑠) + 12𝑠4 cos(𝑠)2  

−15𝑠5 sin(𝑠) − 2𝑠6 −
132𝑠3 cos(𝑠) sin(𝑠)  

+12𝑠4 cos(𝑠) + 132𝑠3 sin(𝑠) − 24𝑠4  

+192 cos(𝑠)3 − 576 cos(𝑠)2 +
576 cos(𝑠) − 192,  

T1 = 𝑠(−𝑠5 cos(𝑠)2 +
8𝑠2 cos(𝑠)2 sin(𝑠)  

−3𝑠3 cos(𝑠)2 − 2𝑠5 + 72𝑠 cos(𝑠)3 +
32𝑠2 cos(𝑠) sin(𝑠)  

−120 cos(𝑠)2 sin(𝑠) − 40 sin(𝑠) + 3𝑠3  

+240 cos(𝑠) sin(𝑠) − 216𝑠 cos(𝑠)  

−120 sin(𝑠) + 144𝑠). 

(0, +∞)

P

• 

 

• 

 

• 

 



 

P 
 

   

• 

 

• 

 

• 

 

𝑦′′ = −𝑦 − 𝑦3 + 𝐵cos(𝜔𝑥),  

𝑦(0) =

0.200426728067𝐵 = 0.002𝜔 = 1.01

𝑥 ∈ [0,
40.5𝜋

1.01
]

𝑔(𝑥) = ∑ 𝐾2𝑖+1cos((2𝑖 + 1)𝜔𝑥)3
𝑖=0 ,  

𝐾1 = 0.200179477536,  
𝐾3 = 0.246946143 × 10−3,  
𝐾5 = 0.304016 × 10−6,  
𝐾7 = 0.374 × 10−9,  

'y)4(y

'y''y

𝑦(3) = −(1 + 3𝑦2)𝑦′ − 𝐵𝜔 sin(𝜔𝑥),  

𝑦(4) = −(1 + 3𝑦2)𝑦′′ − 6𝑦𝑦′2 −
𝐵𝜔2 cos(𝜔𝑥),  

𝑥 ∈ [0,
40.5𝜋

1.01
]

𝑦′′ = −100𝑦 + 99 sin(𝑥) , 𝑦(0) = 1,
𝑦′(0) = 11,  

𝑦(𝑥) = cos(10𝑥) + sin(10𝑥) + sin (𝑥)  

0 ≤ 𝑥 ≤ 10𝜋
𝜋

50
 

𝜋

100

𝜋

200
𝜋

300

𝜋

400

𝜋

500

     

  

𝑝 = log2 (‖𝑒ℎ(𝑇)/𝑒ℎ

2

(𝑇)‖) ,  

‖𝑒ℎ(𝑇)‖

ℎ

𝑦′′ =
8𝑦2

1+2𝑥
, 𝑦(0) = 1, 𝑦′(0) = −2,  

𝑥 ∈ [0,4.5],   

𝑦 =
1

1+2𝑥
.  

𝑥 = 4.5



 

 

 

P

CPU

h     

𝑀

500
 

e-  e-  e-  e-  e-  e-  

𝑀

1000
 

e-  e-  e-  e-  e-  e-  

𝑀

2000
 

e-  e-  e-  e-  e-  e-  

𝑀

3000
 

e-  e-  e-  e-  e-  e-  

𝑀

4000
 

e-  e-  e-  e-  e-  e-  

𝑀

5000
 

e-  e-  e-  e-  e-  e-  

h     

𝑀

500
 

      

𝑀

1000
 

      

𝑀

2000
 

      

𝑀

3000
 

      

𝑀

4000
 

      

𝑀

5000
 

      

h    

𝜋

50
 

e-  e-  e-  e-  e-  

𝜋

100
 

e-  e-  e-  e-  e-  

𝜋

200
 

e-  e-  e-  e-  e-  

𝜋

300
 

e-  e-  e-  e-  e-  

𝜋

400
 

e e-  e-  e-  e-  

𝜋

500
 

e-  e-  e-  e-  e-  



 

P 
 

   

h   

𝜋

50
 

     

𝜋

100
 

     

𝜋

200
 

     

𝜋

300
 

     

𝜋

400
 

     

𝜋

500
 

     

h   

4.5

500
 

e-  e-  e-  e  e-  e-  

4.5

1000
 

e-  e-  e-  e-  e-  e-  

4.5

2000
 

e-  e-  e-  e-  e-  e-  

4.5

3000
 

e-  e-  e-  e-  e-  e-  

4.5

4000
 

e-  e-  e-  e-  e-  e-  

4.5

5000
 

e-  e-  e-  e-  e-  e-  

h   

4.5

500
 

      

4.5

1000
 

      

4.5

2000
 

      

4.5

3000
 

      

4.5

4000
 

      

4.5

5000
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